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ARISTARCHUS OF SAMOS 

Historians of inatlKiinatics liave, as a rule, too little 

attention to Aristarcliiis of Sanios. The reason is no doubt 
tliat he was an astronomer, and tlnirefore it mijjjht be supposed 
tliat Ids work would have no sufficient interest for the mathe- 
matician. The Greeks knew better; they called him Aristar- 
chus ‘ the mathematician', to distinj^nish him from the host 
of oth(ir Aristarchuses; he is also included by Vitruvius 
amonj; the few ji^reat m(‘n who poss(\ss(‘(l an C(|ually profound 
knowlcMlj^c of all branch(‘s of science, {^eoiiudry, astronomy, 
music, &e. 

‘ Men of this typi‘, an* rare, iium such ^as wen*, in times past, 
Aristarchus of Samos, IMdlolaus and Archytas of Tarentum, 
Apollonius of Perj;’a, Kratostlames of (yyrmu*. Ai’chimedos and 
Scopinas of Syracus(‘, who h‘ft to posb'rity many mechanical 
and ^nomonic applianc(*s which they invented and explained 
(^n math(Mnatica,l (lit. 'numerical') principles.'^ 

That Aristan^hus was a very capable jj^eometer is pnjvcd by 
his ('xtant work On the sizes and distit nees of the Sun and 
Moon which will be noticed later in this chapter: in the 
mechanical line he is cnslited with the discovery of an im- 
proved sun-dial, the so-called which had, not a plane*, 

but a con(!av(‘- luMuispherieal surface, with a pointer erected 
verti(*ally in the middh* throwing* shadows and so enabling 
the din*cti()n an<l the h(M<>jhtof (he sun to be read ott* by means 
of lin(‘s marked on the surface of the hemisphen*. He also 
wrote on vision, light an<l colours. His views on the latter 
subj(*cts were no doubt largely inlluenced by his master, Strato 
of Lampsacus; thus Strato held that colours were emanations 
from lx)dit's, material molecules, as it wen*, which imparted to 
the intervening air the same colour as that poss(*ssed by the 
body, while Aristarchus said that colours are ' shapes oi* forms 

Vitruvius, Dc arch itrrfu ray i. 1. 1(). 
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ARISTARCHUS OF SAMOS 


stamping the air with impressions like themselves, as it were 
that ‘ colours in darkness have no colouring and that ‘ light 
is the colour impinging on a substratum 

Two facts enable us to fix Aristai'chus’s date approximately. 
In 281/280 B.C. he made an observation of the summer 
solstice ; and a book of his, presently to be mentioned, was 
published before the date of Archimedes’s Psammites or So rul- 
reckoner, a work written before 216 B.c. Aristarchus, there- 
fore, probably lived circa 310-230 b.c., that is, he was older 
than Archimedes by about 25 years. 

To Aristarchus belongs the high honour of having been 
the first to formulate the Copernican hypothesis, which was 
then abandoned again until it was revived by Copernicus 
himself. His claim to the title of ‘ the ancient Copernicus ’ is 
still, in my opinion, quiti^ unshaken, notwithstanding the in- 
genious and elaborate arguments brought forward by ,Schia- 
parelli to prove that it was Heraclides of Pontus who first 
conceived the heliocentric idea. Heraclides is (along with one 
Eephantus, a Pythagorean) credited with having been th(> first 
to hold that the earth revolves altout its own axis ev(U'y 24 
hours, and he Avas the first to discov(‘r that Mercury ami Venus 
revolve, like satellites, about the sun. But though this provc's 
that Heraclides came near, if he <lid not actually reach, the 
hypothesis of Tycho Brahe, accoi’ding to which the earth was 
in the centre and the rest of the system, the sun with tlu! 
planets revolving round it, revolved round the earth, it does 
not suggest that he moved the earth away from tin* centre. 
The contrary is indeed stated by Aotius, avIio says that ‘ Htira- 
clides and Eephantus make the earth move, mA in the sense of 
translation, but by way of turning on an axle, like a wheel, 
from west to east, about its own centr(i’.’ None of the 
champions of Heraclides have been able to meet this positive 
statement. But we have conclusive evidence in favour of the 
claim of Aristarchus ; indeed, ancient testimony is unanimous 
on the point. Not only does Plutarch tell us that Cleanthes 
held that Aristarchus ought to be indicted for the impiety of 
‘ putting the Hearth of the Universe in motion ’ ; we have the 
best possible testimony in the precise statement of a great 

* Aet. iii. 13. 3, Vors. P, p. 341. 8. 

* Plutarch, De facie in orhe lunae, c. 6, pp. 922 f-923 a. 
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contemporary, Archimedes. In the Sand-reckoner Archi- 
medes has this passajje. 

‘You I Kin^ fh^lon] are aware that “universe” is the name 
^iven hy most astronomers to the sphere the cemtre of which 
is tlie ce;itre of the earth, whil('. its radius is equal to the 
straifjlit line between thc^ cemtre of tlie sun and the centre of 
tlie earth. This is tli('. common account, as you have heard 
from astronomers. But Aristarchus brought out a hook con- 
of certain /nipothese^, wlierein it appears, as a conse- 
(jiience of th(i assumptions made, tliat the universe is many 
times jjjreater tlian tlie “ universe ’’just mentioned. His hypo- 
theses are tlnit the fixed dars and the suti remain u nmoved, 
that the earth revolves ahont the sun in the clrciiinference of a 
circle, the son hjing in the middle of the orhit, and that the 
sphere of tlie fixerl stars, situated about the same centre as tlie 
sun, is so ^reat tliat tlie circle in which he supposes the earth 
to revolvt', boars such a proportion to the divStance of the fixed 
stars as the centre of the sphere bears to its surface.* 

(The last statement is a variation of a traditional phrase, for 
which ther(‘, are many parallels (cf. Arivstarchus’s Hypothesis 2 
‘ that the earth is in the relation of a point and centre to the 
sph(‘re in which the moon moves’), and is a method of sayinj; 
that the ‘ universe* is infinib^ly great in relation not merely to 
tht^ size of th(‘ sun but even to the orbit of the earth in its 
revolution about it ; the assum])tion was necessary to Aris- 
tarchus in order that he might not have to take account of 
parallax.) 

Plutarch, in tlu' passage referred to above, also makes it 
clear that Aristarchus followed Heraclides in attributing to 
tlu^ earth the dail}^ rotation about its axis. The bold hypo- 
thc'sis of Aristarchus found few a<lherents. Seleucus, of 
Seleucia on the Tigris, is the only convinced supporter of it of 
whom we hear, and it was spinaiily abandoned altogether, 
mainly owing to the great authority of Hipparchus. Norjdo 
wo find any trace of the heliocentric hypothesis in Aris- 
tarchuss extant work On the sizes and distances of the 
SwYi and Moon, T"his is presumably because that work was 
writtcni before' the hypothesis was formulated in the book 
referred to by Archimedes. The geometry of the treatise 
is, however, unaffected by the difference between the hypo- 
theses. 
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4 ARISTARCHUS QF SAMOS 

Archimedes also says that it was Aristarchus who dis- 
covered that the apparent angular diameter of the s\m is about 
1 /720th part of the zodiac circle, that is to say, half a degree. 
We do not know how he arrived at this pretty accurate figure : 
but, as he is credited with the invention of the aKd(f>rj, he may 
have used this instrument for the purpose. But hei’c again 
the discovery must apparently have been later than the trea- 
tise On sizes ami distances, for the value of the subtended 
angle is there assumed to be 2° (Hypothesis 6). How Aris- 
tarchus came to assume a vahic so excessive is uncertain. As 
the mathematics of his treatise is not dependent on the actual 
value taken, 2° may have been assumed merely by way of 
illustration ; or it may have been a guess at the apparent 
diameter made before he had thought of attempting to mea- 
sure it. Aristarchiis assumed that the angular diameters of 
the sun and moon at the coitn*. of the earth are ('(jual. 

The metho<l of the treatise* depends on tln^ just observation, 
which is Aristarchus’s third ‘ hypothesis that ‘ when tlui imxjn 
appears to us halved, the g)‘eat circli; Avhich divides tlni dark 
and th<} bright portions of the moon is in tin*, direction of oui‘ 
eye’; the ettect of this (since the moon rec('ives its light from 
the sun), is that at the tinu! of the dichotomy the centres of 
the sun, moon and earth form a triangle right-angled at tin* 
centre of the moon. Two other assumptions were nect'ssary ; 
first, an estimate of the size of the angle of the latter triangh*, 
at the centre of the earth at the moment of dichotomy : this 
Aristarchus assumcid (Ilypothe.sis 4) to bt^ ‘less than a (|uad- 
rant by one-thirtieth of a quadrant’, i. ((. 87°, again an inaccu- 
rate estimate, the true value being 89° 50' ; secomlly, an esti- 
mate of the breadth of the (*arth’s shadow when; the Jiioon 
traverses it: this ht; assumed to be ‘the breadth of two 
moons’ (Hypothesis 5). 

The inaccuracy of the assumptions docs not, howewer, d('.tract 
from the mathematical interest of the succeeding investigation. 
Hero we find the logical seejuence of propositions and the abso- 
lute rigour of demonstration characteristic of Greek geometiy ; 
the only remaining drawback would be. the practical difficulty 
of determining the, exact moment when the mbon ‘appears to 
us halved ’. The form and style, of the book are thoroughly 
classical, as befits the period between Euclid and Arehimerle.s ; 
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the Greek is even reiiiarkahly attraetive. The content from 
the mathematical point of view is no less interesting, for we 
have here the first specimen extant of pure geometry used 
with a triyonometricul object, in which respect it is a sort of 
forerunner of Archimedes’s Measurement of a Circle. Aristar- 
chus does not actually evaluate the trigonometrical ratios 
on which the ratios of the sizes and distances to be obtained 
depend ; he finds limits between which they lie, and that by 
means of certain propositions which he assumes without proof, 
and which therefore must have l)eeu generally known to 
mathematicians of his day. These propositions are the equi- 
valents of the statements that. 


(1) if a is what we call the circulai’ measure of an angle 
and (X is less than 2 TT, then the ratio sin y/oL decreaseSy and the 
ratio tan a/oc iacr eases , as oc increases from 0 to 2 tt ; 

(2) if /3 l)e the circular measure of another an^le less than 
I TT, and 0(>)3, then 

sin oc oc tan a 

sin Id ^ tan 

• 

Aristarchus ol* coarse deals, not with actual circular measures, 
sines and tangents, hut with aiiGit's ((expressed not in dej^rees 
hut as fractious of rio-ht angles), arcs of circles and their 
chords. Particular r(‘sults ohtained hy Ai'istarchus are the 
tM(uivale‘nt of tie* lollowinf^;: 


18 ^ ^ ^ 2 0 > 
4^5 ^ ^ ^ Go * 

1 > COS 1"" > go, 

1 > cos-r' > J f . 


[Prop. 7] 
[Prop, llj 
[Prop. I2J 
[Prop. 13] 


The hook consists of (UG-hteen propositions. Bi‘j^inning with 
six hypotheses to the cfVt*ct already indicate<l, Aristarchus 
declares that he is now in a position to prove 


(1) that tlui distance of the sun from the earth is greater than 
eighteen tilings, hut less than twiuity times, the distance of the 
moon from the earth ; 


(2) that the diameter of the sun has the same ratio as afore- 
said to tlui diameUu* of the moon ; 
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(3) that the diameter of the sun has to tlie diameter of the 
earth a ratio greater than 19:3, but less than 43:6. 

The propositions containing these i-esults are Props. 7, 9 
and 15. 

Prop. 1 is preliminary, proving that two ecjual spheres are 
comprehended hy one cylinder, and two unequal spheres by 
one cone with its vertex in the direction of the lesser sphere, 
and the cyliixder or cone touches the spheres in circles at 
right angles to the line of centres. Prop. 2 proves that, if 
a sphere be illuminated by another sphere larger than itself, 
the illuminated portion is greater than a hemisphere. Prop. 3 
shows that the circle in the moon which divides the dark from 
the bright portion is least when the cone comprehending the 
sun and the moon has its vertex at our eye. The ‘ dividing 
cii'cle as we shall call it for short, which was in Hypothesis 3 
spoken of as a great circle, is proved in Prop. 4 to be, next 
a great circle, but a small circle not perceptibly different 
from a great circle. The proof is typical and is worth giving 
along with that of some connected propositions (11 and 12). 

B is the centre of the moon, A that of the earth, CD the 
diameter of the ‘ dividing circle in the moon ’, EF the parallel 
diameter in the moon. BA meets the circular section of the 
moon through A and EF in G, and GD in L. Gll, GK 
are arcs each of which is equal to half the ai’c GE. By 
Hypothesis 6 the angle GAD is ‘ one-fifteenth of a sign’ = 2“, 
and the angle BAG =1°. 

Now, says Aristarchus, 

1° : 45° [ > tan 1° : tan 45°] 

>BG:GA, 

and, a fortiori, 

BG .BA or BG:BA 

< 1:45; 

that is, BG < -fg BA 

< 4^ GA ; 

BH<^KJIA. 


therefore, a fortiori, 
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Now Jill : i/A [= sin HAB : sin IIBA] 

> IHAB.IIIBA, 

wlience Z II AB < Z IJBA, 



and (takinjf the doubles) Z IIAlv < Z II BK. 

But Z IIBK = Z A'RC = 5^0 ii (where li is a right angle) ; 
therefore LllAK<^^^R. 

But ‘a magnitude (arc UK) seen under such an angle is 
imperceptible to our eye ’ ; 

therefore, a fortiori, the arcs CE, DF are sevei’ally imper- 
ceptible to our ey('. Q, E. I). 

An easy deduction from the same hgure is Prop. 12, which 
shows that tin; ratio of CD, the diameter of the ‘ dividing 
circle’, to EF, the diameter of the moon, is < 1 but > Iq. 

We have Z EBC = Z RA (7 = U ; 

therefore (arc EC) — (arc EC), 

and accordingly (arc CG) : (arc CE) = 89 : 90. 

Doubling the ai’cs, we have 

(arc CCD) : (arc ECF) = 89 : 90. 

But CD : EF > (arc CCD) : (arc ECF) 

[(“(luivalent to sin a /sin/3 > a//3, where ACBD = 2o(, 

and 2 /8 = tt] ; 

therefore CD :EF [ = cos 1°] > 89:90, 

while obviously CD:KF<1. 

Prop. 11 finds limits to the ratio EF:BA (the ratio of the 
diameter of the moon to the distance of its centre from 
the centre of the earth) ; the ratio is <2:45 but > 1:30. 
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The first part follows from the relation found in Prop. 4, 
namely BG : BA < 1:45, 

for EF=2BC. 

The second part requires the use of the circle drawn with 
centi’e A and radius AG. This circle is that on which the 
ends of the diameter of the ‘ dividing circle ’ move as the moon 
moves in a circle about the earth. If r is the radius AG 
of this circle, a chord in it equal to r subtends at the centre 
A an angle of | R or 60° ; and the arc GD subteiuls at A 
an angle of 2°. 

But (arc subtemled by GD) : (arc subtended by r) 

< GD:r. 

or 2 : GO < GD :r ; 

that is, GD : GA > 1:30. 

And, by similar triangles, 

GL : GA = GB : BA, or GD : GA = 2 GB : HA = FE : BA. 

Therefore FE : BA >1:30. 

The ))ropositiou which is of tlu; gi’eatest interest on tin* 
whole is Prop. 7, to the effect tliat the distance of the sun 
from the earth is greater than 18 times, hat less than 20 
times, the distance of the ‘inoOn. from, the earth. 'I’liis result 
represents a great improvement on all previous attempts to 
estimate the relative dishinces. The iii’st speculation on tluf 
subject was that of Anaximander {circa 611-545 B.o.), who 
seems to have made the di.stances of th(‘. sun and moon from 
the earth to be in the ratio 3 : 2. Eudoxus, according to 
Archimedes, made the diameter of the sun 9 times that of 
the moon, and Phidias, Archimedes’s father, 12 times: and, 
assuming that the angular <liameters of tla; two boditis are 
equal, the ratio of their distances would be the same. 

Aristsirchiis’s proof is shoi’tly as follows. A is the centre of 
the sun, B that of the earth, and G that of the moon at the 
moment of dichotomy, so that tlie angle AGH is right. ABEF 
is a square, and AE is a quadrant of the sun’s circular orbit. 
Join BF, and bisect the angle FBE by BG, so that 



ARISTARCHUS OF SAMOS 


9 


I. Now, by Hypothesis 4, Z ABC = 87°, 
so that Z IIBE = Z RA6' = 3° ; 

therefore Z CBE : Z HBE = J R ; R 

= 15:2, 



so tliat CE:JIE[= tan t,7>*A’: tan //7Hi’] > Z CBE: Z Z/RA 

> 15 :2. (1) 

'I'lie ratio which has to lx; proved >18:1 is AB:BC or 
FE.Eil. 

Now FG-.GE = FB:BE, 

whenci; FG- : GE- = FR^ : BE- =2:1, 

and FG : GE = /2 : 1 

>7:5 

(this is the approximation to 2 mentioned hy Plato ami 
known to the Pythagoreans). 
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Therefore FE-.EG >12:5 or 36:15. 

Compounding this with (1) above, we have 
FE< EH >36:2 or 18:1, 

II. To prove BA < 20 BG. 

Let BH meet the circle AE in D, and draw DK parallel 
to EB. Circumscribe a circle about the triangle BKD, and 
let the chord BL be equal to the railius (/’) of the cii’cle. 

Now Z BDK = Z DBE = R, 

so that arc BK = (circumference of circle). 

Thus (arc BK ) : (are BL) = : I , 

= 1 : 10 . 

And (are BK ) : (arc BL) < BK : r 

[this is equivalent to a/ ^ < sin a/sin j8, where a < < ^tt\, 

so that 7’ < 10 BK, 

and BD < 20 BK. 

But BD.BK = AB:BC; 

therefore AB< 20 BG. Q. E. D. 

The remaining results obtained in the treatise can be 
visualized by means of the three figures annexed, which have 
reference to the positions of the .sun (centre A), tlie eartli 
(centre B) and the moon (centre C) during an eclipse. Fig. I 
shows the middle position of the moon relatively to the earth’s 
shadow which is bounded by the cone coinprehemling tlie sun 
and the earth. OK is the arc with centre B along which 
move the extx'cmities of the diameter of the dividing circle in 
the moon. Fig. 3 shows the same po.sition of the moon in the 
middle of the shadow, but on a larger scale. Fig. 2 sliows 
the moon at the moment when it has ju.st entered the .shadow ; 
and, as the breadth of the earth’s shadow is that of two moons 
(Hypothesis 5), the moon in the })o.sition shown touches BK at 
iV^and BL at X, where L is the middle point of the arc OK. 
It should be added that, in Fig. 1, f/Tis the diameter of the 
circle in which the sun is touched by the double cone with B 
as vertex, which comprehends both the sun and the moon. 
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while } , /j are the points in which the perpendicular through 
A, the cinitre of the sun, to BA meets tlie cone enveloping the 
sun and the earth. 


X 



This being preinisetl, the main results obtained are as 
follows : 

Prop. 13. 

(l) (UV: (diam. of moon) <2:1 

but 


> 88 : 45 . 
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( 2 ) 

but 

( 3 ) 

Prop. 14 (Fig. 3). 


ON : (diam. of sun) <1:9 

> 22:225. 

ON.YZ > 979:10126. 
BC:CS> 675:1. 


Prop. 15. 

(Diam. of sun) : (diam. of eartli) >19:3 
but < 43:6. 




Prop. 17. 

(Diam. of earth); (diam. of moon) > 108:43 
but <60:19. 

It is worth while to show how these results are jiroved. 
Prop. 13. 

(1) In Fig. 2 it is clear that 

ON < 2 LN and, a fortiori, < 2 LP. 

The triangles LON, CLN being similar, 

0N:NL = NLiLO- 
therefore ON : NL = NL : | LP 

> 89 : 45. (by Prop. 1 2) 
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Hence ON : LC = OiV* : NI? 

> 892: 452 ; 

therefore ON : LP > 7921 : 4050 

> 88:45, says Aristai'chus. 

^§6 0 <levclopc(l as a continned fraction, wc easily 

obtain 1 + ^ , which is in fact ^^* J 

(2) ON < 2 (diain. of moon). 

But (diani. of moon) < -^g (diam. of sun) ; (Prop. 7) 
therefore ON < | (diam. of sun). 

A}j;ain 0A':(<liain. of moon) > 88:45, from above, 
and (diam. of moon) : (diam. of sun) > 1:20; (Proj). 7) 

therefore, ex «e<iiiali, 

ON^: (<liam. of sun) > 88 : 900 
> 22 : 225. 

(8) Siiiee tl\e sam(' eoni^ comjm-hends the sun and the moon, 
the triangle IlUV (Fijj;. 1) ami the. triangle BLN (Fig. 2) are 
similar, and 

LN:LP = UV: (diam. of sun) 

= IFU: UA 
= UA : A*S’ 

< UA : A r. 

But fyN :/./'> 89 : 90 ; (Prop. 12) 

tlierefore, </ fortiori, UA ; A 1’ > 89 : 90. 

And UA-.AY =2UA-.YZ 

= (diam. of sun) : YZ. 

But ON : (diam. of sun) > 22 : 225 ; (Prop. 13) 

therefore, ex aequoli, 

ON: YZ > 89 X 22 : 90 X 225 


> 979:10125. 
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Prop. 14 (Fig. 3). 

The arcs OM, ML, LP, PN^ are all equal ; therefore so are 
the chords. BM, BP are tangents to the circle MQP, so that 
CM is perpendicular to BM, while BM is pei’pcndicular to OL. 
Therefore the triangles LOB, GMR are similar. 

Therefore BO : MR = SL : BC. 

But SO < 2 MR, since ON < 2MP-, (Prop. 13) 

therefore SL < 2 RC, 

and, a fortiori, SR < 2 RC, or SC < 3 RC, 
that is, CR : CS >1:3. 

Again, MC : CR = BC : CM 

> 4.5 : 1 ; (.see Prop. 11) 

therefore, ex aequali, 

CM:CS > ir,:U 

And BC:GM > 45:1; 

there foi'c BC :CS > 675 

Prop. 16 (Fig. 1). 

We have NO : (diam. of .sun) <1:9, (Prop. 13) 

and, a fortiori, YZ : NO >9:1: 

therefore, by similar triangles, if YO, ZN meet in X, 

AX.XR >9:1, 
and convertendo, XA :AR< 9:8. 

But AB > 16 BC, ami, a fortiori, >18 BR, 
whence AB > 16(AR — AB), or 16 AB > 16 AR ; 
that is, AR:AB < 16:16. 

Therefore, ex aequali, 

XA :AB < 19:16, 
and, convertendo, AX : XB > 19:3; 
therefore (diam. of sun) : (diam. of earth) > 19:3. 

Lastly, since CB : CR > 675 : 1, 

GB:BR < 675 :674. 


(Prop. 14 ) 
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But AB :BG < 2Q -.1-, 

therefore, ex aequali, 

AB.BR < 13500 ; 674 
< 6750:337, 

whence, by inversion and romponendo, 

RA :AB> 7087 : 6750. (1) 

But AX:XR= YZ-.NO 

< 10125:979; (Prop. 13) 

therefore, convertendo, 

XA.AR> 10125:9146. 

From this and (1) wc have, ex aeffunli, 

A-yl 101 25 X 7087: 9146 X 6750 

> 71755875 : 61735500 

> 43 : 37, ft fortiori. 

[It is <lifficult not to .se(“ in 43 : ,37 the (^xprc'ssion 1 + ^ , 

wliich su^jif(\sts ilwit 43 : 37 whs olitaiiied 1)y developing the 
ratio as a continued fraction.] 

Tlierefore, conrertendo, 

XA :XB < 13:6, 

(diain. of siin) : (diain. of eartli) < 43 : 6. Q. E. D. 


wlience 
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ARCHIMEDES 

The siege and capture of Syracuvse by Marcelliis during the 
second Punic war furnished the occasion for the appearance of 
Archimedes as a personage in liistory ; it is witli this histori- 
cal event tliat most of the detailed stories of him are con- 
nected ; and the fact that he was killed in the sack of the city 
in 212 B.C., when he is supposed to liave been 75 years of ag(i, 
enables us to fix his date at about 287-212 B.C. He was the 
son of Phidias, the astronoimn-, and was on intimate terms 
with, if not related to, King Hieron and his son Gelon. It 
appears fj’om a passage of Diodorus that he spent sonu' tirrn'. 
in Egypt, which visit was tin*, occasion of his discovery of tlui 
so-called Ai*chimed(‘aii screw as a means of pumping water.' 
It may be inferred that he studied at Alexandria with the 
successors of Euclid. It was probably at Alexandria that h(^ 
made the acquaintance of Conon of Samos (for whom he had 
the highest regard both as a mathematician and a friend) and 
of Eratosthenes of Cyrein^. To the former In^ was in the habit 
of communicating his discourses before their publication ; 
while it was to Eratosthenes that lu' sent The Method, with an 
introductory hotter which is of the, high(‘st inten'st, as wtdl as 
(if we may judge by its heading) the famous (yattle-Probhuri. 

Traditions. 

It is natural tliat history or legcaid should say more of his 
mechanical inventions than of his mathematical achievements, 
which would appeal less to the average mind. Ilis machines 
were used with great effect against the Redmans in the siege 
of Syracuse. Thus he contrived (so we are toM) catapults so 
ingeniously constructed as to be (M|ually seiwiceable at loTig or 

’ Diodorus, v. 87. 8. 
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Hhort range, machines for discharging showers of missiles 
througli holes made in the walls, and others consisting of 
long movable poles projecting beyond the walls which either 
dropped heavy weights on the enemy’s ships, or grappled, 
their prows by means of an iron hand or a beak like that of 
a crane, then lifted them into the air and let them fall againd 
Marcelhis is said to have derided his own engineers with the 
words, ‘Shall we not make an end of fighting against this 
geometrical Briareus who uses our ships like cups to ladle 
water from the sea, drives off our sambuca ignominiously 
witli cudgel-blows, and by the multitude of missiles that he 
hurls at us all at once outdoes the hundi'ed-handed giants of 
mythology?’; Imt all to no purpose, for the Romans were in 
such abject terror that, ‘if the}"^ di<l but see a piec(‘< of rope 
or wood projecting above' the wall, they would cry “there it 
is”, declaring that Archimedes was setting some engine in 
motion against th(im, and would turn their backs and run 
away ’.*’ These things, however, were merely the ‘ diversions 
of geometry at play ’,** and Archimedes himself attached no 
importance to them. According to Plutarch, 

‘ though these inventions had obtained for him the renown of 
more than luiman sagacity, h(^ yet would not even deign to 
leav('. behind him any written work on such subjects, but, 
regarding as ignoble and sordid the business of mechanics and 
every sort of art which is direct'd to use and profit, he placed 
his whole ambition in those speculations the beauty and 
subtlety of which is untainted by any admixture of the com- 
mon needs of life.’ ^ 

(a) Adroriojn^/. 

Archimedes did indeed write one mechanical book, 0)i 
Sphere-inaJxinu, which is lost; this describe<l the construction 
(^f a sphere' to imitate the motions of the sun, moon and 
planets.'"’ Cicero saw this contrivance and gives a description 
of it ; he says that it n^]>resented the periods of the moon 
and the apparent motion of the sun with such accuracy that 
it would even (over a short period) show the eclipses of the 
sun and moon.*’ As Pappus speaks of ‘ those who understand 

' Polybius, Hist. viii. 7, 8 ; Livy xxiv. 84 ; Plutarch, Marcellus, cc. 15-17. 

2 75., c. 17. 3 /&., c. 14. /5., c. 17. 

Carpus in Pappus, viii, p. 1026. 9; Prochis on Eucl. 1, p. 41. 16. 

^ Cicero, De rep, i. 21, 22, Tusc, i. 68, De nat, dear. ii. 88. 

1628.2 C 
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the making of spheres and produce a model of the heavens by 
means of tlie circular motion of water’, it is possible that 
Archimedes’s sphere was moved by water. In any case Archi- 
medes was much occupied with astronomy. Livy calls him 
‘ unicus spectator caeli siderumque ’.' Hipparchus says, ‘ From 
these observations it is clear that the differences in the years 
are altogether small, but, as to the solstices, I almost think 
that Archimedes and I have both erred to the extent of a 
quarter of a day both in the observation and in the deduction 
therefrom’.® Archimedes then had evidently considererl the 
length of the year. Macrobius says he discovered the dis- 
tances of the planets,^ and he himself describes in his Sand- 
reckoner the apparatus by which he measured the apparent 
angular diameter of the sun. 

(/3) Mechanicx. 

Archimedes wrote, as wo shall s(!e, on theoretical nu'chanics, 
and it was by theory that he solved the problem To move a, 
given V'cight bg a given fmre, for it was in rt^liance ‘ on tin' 
irresistible cogency of his proof ’ that he declared to Hieron 
that any- given weight could he moved by any given force i 
(however small), and boasted that, ‘ if ho weero given a place to 
stand on, he could move the earth ’ {wd kuI klv 5> rdu ydv, 
as he said in his Doric dialect). The story, told by Plutarch, 
is that, ‘when Hieron Avas struck with amazement and asked 
Archimedes to reduce the problem to practice and to give an 
illustration of some great weiglit moved by a small force, he 
fixed upon a ship of burden with three masts from the king’s 
ars(;nal which had only been draAvn up with great labour by 
many men, and loading her with many passengers and a full 
freight, himself the while sitting far off, witli no gi'cat effort 
but only holding the end of a compound pulley (TroXuo-Trao-ro?) 
quietly in his hand and pulling at it, he drew the ship along 
smoothly and safely as if she were moving through the sea.’ 

The story that Archimedes set the Roman ships on fire by 
an arrangement of burning-glasses or concave mirrors is not 
found in any authority earlier than Lucian ; but it is quite 

* Livy xxiv. 34. 2. ® Ptolemy, Syntnxis, III. 1, vol. i, p. 194. 23. 

® Macrobius, In Somn. Scip. ii. 3 ; cf. the figures in Tlippolytus, Hefitt. 
p. 66. 52 sq., ed. Duncker. ’ J > 

^ Plutarch, Marcellus, c. 14. 
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likely that he discovered vsome form of burning-mirror, e.g. a 
paraboloid of revolution, which would reflect to one point all 
rays falling on its concave surface in a <lirection parallel to 
its axis. 

Archimedes’s own view of tlie relative importance of his 
many discoveries is well sliowii by his request to his friends 
and relatives that they should place upon his tomb a represen- 
tation of a cylinder circumscribing a sphere, with an inscrip- 
tion giving the ratio which the cylinder bears to the sphere ; 
from which we may infer that he regarded the discovery of 
this ratio as his greatest achievement. Cicero, when quaestor 
in Sicily, found the tomb in a neglected state and repaired it^; 
but it has now disappeare<l, and no one knows where he was 
buricMl. 

Archimedes's entire preoccupation by his abvStract studies is 
illustrated by a numlxu' of stories. We are told that he would 
forget all about his food aii<l such necessities of life, and wouhl 
b(' drawing geometrical figiir(\s in the aslu's of the fire or, when 
anointing himself, in tln^ oil on his body.^ Of the same sort 
is the tah^ that, u hen lie discovered in a bath the solution of 
the (juestion referred to him by Hieron, as to Avhether a certain 
crown suppos(‘d to have been made of gold did not in fact con- 
tain a cendaiu propoi'tion of silver, he ran naked through the 
street to his home shouting evpijKa, fvprjKa.^ He was killed 
in the sack of Syracuse by a Roman soldier. The story is 
told in various forms ; tlu'. most pietures(|ue is that found in 
Tzetzes, wliich n'presents him as saying to a Roman soldier 
who found him intent on some diagrams which he had drawn 
in the dust and came too close, ‘ Stand away, fellow, from my 
diagram ', wluuvat the man was so enraged that he killed 
him.'^ 

Summary of main achievements. 

In gc'onuitry Archimedes’s work consists in the main of 
original investigations into the (iiiadrature of curvilinear 
plane figures and the quadrature and cubature of curved 
surfaces. These investigations, beginning where Euclid’s 
Book XIT left off, actually (in the words of Chasles) ‘ gave 

' Cicero, Ttfsc. v. M sq. - I’lutarcli, Marcellus, c. 17. 

Vitruvius, De architectural ix. 1. 9, 10. 

* Tzetzes, Chiliad, ii. 35. 135. 

c 2 
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birth to the calculus of the infinite conceived and brought to 
perfection successively by Kepler, Cavalieri, Fermat, Leibniz 
and Newton’. He performed in fact what is equivalent to 
integration in finding the area of a parabolic segment, and of 
a spiral, the surface and volume of a sphere and a segment of 
a sphere, and the volumes of any segments of the solids of 
revolution of the second degree. In arithmetic he calculated 
approximations to the value of tt, in the course of wliich cal- 
culation he shows that he could approximate to the value of 
S(juare roots of large or small non-square numbers ; he further 
invented a system of arithmetical terminology by which ho 
could express in language any number up to that which we 
should write down with 1 followed by 80,000 million million 
ciphers. In mechanics he not only worked out the pi*inciples of 
the subject but advanced so far as to find the centre of gravity 
of a segment of a parabola, a semicircle, a cone, a hemisphere, 
a segment of a sphere, a right segment of a paraboloid and 
a spheroid of revolution. His mechanics, as we shall s(m',, lias 
become more important in relation to his geometry since tlie 
discovery of the treatise called The Method which was formerly 
supposed to be lost. Lastly, he invented tlu'. whole science of 
hydrostatics, which again ho carried so far as to give a most 
complete investigation of the positions of rest and stability of 
a right segment of a jiaraboloid of revolution floating in a 
fluid with its base cither upwards or downwards, but so that 
the base is either wholly above or wholly below the surface of 
the fluid. This i-epresents a sum of mathematical achieve- 
ment unsurpassed by any one man in the world’s history. 

Character of treatises. 

The treatise's are, without exception, monuments of mathe- 
matical exposition; the gradual revelation of the plan of 
attack, the masterly ordering of tlic propositions, the stern 
elimination of everything not immediately relevant to the. 
purpose, the finish of the whole, are so impressive in tlnn*}’ 
perfection as to create a feeling akin to awe in the mind of 
the reader. As Plutarch said, ‘It is not possible to find in 
geometry more difficult and troublesome (juestions or proofs 
set out in simpler and clearer propositions There is at the 

^ Plutarch, Marcelhis, c. 17. 
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same time a certain mystery veiling the way in which he 
arrived at his results. For it is clear that they were not 
discovered by the steps which lead up to them in the finished 
treatises. If the geometrical treatises stood alone, Archi- 
medes miglit seem, as Wallis said, 'as it werci of set purpose 
to liave covered up tlie traces of his investigation, as if lie had 
grudged posterity the secret of his method of inquiry, while 
lie wislunl to (ixtort from them assent to his results’. And 
indeed (again in the words of Wallis) 'not only Archimedes 
but nearly all the ancients so hid from posterity their method 
of Analysis (though it is clear that they had one) that more 
modern mathematicians found it easier to invent a new 
Analysis than to seek out the old’. A partial exception is 
now furnished by The Method of Archimedes, so happily dis- 
covered by Heiberg. In this book Archimedes ttdls us how 
h(3 discoveriMl C(‘rtain theoi‘cms in (piadratun^ and cubature, 
namely by the usi; of mechanics, weighing elements of a 
figure against (‘lements of another simpler figure the mensura- 
tion of which was already known. At the same time he is 
careful to insist on tlui dilier(‘nce between (1) the means 
which may be sufficient to suggest the truth of theorems, 
although not furnishing scientific proofs of them, and (2) the 
rigoi’ous demonsti’ations of them by orthodox geometrical 
methods which must follow befoiv tlu‘y can be finally accepted 
as t*stablished : 

‘certain things’, he says, ‘first became clear to me by a 
me(*hanical method, although they had to be ilemonstrated by 
geometry afU‘i*wards becaust^ their invi‘stigation by the said 
iiK^thod did not furnish an actual demonstration. But it is 
of cours(i i*asiei-, when we have previously acquired, by the 
method, sonuj knowledge of the ({iK^stions, to supply the pi'oof 
than it is to find it without any pr(‘vious knowledge.’ 'Tins’, 
he adds, ‘ is a reason why, in tlu‘ case of the tlieorems that 
th(‘, volumes of a cone and a pyramid are one-third of the 
volumes of the cylinder and pi-ism respectively having the 
saiiui base and ecjual lieight, tlie proofs of wliich Eudoxus was 
the first to discovia-, no small share' of the credit should be 
giv(‘n to Di'iiKxaitus who was the first to state the fact, 
though witliout [iroof.’ 

Filially, he says that the very first theorem which he found 
out by means of mechanics was that of the separate treatise' 
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on the Quadrature of the parabola, namely that the area of any 
segment of a section of a right-angled cone {i.e. a parabola) is 
four-thirds of that of the triangle which has the same base and 
height. The mechanical proof, however, of this theorem in the 
Q'lutdrature of the Parabola is different from that in the 
Method, and is more complete in that the argument is clinched 
by formallj'^ applying the method of exhaustion. 


List of works still extant. 

The extant works of Archimedes in the order in wliich they 
appear in Heiberg’s second edition, following the order of the 
manuscripts so far as the first seven treatises are coiicerned, 
are as follows : 

(5) On the i^phere and Oyll nder : two Books. 

(9) Measarement of a Circle. 

(7) On Conoids and Spheroids. 

(6) On Id 2 )irals. 

(1) On Plane Egailibriums, Book I. 

(3) „ „ „ Book II. 

(10) The Hand-reckonec (Psammites). 

(2) Qaadratxire of the Parabola. 

(8) On Floating Bodies: two Bocjks. 

? Btonuichion (a I'ragment). 

(4) The Method. 

This, however, was not the order of composition; and, 
.judging (a) by statements in Arcliimeihss’s own prefaces to 
certain of the treatises and (b) by tlie use in certain treatises 
of I'esults obtained in others, w«j can make <mt an approxi- 
mate chronological order, which I have indicated in the abovi' 
list by figures in brackets. The treatiw) On Floiding Bodies 
was formerly only known in the Latin translaticm by William 
of Moerbeko, but the Gi’eek text of it has now been in great 
part restored by Heiberg from the. Constantinople manusci’ipt 
which also contains The Method and the fragment of the 
Btomachion. 

Besides these works we have a collection of propositions 
(Liber assumptorum) which has reached us through the 
Arabic. Although in the title of the translation by Thabit b. 
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Qurru the book is attributed to Areliiinedes, the propositions 
cannot be his in their present form, since his name is several 
times mentioned in them ; but it is quite likely that some 
of them are of Archimedean origin, nota})ly those about the 
geometrical figures called dpfirjXo^ (‘shoemakers knife') and 
a-aXivov (probably ‘ salt-cellar ') respectively and Prop. 8 bear- 
ing on the trisection of an angle. 

There is also the (Jaltle-Prohlem in epigrammatic form, 
which purports by its heading to have been communicated by 
Archimedes to the mathematicians at Alexandria in a lettei* 
to Eratosthenes. Whether the epigrammatic form is due to 
Archimedes himself or not, there is no sufficient reason for 
doubting the possibility that tlui substance of it was set as a 
problem by Areliiinedes. 

Traces of lost works. 

Of works which are lost we hav'e the following traces. 

1. investigations relating to polyhnlra are referred to by 
Pappus who, after alluding to the five regular polyhedra, 
describes thirteen others <liscovered by Archimed(*s which are 
semi-regular, being eontaimMl by polygons ecpiilateral and 
eijuiangular but not all similar.^ 

2. Ihen; was a book ot .ni’ithnietieal ccmteiit dedicated to 
/euxippus. W(* learn from Archimedes himself that it dealt 
with tlie luiniimj nutnhvr^ {Karoi/ofia^i^ rSr dptOiiSivy^ and 
expounded the system, which we find in the Sat id -reckoner, of 
expressing numbers liighm* than those which could be written 
ill the ordinary Grei'k notation, numluTs in fact (as we have 
said) U]) to the enormous iigure represmitiMl by 1 followed by 
80,000 million million ciphers. 

3. One or more works on mechanics are alluded to contain- 
ing propositions not inclmhal in the extant treatise On Plane 
Pquilihrimvs. Pap[)us mentions a work 0 n Bala nees or Levere 
{ir^pi C^ycou) in which it was proved (as it also was in PhiloiTs 
and Heron's Meelia nici<) that ‘greatin* circles overpower lesser 
circles when they revolve about the same centri‘ '.*' Heron, too, 
speaks of writings of Archimedes ‘which bear the title of 

I Pappus, V, pp. 352 8. 

“ Archimedes, vol. ii, pp. 216. 18, 236. 17 22 ; cf. p. 220. 4. 

“ Pappus, viii, p. 1068. 
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" works on the lever ” Simplicius refers to prohlema on the 
centre of gravity, KevTpofiaptKd, such as the many elegant 
problems solved by Archimedes and others, the object of which 
is to show how to find the centre of gravity, that is, the point 
in a body such that if the body is hung up from it, the body 
will remain at rest in any position.* This recalls the assump- 
tion in the Quadrature of the Parabola (6) tliat, if a body hangs 
at rest from a point, the centre of gravity of the body and the 
point of suspension are in the same vertical line. Pappus has 
a similar remark with reference to a point of mpport, adding 
that the centre of gravity is determined as the intersection of 
two straight lines in the body, through two points of support, 
which straight lines are vertical when the body is in equilibrium 
so supported. Pappus also gives the characteristic of the centre 
of gravity mentioned by Simplicius, observing that this is 
the most fundamental principle of the theory of the centre of 
gravity, the elementary propositions of wliich are found in 
Archimedes’s On Equilibriums (vept iaopponmp) and Heron’s 
Mechanics. Archimedes himself cites propasitious which must 
have been proved elsewhere, e. g. that the centre of gravity 
of a cone divides the axis in the ratio 3:1, the longer segment 
being that adjacent to the vertex * ; he also says that ‘ it is 
proved in the Equilihi'iums ’ that the centre of gmvity of any 
segment of a right-angled conoid (i. e. pai’aboloid of revolution) 
divides the axis in such "a way that the portion towards the 
vertex is double of the remaimler.'^ It is possible that there 
was originally a larger work by Archimedes On EquilUtriums 
of which the surviving bo(jks On Plane EquUibi'iums formed 
only a part ; in that case ire pi (vySav and Kevrpo^apiKa may 
only be alternative titles. Finally, Heron says that Ai'chi- 
medes laid down a certain procedux’e in a book bearing the 
title ‘ Book on Supports ’.® 

4. Theon of Alexandna quotes a proposition from a work 
of Archimedes called Catoptrica (properties of miiTors) to the 
effect that things thrown into water look larger and still 
larger the farther they sink.® Olympiodorus, too, mentions 

^ Heron, Meehaniea, i. 32. 

* Simpl. on Arist. De eaelo, ii, p. .508 a 30, Brandis ; p. 543. 24, Heib. 

* Method, Lemma 10. ^ On Floating Bodiee, ii. 2. 

“ Heron, Mechanics, i. 25. 

* Theon on Ptolemy's Syntaxis, i, p. 29, Halma. 
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that Archimedes proved the phenomenon of refraction 'by 
means of tlie ring placed in the vessel (of water) A scholiast 
to the Pseudo-Euclid's Catoptrica quotes a proof, which he 
attributes to Archimedes, of the equality of the angles of 
incidence and of reflection in a mirror. 

The text of Archimedes. 

Heron, Pappus and Theon all cite works of Archimedes 
wliicli no longer survive, a fact which shows that such works 
were still extant at Alexandria as late as the third and fourth 
centuries a.d. But it is evident that attention came to be 
concentrated on two works only, the Measurement of a Circle 
and On the t^pheve and Cylinder. Eutocius (Jl. about A.u. 500) 
only wrote commentaries on these works and on the Plane 
Equilibriums, and he does not seem even to have been 
acquainted with tlie Quadrature of the Parabola or the work 
On Spirals, although these have survived. Isidorus of Miletus 
revised the commentaries of Eutocius on the Measurement 
of a. (drcle and tlie two Books On the Sphere and Cylinder, 
and it would seem to have lieeii in the school of Isidorus 
that these treatis(‘s were turiuMl from their original Doric 
into the ordinary language, with alterations designed to make 
them niofe intelligible to elementary pupils. But neither in 
Isidorus's time nor earlier was tlu^re any collected edition 
ot* Ai'chiinedi's's works, so that those which were less read 
tendi‘d to disappisai*. 

In the Jiinth ciMitury L(‘on, who ri^stored the University 
of Constantinople, collecte<l togethei* all the works that he 
could find at (Vmstantinople, and had the manuscript written 
(the archetype, lleilH‘rg's A) which, through its derivatives, 
was, uj) to the discovery of tlui Constantinople manuscript (C) 
containing The Method, the only source^ for the Greek text. 
Leon’s manuscript came, in th(‘ twelfth century, to the 
Norman Court at Palermo, and thence passed to the House 
of Hohenstaufen. Then, with all the library of Manfred, it 
was given to tlu^ Pope by Charles of Anjou after the battle 
of Benevento in 1266. It was in the Papal Library in the 
years 1269 an<l 1311, but, some time after 1368, passed into 

' Olympiodonis on Arist. Meteoroloifica, ii, p. 94, Idoler ; p. 211.18, 
Basse. 
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private hands. In 1491 it belonged to Georgius Valla, who 
translated from it the portions published in his posthumous 
work De expetendis et fugieiidis rebus (1601), and intended to 
publish the whole of Archimedes with Eutocius’s commen- 
taries. On Valla’s death in 1500 it was bought by Albertus 
Pius, Prince of Carpi, passing in 1530 to his nephew, Rodolphus 
Pius, in whose possession it remained till 1544. At some 
time between 1644 and 1564 it disappeared, leaving no 
trace. 

The greater part of A was translated into Latin in 1269 
by William of Moerbeke at the Papal Court at Viterbo. This 
translation, in William’s own hand, exists at Rome (Cod. 
Ottobon. lat. 1850, Heibei’g’s B), and is one of our prime 
sources, for, although the translation was hastily done ^nd 
the translator sometimes misunderstood the Greek, he followed 
its wording so closely that his version is, for purposes of 
collation, as good as a Greek manuscript. William used also, 
for his translation, another manuscript from the same library 
which contained works not included in A. This manuscript 
was a collection of works on mechanics and optics; William 
translated from it the tw'o Books On Floating Bodies, and it 
also contained the Plane Equilihrimtis and the Quadrature 
of the Parabola, for wdiich books William used botli manu- 
scripts. 

The four most important extant Greek manusci'ipts (e.xcept 
C, the Constantinople manuscript discovered in 1906) were 
copied from A,, The earliest is E, the Venice manuscript 
(Marcianus 305), winch was written between the years 1449 
ai\d 1472. The next is D, the Florence manuscript (Laurent. 
XXVIII. 4), which was copied in 1491 for Angelo Poliziano, 
permission having been obtained with some difficulty in con- 
sequence of the jealousy with which Valla guarded his treasure. 
The other two are G (Paris. 2360) copied from A after it had 
passed to Albertus Pius, and H (Paris. 2361) copied in 1544 
by Christopherus Auverus for Georges d’Armagnac, Bishop 
of Rodez. These four manuscripts, with the translation of 
William of Moerbeke (B), enable the readings of A to be 
inferred. 

A Latin translation was made at the instance of Pope 
Nicholas V about the year 1450 by Jacobus Cremonensis. 
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It was made from A, which was therefore accessible to Pope 
Nicholas though it does not seem to have belonged to him. 
Regiomontanus made a copy of this translation about 1468 
and revised it with the help of E (the Venice manuscript of 
the Greek text) and a copy of the same translation belonging 
to Cardinal Bessarion, as well as another ‘old copy' which 
seems to have been B. 

The editio was published at Basel (apad Herva- 

gium) by Thomas GechaufF Venator ius in 1544. The Greek 
text was based on a Nurnberg MS. (Norirnberg. Cent. V, 
app. 12) which was copied in the sixteenth century from A 
but witli interpolations derived from B; the Latin transla- 
tion was Regiomontanus’s revision of Jacobus Cremonensis 
(Norirnb. Cent. V, 15). 

A translation by F. Commandinus published at Venice in 
1558 contained the Mecmiretnenl of a Circle^ Oit the 

Quadrature of the Parabola, On (k)noids and Spheroids, and 
the Sand-reckoner. Tliis translation was based] on the Basel 
edition, but Commandinus also consulted E and other Greek 
manuscripts. 

Toi'elli’s edition (Oxford, 1792) also followed the editio 
princeps in the main, but Torelli also collated E. The book 
was brought out after Torelli’s <leath by Abram Robertson, 
who also collated five more manuscripts, including D, G 
aud H. The collation, however, was not well doni\ and the 
edition was not pro[)ei'ly correctiMl when in the press. 

The second edition of Heiberg’s text of all tlie works of 
Archimedes with Eutocius’s commentaries, Ditin translation, 
a})paratus ci*iticus, itc., is now available (1910-15) an<l, of 
course, supcrse<les the fii*st edition (1880-1) and all others. 
It naturally includes The Method, the fragment of the Stoma- 
*chion, and so much of the Greek text of the two Books On 
Floating Bodies as could be restored from the newly dis- 
covered Constantinople manuscrij)t.^ 

Contents of The Method. 

Our description of the extant works of Archimedes 
may suitably begin with The Method (the full title is On 

' The Works of Archimedes, edited in modern notation by the present 
writer in 1897, was based on ileiberjj’s first edition, and the Supplement 
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Mechanical Theorems, Method (communicated) to Eratosthenes). 
Premising certain propositions in mechanics mostly taken 
from the Plane Equilihrinms, and a lemma which forms 
Prop. 1 of On Conoids and Spheroids, Archimedes obtains by 
his mechanical method the following results. The area of any 
segment of a section of a right-angled cone (parabola) is f of 
the triangle with the same base and height (Prop. 1). The 
right cylinder circumscribing a sphere or a spheroid of revolu- 
tion and with axis equal to the diameter or axis of revolution 
of the sphere or spheroid is times the sphere or spheroid 
respectively (Props. 2, 3). Props. 4, 7, 8, 1 1 find the volume of 
any segment cut off, by a plane at right angles to the axis, 
from any right-angled conoid (paraboloid of revolution), 
sphere, spheroid, and obtuse-angled conoid (hyperboloid) in 
terms of the cone which has the same base as the segment and 
equal height. In Props. 5, 6 , 9, 10 Archimedes uses his liiethod 
to find the centre of gravity of a segment of a paraboloid of 
revolution, a sphere, and a spheroid respectively. Props. 
12-15 and Prop. 16 are concenied witli the cubature of two 
special solid figures. (1) Suppose a prism witji a s(juare base 
to have a cylinder inscribed in it, the circular bases of the 
cylinder being circles inscribed in the squares which are 
the bases of the prism, and suppose a plane drawn through 
one side of one base of the prism and through that diameter of 
the circle in the opposite base wliich is parallel to the saiil 
side. This plane cuts off a solid bounded by two })lanes and 
by part of the curved .surface; of the cylinder (a sejliel shap(;(l 
like a hoof cut otf by a plane); and Props. 12-15 prove that 
its volume is one-sixth of the volume of tlu; prism. (2) Sup- 
pose a cylinder inscribed in a cube, so that the circular bases 
of the cylinder are circles inscribed in two opposite faces of 
the cube, and suppose another cylinder similarly inscribe; 1 
with reference to two other opposite faces. The two cylinders 
enclose a certain solid which is actually made up of eight 
‘hoofs’ like that of Prop. 12. Prop. 16 proves that the 
volume of this solid is two-thirds of that of the cube. Arclii- 
medes observes in his preface that a remarkable fact about 

(1912) containing’ The Method, on the original edition of Heiberg (in 
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these solids respectively is that each of them is equal to a 
solid enclosed by planes, whereas the volume of curvilinear 
solids (spheres, spheroids, Ac.) is generally only expressible in 
terms of other curvilinear solids (cones and cylinders). In 
accordance with his dictum that the results obtained by the 
mechanical method are merely indicated, but not actually 
proved, unless confii-med by the rigorous methods of pure 
geometry, Archimedes proved the facts about the two last- 
named solids by the orthodox method of exhaustion as 
regulai’ly used by him in his other geometrical treatises ; the 
proofs, partly lost, were given in Props. 15 and 16. 

We will first illustrate the method' by giving the argument 
of Pro]). 1 about the area of a parabolic segment. 

Let A B( ! be the segment, liD its diameter, (E the tangent 
at (\ Let P be any point on the segment, and let AKF, 



A 


OPNM be drawn pai'allt'l to HI). Join ('B and produce it to 
meet MO in iV and FA in /{^, and let KH be made equal to 
K(l 

Now, by a j)r«)position ‘ proved in a lemma ’ (cf. Quadrature 
of the Parabola, Prop. 5) 

MO.OP=CA I AO 
= CK : KN 
= UK -. KN. 

Also, by the property of the parabola, EB = BD, so that 
MN = NO and FK = KA. 

It follows that, if HC be I’egarded as the bar of a balance, 
a lino TO equal to PO and placed with its middle point at H 
balances, about K, the straight line MO placed where it is, 
i.e. with its middle point at N. 

Similarly with all lines, as MO, PO, in the triangle GFA 
and the segment CBA respectively. 

And there are the same number of these lines. Therefore^ 
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the whole segment of the parabola acting at H balances the 
triangle CFA placed where it is. 

But the centre of gravity of the triangle CFA is at W, 
where GW = 2 WK [and the whole triangle may be taken as 
acting at W]. 

Therefore (segment AB(') : AGFA — WK : KH 

= 1 : 3 , 


so that (segment ABC) = ^AGFA 

= |AAR6’. Q.E.D. 

It will be observed that Archimedes takes the segment and 
the triangle to be made up of pai’allel lines indefinitely clo.se 
together. In reality they are made up of indefinitely narrow 
strips, but the width {dx, as we might say) being the sannj 
for the elements of the triangle and segment respectively, 
divides out. And of course the weight of each element in 
l)oth is proportional to the area. Archimedes also, without 
mentioning moments, in effect assumes that the sum of the 
moments of each particle of a figure, acting where it is, is 
equal to the moment of the whole figure applied as one mass 
at its centre of gravity. 

We will now take the case of any segment of a spheroid 
of revolution, because that will cover several propositions of 
Archimedes as particular cases. 

The ellipse with axes AA\ BB' is a section made by the 
plane of the paper in a spheroid with axis AA\ It is requin'd 
to find the volume of any right segimmt ADG (d the spheroid 
in terms of the right cone with the same ba.se and height. 

Let DG be the diameter of the circular base of the segment. 
Join AB, AB', and produce them to meet the tangent at A' to 
the ellipse in K, K', and DG produced in E, F. 

Conceive a cylinder de.scribed with axis A A' and base the 
circle on KK' as diameter, and cones described with as 
axis and bases the circles on EF, DG as diameters. 

Let N be any point on AG, and let MOPQNQ'P'O'M' be 
drawn through K parallel to BB' or DG as shown in the 
figure. 

Produce A' A to H so that HA = AA'. 
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Now HA'.AN^^ A'A-.AN 

^KA-.AQ 

^MN-.NQ 

^MN^xMN.NQ. 

It is now necessary to prove that MN .NQ = NP^ + NQ^. 

H 



By the property of the ellipse, 

AN . NA ' ; Nr- = AA'f : BB'f 

= AN^.NQ^; 

therefoH' Sq ^ : NF^ = A . AN. NA' 

= Nq^-.NQ.QM, 

whence NF^ = MQ . QN. 

Add NQ^ to each side, and we have 

NF^ + NQ^ = MN.NQ. 

Therefore, from above, 

HA : AN = MN^ : {NF^ + NQ% (1) 

But MN^, Nr, NQ^ are to one another as the areas of the 
circles with MM', FF', QQ' respectively as diameters, and these 
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circles are sections made by the plane though iV at right 
angles to AA' in the cylinder, the spheroid and the cone ABF 
respectively. 

Therefore, if HA A' be a lever, and the sections of the 
spheroid and cone be both placed with their ci^ntres of gravity 
at H, these sections placed at II balance, about A, the section 
MM' of the cylinder where it is. 

I Treating all the corresponding sections of the segment of 
the spheroid, the cone and the cylinder in the same way, 
we find that the cylinder with axis AG, where it is, balances, 
about A, the cone AEF and the segment ADG together, when 
both are placed with their centres of gravity at H ; and, 
if irbe the centre of gravity of the cylinder, i.e. the middle 
point of AG, 

HA :AW= (cylinder, axis AG) : (cone AEF + segmt. A DC). 

If we call V the voluim* of the cone A E F, and H that of the 
scirment of the spheroid, W(; have 

(cylinder) : ( V+ S) = 3 V. : ( F+ A'), 


while 

HA:AW = AA'-.^^AG. 

Therefore 

AA':^AG=3V.^^l:{V + ^<), 

and 

A A ' 

(F+,s’) = 3r.'^^, 

whence 


Again, let V 

' be the volume of the cone ADC. 

Then 

V:V'= EG^-.DG^ 


= J^,.^.AG-.DG\ 
AA^ 

But 

DG'^-.AG.GA' = BB'^:AA'\ 

Therefore 

V.V' ^AG-^.AG.GA' 


= AG:GA'. 
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It'follows that ,S' = V ' . - l) 

_ §AA'-AG 
~ • A'G 

iAA' + A'G 
~ ^ ' 2'G 

which is the result stated by Archimedes in Pi’op. 8. 

The result is the same for the segment of a sphere. The 
proof, of course slightly simpler, is given in Prop. 7. 

In the particular case where the segment is half the sphere 
or spheroid, the relation becomes 

/S' = 2 r', (Props. 2, 3) 

and it follows that the volume of the whole sphere or spheroid 
is 4 F', where V' is the volume of the cone ABB' ", i.e. the 
volume of tlai sphere or spheroid is two-thirds of that of the 
circumscribing cylinder. 

In order now to find tli<* centre of gravity of the segment 
of a spheroid, we must have the segment acting where it is, 
not at H. 

Therefore formula (1) above will not serve. But we found 

that MN . NQ = (AT^ ^ 

whence MN '^ : (NP^ + NQ^) = (iVP^ -|- NQ '^) : ; 

therefore HA : AiV = (iVP^ -h NQ*) : NQ\ 

(This is separately proved by Archimedes for the sphere 
in Prop. 9.) 

Fi'om this wo derive, as usual, that the cone AEF and the 
segment ADC both acting where they ure balance a volume 
equal to the cone placcil with its centre of gravity at //. 

Now the centre of gravity of the cone AEF is on the line 
AQ at a distance ^AG from A. Let X be the required centre 
of gravity of the segment. Then, taking moments about A, 

we have V . HA =. B . AX -^V .%AG, 

V{AA'-lAG) = S.AX 

= from above. 


or 
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Therefore AX :ACt = (AA'—iAG) : {^AA'-AG) 

= {iAA'~3AG):{6AA'-4AG); 
whence AX:XG = iiAA'-3AG):i2AA'-AG) 

= (AG + ^A'G):(AG + 2A'G), 

which is the result obtained by Archimedes in Prop. 9 for the 
sphere and in Prop. 10 for the spheroid. 

In the case of the hemi-spheroid or hemisphere the ratio 
AX :XG becomes 6 : 3, a result obhiined for the hemisphere in 
Prop. 6. 

The cases of the paraboloid of revolution (Props. 4, 5) and 
the hyperboloid of revolution (Prop. 11) follow the same course, 
and it is unnecessary to reproduce them. 

For the cases of the two solids dealt with at the en<l of the 
treatise the reader mxist be referrc'.d to the propositions them- 
selves. Incidentally, in Prop. 13, Ai’chimed('s finds the centre 
of gravity of the half of a cylinder cut by a plane through 
the axis, or, in other words, the centre of gravity of a semi- 
circle. 

We will now take the other treatises in the order in wliich 
they appear in the editions. 

On the Sphere and Cylinder, I, II. 

The main results obtained in Book I are shortly stated in 
a prefatory letter to Dositheus. Archimedes tells us that 
they are new, and that he is now publishing them for the 
first time, in order that mathematicians may be able to ex- 
amine the proofs and judge of their value. The results ai*e 
(1) that the surface of a sphere is four times that of a great 
circle of the sphere, (2) that the surface of any segment of a 
sphere is equal to a circle the radius of which is equal to the 
straight line drawn from the vertex of the segment to a point 
on the circumference of the l»ase, (3) that the volume of a 
cylinder circumscribing a sphere and with height equal to the 
diameter of the sphere is f of the volume of the sphere, 
(4) that the surface of the circumscribing cylinder including 
its bases is also | of the surface of the sphere. It is worthy 
of note that, while the first and third of these propositions 
appear in the book in this order (Pi’ops. 33 and 34 respec- 
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tively), this was not the order of their discovery; for Archi- 
medes tells us in The Method that 

' from the theorem that a sphere is four times as great as the 
cone with a great circle of the sphen^ as l)ase and wi^h height 
ecpial to the radius of the sphere I conceived tlie notion that 
the surfaces of any sphere is four times as great as a great 
circle in it ; for, judging from the fact that any circle is equal 
to a triangle witli base equal to the circumference and height 
(Mpial to the radius of the circle, I apprehended that, in like 
maniK'T, any sphere is ecjual to a cone with base equal to the 
surface of the sphere and height ecpial to the radius 

Rook I begins with definitions (of ‘concave in the same 
direction ’ as applied to curves or broken lines and surfaces, of 
a ‘soli<l sc'ctor* and a ‘solid rhombus’) followed by five 
Assumptions, all of importance. Of all lines irhlch hare the 
s(rme e.rfronUies the strajjiht line is the least, and, if there are 
two curved or bent lines in a plam^ having the same extremi- 
ties and concave in the same direction, but one is wholly 
included by, or partly included by and partly common with, 
the other, then that which is included is the lesser of the two. 
Similarly with plain' surfaces and surfaces concave in the 
saimr direction. Lastly, Assumption 5 is the iamous ‘Axiom 
of Archimedes’, which liowever was, according to Archimedes 
himself, used by earlier geometers (Eudoxus in particular), to 
the effect that Of unequal magnitudes the greater exceeds 
the less hg such a magnitude as, v'heii added to itself^ can he 
made to exceed any assigned magnitude of the same hind] 
the axiom is of course' practically eejui valent to Eucl. V, Def. 4, 
and is close'ly connected with the theorem of Eucl. X. 1. 

As, in appl^dng the method of exhaustion, Archimedes uses 
both circumscribed and inscribed figures with a view to com- 
])rcsslu(f them into coalescence with the curvilinear figure to 
be measured, he has to begin with propositions showing that, 
given two unequal magnitudes, then, however near the ratio 
of the greal^er to the less is to 1, it is possible to find two 
straight liiu'.s tsuch that the greater is to the less in a still less 
ratio ( > 1), and to circumscribe and inscribe similar polygons to 
a circle or sector such that the perimeter or the area of the 
circumscx’ibed polygon is to that of the inner in a ratio less 
than the given ratio (Props. 2 6): also, just as Euclid proves 



36 


ARCHIMEDES 


that, if we continually double the number of the sides of the 
regular polygon inscribed in a circle, segments will ultimately be 
left which are together less than any assigned area, Archimedes 
has to supplement this (Prop. 6) by proving that, if wo increase 
the number of the sides of a circumscribed regular polygon 
sufficiently, we can make the excess of the area of the polygon 
over that of the circle less than any given area. Archimedes 
then addresses himself to the problems of finding the surface of 
any right cone or cylinder, problems finally solved in Props. 1 .3 
(the cylinder) and 14 (the cone). Circumscribing and inscrib- 
ing regular polygons to the bases of the cone and cylinder, he 
erects pyramids and prisms respectively on the polygons as 
bases and circumscribed or inscribed to the cone and cylinder 
respectively. In Props. 7 and 8 he finds the surface of the 
pyramids inscribed and circumscribed to the cone, and in 
Props. 9 and 10 he proves that the sm’faces of the inscribed 
and circumscribed pyramids respectively fexcluding tbe base) 
are less and greater than the surface of the cone (excluding 
the base). Props. 11 and 12 prove the same thing of the 
prisms inscribed and circumscribed to the cylinder, and finally 
Props. 13 and 14 prove, by the method of exhaustion, that the 
surface of the cone or cylinder (excluding the bases) is e(|ual 
to the circle the radius of which is a mean proportional 
between the ‘ side’ (i.e. generator) of the cone or cylinder and 
the radius or diameter of the base (i.e. is equal to rrrs in the 
case of the cone and 27 rrs in the case of the cylinder, where 
r is the radius of the base and s a generator). As Archimedes 
here applies the method of exhaustion for the first time, we 
will illustrate by the case of the cone (Prop. 14). 

Let A be the base of the cone, G a straight line ccjual to its 



radius, D a line equal to a generator of the cone, E a mean 
proportional to C, D, and B a circle with radius equal to E, 
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If S is the surface of tlie cone, we liave to prove tliat S = B. 
For, if S is not equal to B, it must be either greater or less. 

I. Suppose B < B. 

Circumscribe a regular polygon about JB,and inscribe a similar 
polygon in it, such that the former has to the latter a ratio less 
than (S' : B (Prop. 5). Describts about A a similar polygon and 
set up from it a pyramid circumscribing the cone. 

'I’Ikmi (polygon about A) : (polygon about B) 

= C:D 

— (polygon about A): (surface of pyramid). 

Thereforj; (surface of pyrannd) = (polygon about B). 

But (polygon about B) : (polygon in B) < S:B', 

therefore (surface of pyramid) : (polygon in B) < B: B. 

But this is impossible, since (surface of pyramid) > >S', while 
(polygon in B) < B ; 
therefore B is not less than B. 

II. Suppose B > S. 

Circumscribe an«l inscribe similar regular polygons to B 
such that the former has to the latter a ratio < B : B. Inscribe 
in A a similar polygon, an<I tu’ect on A the inscribed pyramid. 
Then (polygon in A) : (polygon in B) = 

= a-.n 

> (polygon in A) : (.surface of pyramid). 

(The latter inference is clear, because the ratio of C:D is 
greater than the ratio of the perpendiculars from the centre of 
A and from the vertex of the pyramid x’espectively on an}' 
.side of the polygon in A; in other words, if j8 < a < ^tt, 
sin a > sin /8.) 

Thei-efore (surface of pyi'amid) > (polygon in B). 

But (polygon about B) : (polygon in B) < B: B, 
whence {a fortiori) 

(polygon about B) : (surface of pyramid) < B:B, 

which is impossible, for (polygon about B) > B, while (surface 
of pyramid) < B. 
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Therefore B is not greater than B. 

Hence S, being neither greater nor less than B, is equal to B. 

Archimedes next addresses himself to the problem of finding 
the sui-face and volume of a sphere or a segment thereof, but 
has to interpolate some propositions about ‘ solid rhombi 
(figures made up of two right cones, unequal or equal, with 
bases coincident and vertices in opposite directions) the neces- 
sity of which will shortly appear. 

Taking a great circle of the sphere or a segment of it, lie 
inscribes a regular polygon of an even number of sides bisected 



by the diameter A A', and approximates to the surface and 
volume of the sphere or segment by making the polygon 
revolve about AA' and measuring the surface and volume of 
solid so inscribed (Props. 21-7). He then does the same for the 
a circumscribed solid (Props. 28-32). Construct the inscribed 
polygons as shown in the above figui’es. Joining BB\ CC', ... , 
CB', DC ' ... we see that BB', CC' ..i are all parallel, and so are 
AB,CB', DC'.... 

Therefore, by similar triangles, BF: FA = A' B : BA, and 
BF:FA = B'F:FK 
=zCG:GK 
==C'G:GL 


= E'l.IA' in Fig. 1 
(= PM.MN in Fig. 2), 
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whence, adding antecedents and consequents, we have 
(Fig. 1) {BB' + W' + . . . + EE ') : A A' = A'B : BA, (Prop. 21) 
(Fig. 2) (RR' + CC' + . . . + ^PP') -.AM = A'B-. BA. (Prop. 2 2) 

When we make the polygon revolve about AA', the surface 
of the inscribed figure so obtained is made up of the surfaces 
of cones and frusta of cones; Prop. 14 has proved that the 
surface of the cone ABB' is what we should write tt . AB . BF, 
and Prop. 16 has proved that th(! .surface of the frustum 
BGC'ir is Tr.Ba{BF+(JG). It follows that, since AR = 
R6* — the surface of the inscribed solid is 

TT . AB i^BB' + 1 {BB' + CC') + 

that is, 7r.AB{BB' + CC'+...+EE') (Fig. 1), (Prop. 24) 
or tt.AB {BB' + CC' + ...+ ^Pl^) (Fig. 2). (Prop. 35) 

Hence, from above, the surface of the inscribed .solid is 
TT . A'B . AA' or iv . A'B . AM, and is therefore less than 
TT . AA''^ (Prop. 25) or tt . A' A . AM, that is, tt . AP^ (Prop. 37). 

Similar propositions with regard to surfaces formed by the 
revolution about AA' of regular circumscribed solids prove 
that their surfaces are greater than it. A A''- and n.AP^ 
respectively (Props. 28-30 and Props. 39-40). The case of the 
segment is more complicated l)ecause the circumscribed poly- 
gon with its sides parallel to AB, BC ... DP circumscribes 
the sector POP'. Conse(]uently, if the segment is less than a 
semicircle, as OAC', the base of the circumscribed polygon 
{cc') is on the side of Ci’' towards A, and therefore the circum- 
scribed polygon leaves over a small strip of the inscribed. This 
complication is dealt with in Pi’ops. 39-40. Having then 
arrived at circumscribed and in.scribed figures with surfaces 
greater and less than tt.AA'^ and tt. AP^ respectively, and 
having proved (Props. 32, 41) that the surfaces of the circum- 
scribed and inscribed figures are to one another in the duplicate 
ratio of their sides, Archimedes proceeds to prove formally, by 
the method of exhaustion, that the surfaces of the sphere and 
segment are equal to these circles respectively (Props. 33 and 
42); tt.AA''- is of course equal to four times the great circle 
of the sphere. The segment is, for convenience, taken to be 
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less than a hemisphere, and Prop. 43 proves that the same 
formula applies also to a segment greater than a hemisphere. 

As regards the volumes difierent considerations involving 
‘ solid rhombi ’ come in. For convenience Archimedes takes, 
in the case of the whole sphere, an inscribed polygon oi 
sides (Fig. 1). It is easily seen that the solid figure formed 
by its revolution is made up of the following ; first, the solid 
rhombus formed by the revolution of the quadrilateral ABOB' 
(the volume of this is shown to be equal to the cone with base 
equal to the surface of the cone ABB' and height equal to p, 
the perpendicular from 0 on AB, Prop. 18); secondly, the 
extinguisher-shaped figure formed by the revolution of tlie 
triangle BOG about AA' (this figure is equal to the difterence 
between two solid rhombi formed by the revolution of TBOB' 
and TCOC' respectively about AA', where T is the point of 
intersection of CB, G'B' produced with A' A produced, and 
this difierence is proved to be equal to a cone with base equal 
to the surface of the frustum of a cone described by BG in its 
revolution and height equal to p the perpendicular from 0 on 
BG, Prop. 20) ; and so on ; finally, the figure formed by the 
revolution of the triangle GOD about AA' is the difference 
between a cone and a solid rhombias, which is proved equal to 
a cone with base equal to the surface of the frustum of a cone 
described by GD in its revolution and height p (Prop. 19). 
Consequently, by addition, the volume of the whole soli<l of 
revolution is equal to the cone with base equal to its whole 
surface and height p (Prop. 26). But the whole of the surface 
of the solid is less than 4 nr^, and p<r -, therefore the volume 
of the inscribed solid is less than four times the cone with 
base Trr^ and height r (Prop. 27). 

It is then proved in a similar way that the revolution of 
the similar circumscribed polygon of sides gives a solid 
the volume of which is greater than four times the same cone 
(Props. 28-31 Cor.). Lastly, the volumes of the circumscribed 
and inscribed figures are to one another in the triplicate ratio of 
their sides (Prop. 32) ; and Archimedes is now in a position to 
apply the method of exhaustion to prove that the volume of 
the sphere is 4 times the cone with base nr‘‘ and height r 
(Prop. 34). 

Dealing with the segment of a sphere, Archimedes takes, for 
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convenience, a segment less than a hemisphere and, by the 
same chain of argument (Props. 38, 40 Corr., 41 and 42), proves 
(Prop. 44) that the volume of the sector of tlie sphere bounded 
by the surface of the segment is equal to a cone with base 
e(|ual to the surface of the segment and height e(jual to the 
i-adius, i. c. the cone with Ijase tt . AP^ and height r (Fig. 2). 

It is noteworthy that the proportions obtained in Props. 21, 
22 (see p. 39 above) can be expressed in txigonometrical form. 
If 4x1. is the number of the sides of tlie polygon inscribed in 
the circle, and 2n the numl)er of the sitles of the polygon 
inscribed in tlie segment, and if the angle AOP is denoted 
by a, the trigonometrical equivalents of the proportions are 
respectively 

(1) sin- 4-sm + 8111 ( 211 — 1) = cot — ; 

' 2n 2n 2 a 4 a 

, . ( . (X .2a . . , V 

(2) 2^8111 +sin 1- ... +.sin(H — l)-f +sina 

^ { n a n) 

— (1 — cosa) cot-^ • 

2 10 

Thus the two proportions give in effect a summation of the 
series 

sill 6 + sill 2 d + . . . + sill (a — 1)0, 

both generally where n6 is equal to any angle a less than tt 
and ill the particular case where lo is even and $ = v/n. 
Props. 24 and 3.5 prove that the areas of the circles equal to 
the surfaces of the solids of revolution described by the 
polygons inscribed in the sphere and segment are the above 

TT OC 

series multiplied by 47rr^sin and . 2 sin —^respectively 

and are therefore 47rr^cos — and . 2 cos — (1 — cosa) 

in 2n- ' 

respectively. Archimeiles’s results for the • surfaces of the 

sphere and segment, 47rr* and 27rr^(l — cosa), are the 

limiting values of these expressions when to is indefinitely 

TT Oi 

increased and when therefore cos — and cos - become 

in 2n 

unity. And the two aeries multiplied by 47 rr^sin— and 
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TT r® . 2 sin — respectively are (when n is indefinitely increased) 

2 'Ifh 

precisely what we should represent by the integrals 

sin 6 d6, or 47rr®, 

and 2sinddd, or 27 rr^(l — cosa). 

Book 11 contains six problems and three theorems. Of the 
theorems Prop. 2 completes the investigation of the volume of 
any segment of a sphere, Prop. 44 of Book I having only 
brought us to the volume of the coiresponding sector. If 
AES' be a segment of a sphere cut off by a plane at right 
angles to A A', we learnt in 1. 44 that the volume of the sector 



OBAB' is equal to the cone with base equal to the surface 
of the segment and height equal to the radius, i.e. AW 
where r is the radius. The volume of the segment is therefore 

^TT . AW . r — gTT . BM ^ . OM, 

Archimedes wishes to express this as a cone with base the 
same as that of the segment. Let AM, the height of the seg- 
ment, = h. 

Now AB^ : BM'^ = A' A : A'M — 2r\{2r — h). 

Therefore 

That is, the segment is equal to the cone with the same 
base as that of the segment and height h{2r—h)/{2r~h). 
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This is expressed by Archimedes thus. If IIM is the height 
of the required cone, 

IIM : AM = {OA' + A'M) : A'M, (1 ) 

and similarly the cone equal to the segment A'BB' has the 
height H'M, where 

II' M : A'M = {OA + AM ) : AM. (2) 

His proof is, of course, not in the above form but pui’ely 
geometrical. 

This proposition leads to the most important proposition in 
the Book, Prop. 4 , which solves the problem 'I'o cut a (jiven 
s'pliere by (( plane in such a uuy that the vohimes of the 
segments are to one another in a giren ratio. 

Cubic equation arising out of II. 4. 

If m : n be the given ratio of the cones which are equal to 
the segments and the heights of which art; h, h', we have 



and, if we eliminate h' by means of the relation h + h' = 2r, 
we easily obtain the following cubic equation in h, 

/i'* — 2h-r+ ^ }’•’ = 0. 

in + n 

Archimedes in effect reduces the problem to this eqxiation, 
which, however, he treats as a particular case of the more 
general problem corresponding to the e<|uation 

(r + h) : b = c^ : (2r—h)^, 

where b is a given length and f* any given area, 

or x^{a — x) = b(‘~, where x = 2r~h and 3r = a. 

Archimedes obtains his cubic eejuation with one unknown 
by means of a geometrical elimination of 11, H' from the 

Ollh 

equation IIM = — . H'M, where IIM, H'M have the values 
n 

determined by the proportions (1) and (2) above, after which 
the one variable point M remaining corresponds to the one 
unknown of the cubic eejuation. His method is, first, to find 
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values for each of the ratios A'H ' : H'M and H'H: A'H' which 
are alike independent of H, H' and then, secondly, to equate 
the ratio compounded of these two to the known value of the 
T&iio HH' -. H'M. 

(a) We have, from (2), 

A'H ' : H'M = OA ; {OA + AM). (3) 

(/3) From (1) and (2), separando, 

AH:AM=OA':A'M, (4) 

A'H':A'M=OA:AM. (5) 

Equating the values of the ratio A'M : AM given by (4), (5), 
we have OA' : AH = A'H' : OA 


= OH' : OH, 

whence HH ' : OH' = OH ' : A'H', (since OA = OA') 

or HH' .A'H' = 0m, 

so that HH ' : A’H' = OH'^ : A'ir\ (6) 

But, by (6), OA': A'H' ^ AM: A'M, 
and, componendo, OH : A'H' — A A' : A'M. 

By substitution in (6), 

HH : A'H = A A'2 : A'M\ (7) 

Compounding with (3), we obtain 

HH : H'M = (A A'2 : A'lP) . (OA : OA + AM). (8) 
[The algebraical equivalent of this is 
m + n _ 

n ~~ {2r—kY (r + /t)’ 


which reduces to 


m + n 4r‘ 
m ~ 3h^r—h^* 


^TYb 

or — r® = 0, as above.1 

m + n ■■ 

Archimedes expresses the result (8) more simply by pro- 
ducing OA to D so that OA = AZ), and then dividing AD at 
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E .^o that AD: DE = HH' : H'M or (m + n):n. Wc have 
then OA = AD and OA +AM= MD, so that (8) reduces to 

AD : DE = (A A'2 : A'M^) .{AD: MD), 
or MD:DE = AA'^-.A'M^. 

Now, says Archimedes, D is }^ivcn, since A/) = OA. Also, 
A /) : DE being a given ratio, DE is given. Hence the pro- 
blem reduces itself to that of dividing A'D into two parts at 
M such tliat 

MD : (a given length) = (a given area) : A'M"^. 

That is, the generalize*! equation is of the form 
{a — x) — he^, Sun al)ovc. 

(i) Archimedes’s own solution of th(i cubic. 

Archimedes adds that, ‘ if the: problem is propounded in this 
g(‘.neral form, it retiuires a Siopicrfio^ [i.e. it is necessjiry to 
investigate ttu^ limits of possibility], but if the conditions are 
added which *‘xist in the. present case [i.e. in the actual 
probh'm of Prop. 4], it does not recjuire a Siopia-jiSs ' (in other 
words, a solution is always ])os3ible). He then promises to 
give; ‘ at the. end ’ an analysis and synthesis of both problems 
[i.(*. the Siopia-pos and the problem itself]. The promised 
solutions do not appear in the treatise as we have it, but 
Eutocius gives solutions taken from ‘ an old book ’ which he 
managed to discover after laborious search, jind which, since it 
was partly written in Archimedes’s favourite Doric, he with 
fair reiison assumed to contain the missing addendum by 
Archimedes. 

In the Archimedean fragment preserved by Eutocius the 
above (Mjuation, x^ (a — x) = 6c-, i? solved by means of the inter- 
section of a parabola and a rectangular hyperbola, the equations 
of which may be written thus 

x“ = —y, (a—x) y = ab. 

(Jb 

The Siopicr/ios takes the form of investigating the maximum 
possible vjilue of £c®(a — «), and it is proved that this maximum 
value for a real solution is that corresponding to the value 
X = ^a. This is established by showing that, if be^ = 
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the curves touch at the point for which x = §«. If on the 
other hand hc^ < it is proved that there are two real 

solutions. In the particular case arising in Prop. 4 it is clear 
that the condition for a real solution is .satisfied, for the 

expression corresponding to hc^ i.s ^ it is only 

772 / 

neces.sary that should be not greater than or 

4r® which is obviously the case. 


(ii) Solution of the cubic by Dionysodorus. 

It is convenient to add here that Eutocius mves, in addition 
to the solution by Archimedes, two other solutions of our 
problem. One, by Dionysodorus, solves the cubic eipiation in 
the less general form in which it is r('(|uired for Arcliiniedes’s 
proposition. This form, obtaine<l from (8) above, by putting 


A'M = X, is 


to 


4 : x^ = (3r — x) : — r, 

' m+a 


and the solution is obtained by drawing tln^ ])arabola and 



the rectangular hyperbola which we should represent by tin', 
equations 


— r{3r~x) = y^ and — 2r^ 
m+n ^ ^ m+n 


■nj< 


referred to A' A and the perpendicular to it through A as ax(w 
of X, y respectively. 


(We make FA equal to OA, and draw the perpendicular 
AH of such a length that 

FA-.AH = CE.ED = (m + w):w.) 



ON THE SPHERE AND CYLINDER, II 47 

(iii). Solution of the original problem of II. 4 by Diocles. 

Diocles proceeded in a different manner, satisfying, by 
a geometrical construction, not the derivative cubic equation, 
but the three simultaneous relations which hold in Archi- 
medes’s proposition, namely 

HM:irM = m:n\ 

HA: h =r:k''., 

H'A': h' = r:h^ 

with the slight generalization that he substitutes for r in 
these equations another length <t. 



I'lie problem is, given a straight line A A', a ratio m:ii, and 
another straight line AK (= a), to divide A A' at a point M 
and at the same time to fiml two points J/, 11' on AA' 
protluced such that the above relations (with of in place 
of r) hold. 

The analysis leading to the construction is very ingenious. 
Place AA’(= a) at right angles to A A', and di*aw A'K' equal 
and parallel to it. 

Suppose the problem solved, and the points M, 11, 11' all 
found. 

Join KM, produce it, and complete the rectangle KGEK'. 
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Draw QMN through M parallel to A/T, Produce K'M to 
meet KG produced in F. 

By similar triangles, 

FA:AM = K'A'-.A'M, or FA:h = a:h\ 
whence FA = AH (k, suppose). 

Similarly A'E — A' IF (//, suppose). 

Again, by similar triangles, 

(FA + AM) : (A'K' + A'M) = AM : A'M 

= (AK + AM ) : (EA' + A'M), 
or (k + k) : (a + h') = (a + h) : (k' + h'), 

i. e. (k -i-h) (k -t- h') = (ti + h) (n + k'), ( 1 ) 

Now, hy hypothesis, 

m:n = (k + h):(k' + h') 

z={k + h){k' + h'):(k' + h')^ 

= (a + h) (a + h') : (k' + h')"^ [hy ( 1 ) J. (2) 

Measure AH, A'E' on AA' produced both ways ocjual to a. 
Draw EP, E'P' at riglit angles to EE' as shown in tlie figure. 
Measure along MN the length MV equal to MA' or k', and 
draw PP' through 1^, A' to meet EP, E'P'. 

Then QV=k' + k', FV V2(a + k'), 

PV= V2(a + k), 

whence P V. P'V = 2{a + k) (a + k ') ; 

and, from (2) above, 

2 m : = 2 (a + k) (a + k ') : (k' + k')'^ 

= PV.P'V.QV^ (3) 

Therefore Q is on an ellipse in which PP' is a diameter, and 
QFis an ordinate to it. 

Again, O GQNK is equal to O AA'K'K, whence 

GQ.QN= AA'. A'K' =(k + h') a =2ra, (4) 

and therefore Q is on the rectangular hyperbolj}. with KF, 
KK' as asymptotes and passing through A'. 
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How this ingenious analysis was suggested it is not possible 
to say. It is the equivalent of reducing the four unknowns 
h, h\ /»*, // to two, by putting /t = r + h' r—x and k' = y, 
and tlien reducing the given relations to two ec^uations in x,y, 
wliich are coordinates of a point in relation to Ox, Oy as axes, 
wliere 0 is the middle point of AA', and Ox lies along 0A\ 
while Oy is perpendicular to it. 

Our original relations (p. 47) give 

alt r — x j ah r‘\-x , m 

h r + .r A r-x n k' + k' 

We hav(i at once, from the first two e(iuations. 


ku = y ^ (I 

^ r — x'^ 


wlience + = (c{r^x), 

am 1 (;;; -f r) (// + a) = 2 ra, 

which is the rectangular liyperbola (1) above. 

Ill ^ 

7a __ h + k __ '\ r — x/ 

7^ - 


Again, 


(’•—■) 0 + 4 ,.) 


wlicjicc wt) obtain a cubic c({uation in .c, 

(/’ + a;)“ (/’ + « — .'•) = + a;), 

it 

which <rives 




/r + </ 


- 


a 

V /* 4- ./; 

Bui 

IL. — ^L_ 

, whence 


r — x 



r — x 


r -f X 


and tlie equation becomes 


m 


u 


- (y + r — xy^ = (r + («)- — X-, 


wliich is the ellipse (3) above. 
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To return to Archimedes. Book II of our treatise contains 
further problems : To find a sphere equal to a given cone or 
cylinder (Prop. 1), solved by reduction to the finding of two 
mean proportionals; to cut a sphere by a plane into two 
segments having their surfaces in a given ratio (Prop. 3), 
which is easy (by means of I. 42, 43) ; given two segments of 
spheres, to find a third segment of a sphere similar to one 
of the given segments and having its surface equal to that of 
the other (Prop. 6) ; the same problem with volume substituted 
for surface (Prop. 5), which is again reduced to the finding 
of two mean proportionals; from a given sphere to cut off 
a segment having a given ratio to the cone witli the .same 
base and equal height (Prop. 7). l^hc Book concludes with 
two interesting theorems. If a sphere be cut by a plane into 
two segments, the greater of wliich lias its surface equal to S 
and its volume equal to V, while >S", V' are the surface and 
volume of the lesser, then F: F' < *S'^ : but >»S' 

(Prop. 8) ; and, of all segments of spheres which have tlieir 
surfaces equal, the hemisphere is the gi’eatest in volume 
(Prop. 9). 


Measurement of a Circle. 

The book on the Measurement of a Circle consists of throe 
propositions only, and is not in its original form, having lost 
(as the treatise On the Sphere ami Cylimler also has) prac- 
tically all trace of the Doric dialect in which Archimedes 
wrote ; it may be only a fragment of a larger trcati.se. The 
three propositions which survive prove (1) that the area of 
a circle is equal to that of a right-angled triangle in which 
the perpendicular is equal to the radius, and the base to the 
circumference, of the circle, (2) that the area of a circle is to 
the square on its diameter as 11 to 14 (the text of this pro- 
position is, however, unsatisfactory, and it cannot have been 
placed by Archimedes before Prop. 3, on which it depends), 
(3) that the ratio of the circumference of any circle to its 
diameter (i.e. tt) is < 3^ hat > 3^^^. Prop. 1 is proved by 
the method of exhaustion in Archimedes’s usual form ; he 
approximates to the area of the circle in both directions 
(a) by inscribing successive regular polygons with a number of 
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wides^ continually doubled, beginninj^j from a square, (b) by 
circumscribin}^ a similar set of regular polygons beginning 
from a s(|uare, it being shown that, •if the number of the 
sides of tliese polygons be continually doubled, more than half 
of the portion of the polygon outside the circle will be taken 
away each time, so that we shall ultimately arrive at a circum- 
scribed polygon greater than the circle by a space less than 
any assigned area. 

Pi’op. 3, containing tlu‘. arithmetical approximation to tt, is 
the most interesting. The method amounts to calculating 
appi-oximately th(i perimeter of two regular polygons of 96 
sides, one of which is circumscribed, and the other inscribed, 
to the circle ; and the calculation starts from a greater and 
a lessen' limit to the value of V'S, which Archimedes assumes 
without remark as known, namely 

2 65 ^ ^ 1351 

xrar < V .i < ~j8o • 

How did Archimedes arrive at these particular approxi- 
mations? No puzzle has exercised more fascination upon 
writers inb^rested in the history of mathematics. De Lagny, 
IMollweide, Ruzengeiger, Hauber, Zeuthen, P. Tannery, Heiler- 
mann, Hultsch, Hunrath, Wertheim, Bobynin : these are the 
names of s()m(‘ of the authors of different conjectures. Tlie 
simpl(\st supposition is certainly that of Hunrath and Hultsch, 
who suggested that the formula used was 

wliRH! a- is ilu' nean'st stjuare jiiuiiIht above or l»elo\v + 
as t!i<; case may b(!. 'I'be use of tlie first pai’t of this formula 
by Heron, who nuul(.> a number of such approximations, is 
proved by a pnssji;re in his d/e/ r?Va where a rule equivalent 
to this is applii'.d to \/720; the second part of the formula is 
used by the Arabian Alkarkhi (eleventh century) who di'cw 
from Greek sources, and one approximation in Heron may be 
obtained in this way." Another suj^gestion (that of Tannery 

' Heron, Metrica, i. 8. 

’ Sfereom. ii, p. 184. 19, Hultsch; p. 154. 19, Heib. \/54 = 7J=7|'j 
instead of 7j\. 

K 2 
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and Zeuthen) is that the successive solutions in integers of 
the equations 

i 

x^-3y~= - 2 ) 

niay have been found in a similar way to thosti of the 
equations x^ — 2y^=: +1 given by Theon of Smyrna after 
the Pythagoreans. The rest of the suggestions amount for tlie 
most part to the use of the method of continued fractions 
more or less disguised. 

Applying the above formula, we easily find 

2-i > v'3 > 2 -.|, 
or i > v'3 > •§. 

Next, clearing of fractions, we consider 5 as an approxi- 
mation to ^ 3 . 3“ or \/ 27, and we have 

5 -f- > 3 3 > >5 + 

whence fl > v'3 > 

Clearing of fractions again, and taking 2 (J as an approxi- 
mation to 3 . 15^ or \^675, we have 

26 — -55 > 15^3 > 26 — -^, 

which reduces to 

13S1 ^ V-i -> 265 
7g0 > V ^ 

Archimedes first takes the case of the circumscribed polygon. 
Let OA be the tangent at A to a circular arc with centre 0. 
Make the angle AOC equal to one-third of a right angh;. 
Bisect the angle AOC by OJ), the angle AOD by 0A\ the 
angle AOA’by OF, and the angle AOJ^’by OG. Produce GA 
to AJ/, making AJI equal to AG. The angle GOJf is then 
equal to the angle FOA which is ^^^th of a right angle, so 
that GM is the side of a circumscribed regular polygon with 
96 sides. 

Now OA :AC'[= V3 : 1] > 265:153, (1) 

and 0 ( 7 : CA = 2:1 = 306:153. (2) 
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And, since 01) bisects tlie anj^le CO A, 

00:0A = CD:J)A, 

so that {CO + OA): OA = CA : DA, 

or {CO + OA):CA = OA:AD. 

Hcneo OA : AD > 571: 153, by (1) and (2). 



And 0 : A /)- = {0 A- + A D-) : A D- 

> (571-+ 153-) ; 153" 

> 349450 : 23409. 

'I'beri'l’ore, says Archiiucdos, 

OD :DA > 591 1 : 153. 

Next, jnst as we have found tbe limit of 0D:AD 
from OG.CA and the limit of OA : A(\ we find the limits 
of OA:AE and OE:AK from the limits of 0D:1)A and 
0A:AJ), and so on. This ^[ives ultimately the limit of 
OA.AG. 

Diialin}.^ with the inscribed polyjjon, Archimedes <;ets a 
similar series of approximations. ABC bein^ a semicircle, the 
aiiffhi JiAC made equal to one-third of a x’ijjht an^le. Then, 
if the angle BA(’ is bi.secU'd by AD, the angle BAD by AE, 
the angle BAE by AF, and the angle BAF by AG, the 
straight line BG is tlu; side of an inscribed jxdygon with 
96 sides. 
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Now the triangles ADB, BDd, AGd are similar ; 
therefore AD.DB = BD:Dd= AC:Cd 

= AB : Bd, since AD bisects Z BAG, 
= (AB + AG):{Bd + Gd) 

= {AB + AG):BG. 

But AG:GB < 1351 ; 780, 

while RA :R(7= 2:1 = 1560:780. 

Therefore AD : DB < 2911: 780. 



Hence AB^ : BD- < (291 1'^ + 780") : 780" 

< 9082321 ; 608400, 

and, says Arcliimedes, 

AB.BD < 3013^ : 780. 

Next, just as a limit i.s found for AD : Dli and AB : BD 
from AB : BG axiA the limit of AG:(JB, so we find limits for 
AE : EB and AB : BE from the limits of AB : BD and AD : Dli, 
and so on, and finally we obtain the limit of AB : BG. 

We have therefore in both cases two series of terms n.„, 

^2 ••• and K’ ^2 which the rule of formation is 

— O/Q 4" h^y , ^2 — ttj "f“ , . • • , 

where b^ = V {(i^ + c^), — V {a./ + c ^) . . . ; 

and in the first case 

= 265, bfy = 306, c = 153, 
while in the second case 

u,y = 1351, b„ = 1560, c = 780. 
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The series of values found hy Archimedes are shown in the 


following table : 






a 

b 

c 

n 

a 

b 

c 

265 

306 

153 

0 

1351 

1560 

780 

571 

> [v'(571-+153'‘*)] 

153 

1 

2911 

< V'(2911“ + 7802) 

780 


>591J 




< 3013^^ 


n62j 

>[-/{(ll62j)Hl53'‘'] 

153 

2 

'5924^^ 

L 

% 

780' 


>1172-J- 


1 

1823 

< V'(1823'‘ + 240’*) 

240, 




I 


< 1838x\ 


2334J 

>[v'{(2334-Jf +153'^}] 

153 

3 

3661t®x 

240 


> 2339J 



1007 

< a/(1007H66“) 

66 






< 1009| 


4673^ 


153 

4 

2016-M 

< -/{ (20161)- + 66'^ 

j 66 


< 2017i- 


und, beariii}' in niind that in the lirst case tlie final ratio 
: c is the ratio OA : A(f = 2 OA : iiU, and in the second case 
the final ratio h^ : c is the ratio AB : BG, while GH in the first 
figure and BG in the second are the sides of regular polygons 
of 96 aides eircumscriheil and inscril)ed res])ectively, we have 
finally 

96x 153 96X66 

4673| ^ ^ 201 ’ 

Archiiuedes simply infers from this that 

:i}, >77 > m 


A AA r .• A 9 «x153 667|- , 667-| , 

A, a matto o! lact '“ol 

* 11 . 

It is also to 1)0 observed that 31^ = 3 + - — and it may 

7+10 

have k*en arrived at by a method equivalent to developing 
G 3 3 G 

the fraction * ' , in the form of a continued fraction. 

2017J 

It should be noted that, in the text as we have it, the values 
of ip ijj, b.j, are simply stated in their final form without 
the intermediate step containing the radical except in the first 

* + Here the ratios of a to c are in the first instance reduced to lower 
terms. 
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case of all, where we are told that OD^:AD'^ > 349450 : 23409 
and then that 0D:DA > 591|-:153. At the points marked 
* and f in the table Archimedes simplifies the ratio : c and 

«.j : c before calculating respectively, by multiplying eacli 
term in the first case by and in the second case by 
He gives no explanation bf the exact figure taken as tlie 
approximation to the sejuare root in each case, or of the 
method by which he obtained it. We may, however, be sure 
that the method amounted to the use of the formula (a + &)'^ 
= a^ + 2ab + h'^, much as our method of extracting tlie square 
root also depends upon it. 

We have already seen (vol. i, p. 232) that, accoi’ding to 
Heron, Archimedes made a still closer approximation t(j tlu; 
value of Tt. 


On Conoids and Spheroids. 

The main problems attacked in this treatise are, in Archi- 
medes’s manner, stated in his preface addressed to Dositheus, 
which also sets out the premisses with regard to the solid 
figures in (question. These premisses consist of definitions and 
obvious inferences from them. The figures are (1) the right- 
angled conoid (paraboloid of revolution), (2) the obhise-angled 
conoid (hyperboloid of revolution), and (3) the spheroids 
{a) the oblong, described by the revolution of an ellipse about 
its ‘ greater diameter ’ (major axis), (6) the Jtal, described by, 
the revolution of an ellipse about its ‘ lesser diameter ’ (minor 
axis). Other definitions are those of the vertex and axis of the 
figures or segments thereof, the vertex of a segment being 
the point of contact of the tangent plane to the solid whicli 
is parallel to the base of the segment. The centre is only 
recognized in the case of the spheroid; what corresponds to 
the centre in the case of the hyperboloid is the ‘ vertex of 
the enveloping cone’ (described by the revolution of what 
Archimedes calls the ‘nearest lines to the section of the 
obtuse-angled cone’, i.e. the asymptotes of the hyperbola), 
and the line between this point and the vertex of the hyper- 
boloid or segment is called, not the axis or diameter, but (the 
line) ‘adjacent to the axis’. The axis of the segment is in 
the case of the paraboloid the line through the vertex of the 
segment parallel to the axis of the paraboloid, in the case 
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of tlie hyperboloid the portion within the solid of the line 
joining; the vertex of the enveloping cone to the vertex of 
the segment and produced, and in the case of the spheroids the 
line joining the points of contact of the two tangent planes 
parallel to the base of the segment. Definitions are added of 
a ‘ segment of a cone ’ (the figure cut off" towards the vertex by 
an elliptical, not circular, section of the cone) and a ‘ frustum 
of a cylinder’ (cut oft' by two parallel elliptical sections). 

Props. 1 to 1 8 with a Lemma at the beginning are preliminary 
to the main subject of the treatise. Th(5 Lemma and Props. 1, 2 
are general propositions needed afterwards. They includtj 
propositions in summation, 

2 \(t + 2(t + ... + wt 1 > n. na > 2 fa + 2^/ + ... + (a— 1)«} 

(Dnuma) 

(this is clear from = |a(/i. + l)a) ; 

(« f 1) {wt)'^ + a(a + 2« + 3a+ ... +«a) 

= .3 { + (2 a)*-^ + (3 a)2 + . . . -I- (na)^ } ; 

(Lemma to Prop. 2) 

whence (Cor.) 

3 + (2 a)'^ + (3 a)'-^ + . . . + (na)'^ j > n 

> 3 { (t" -f- (2a)^ + . . . + {n — 1 \ 

lastly. Prop, 2 gives limits foi‘ the sum of n tei'ius of the 
seri(!s (ix + ur, a a . 3.r4- (3.^)^ ..., in the form of 

in(!(iualiti(Ns of ratios, thus: 

n { a .nx + { ! : 2,"~’ f « . rx + (r®)“ 

> (rt + nx ) : (^a + a.r) 

> n I a . nx + {nx^ I : 22,” { a . ra; + {rx)'^ 1 . 

Prop. 3 pi’oves that, if be a chord of a piii’abola bisected 
at V by the diameter PV, then, if PV be of constant length, 
the areas of the triangle PQQ' and of the segment PQ(/ are 
also constant, whatever be the direction of Q(/', to prove it 
Archimedes assumes a proposition ‘ proved in the conies ’ and 
by no means easy, namely that, if Ql) be perpendicular to PL, 
and if p, p^^ be the parameters corresponding to the ordinates 
parallel to QQ' and the principal ordinates respectively, then 

QV^-.QD'^ =p:p,^. 

Props. 4-6 deal with the area of an ellipse, which is, in the 
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first of the three propositions, proved to be to the area of 
the auxiliary circle as the minor axis to the major ; equilateral 
polygons of 4 n sides are inscribed in the circle and compared 
with corresponding polygons inscribed in the ellipse, which are 
determined by the intersections with the ellipse of the double 
ordinates passing through the angular points of the polygons 
inscribed in the circle, and the method of exhaustion is then 
applied in the usual way. Props. 7, 8 show how, given an ellipse 
with centre C and a straight line GO in a plane perpendicular to 
that of the ellipse and passing through an axis of it, (1) in the 
case where OG is perpendicular to that axis, (2) in the case 
where it is not, we can find an (in general oblique) circular 
cone with vertex 0 such that the given ellipse is a section of it, 
or, in other words, how we can find the circular sections of the 
cone with vertex 0 which passes through the circumference of 
the ellipse ; similarly Pi’op. 9 shov/s how to find the circular 
sections of a cylinder with GO as axis and with surface passing 
through the circumference of an ellipse with centre G, where 
GO is in the plane through an axis of the ellipse and perpen- 
dicular to its plane, but is not itself perpendicular to that 
axis. Props. 11-18 give simple properties of the conoids and 
spheroids, easily derivable from the properties of the respective 
conics; they explain the nature and relation of the sections 
made by planes cutting the solids respectively in different ways 
(planes through the axis, parallel to the axis, thi’ough the centre 
or the vertex of the enveloping cone, perpendicular to the axis, 
or cutting it obliquely, respectively), with especial reference to 
the elliptical sections of each solid, the similarity of parallel 
elliptical sections, &c. Then with Prop. 19 the I’eal business 
of the treatise begins, namely the investigation of the volume 
of segments (right or oblique) of the two conoids and the 
spheroids respectively. 

The method is, in all eases, to circumscribe and inscribe to 
the segment solid figures made up of cylinders or ‘ frusta of 
cylinders ’, which can be made to differ as little as we please 
from one another, so that the circumscribed and inscribed 
figures are, as it were, compressed together and into coincidence 
with the segment which is intermediate between them. 

In each diagram the plane of the paper is a plane through 
the axis of the conoid or spheroid at right angles to the plane 
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of the .section which is the base of the segment, and which 
is a circle or an ellipse according as the said base is or is not 
at right angles to the axis ; the plane of the paper cuts the 
base in a diameter of the circle or an axis of the ellipse as 
the case may be. 



The nature of the inscribed and cii’cumscribed figures will 
be seen from the above figures showing segments of a para- 
boloid, a hyperboloid and a spheroiil respectively, cut off 
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by planes obliquely inclined to the axis. The base of the 
segment is an ellipse in which BB' is an axis, and its plane is 
at right angles to the plane of the paper, which passes through 
the axis of the solid and cuts it in a parabola, a hyperbola, or 
an ellipse respectively. The axis of the segment is cut into a 
number of equal parts in each case, and planes are drawn 
through each point of section parallel to the base, cutting the 
solid in ellipses, similar to the base, in which PP', QQ', &c., are 
axes. Describing frusta of cylinders with axis AD and passing 
through these elliptical sections respectively, we draw the 
circumscribed and inscribed solids consisting of these frusta. 
It is evident that, beginning from A, the first inscribed frustum 
is equal to the first circumscribed frustum, the second to thc! 
second, and so on, but there is one more circumscribed frustum 
than inscribed, and the difterence between the circumscribed 
and inscribed solids is equal to the last frustum of which BB' 
is the base, and ND is the axis. Since ND can be made as 
small as we please, the difference betw^een the circumscribed 
and inscribed solids can be made less than any assigned solid 
whatever. Hence we have the requirements for applying the 
method of exhaustion. 

Consider now separately the cases of the pai'aboloid, the 
hyperboloid and the spheroid. 

I. The paraboloid (Props. 20-22). 

The frustum the base of which is the ellipse ii\ which PP' is 
an axis is in-opoi-tional to PP''^ or PN'-, i. e. proportional tcj 
Suppose that the axis AD (= c) is divided into a ec^ual 
parts. Archimedes compares each frustum in the inscribed 
and circumscribed figure with the frustum of the whole cylinder 
BF cut off by the same planes. Thus 

(first frustum in BF) : (firet frustum in insciibed figure) 

= BD'^ : PN'^ 

= AD:AN 
= BD : 'I'N. 

Similarly 

(second frustum in BF) ; (second in inscribed figure) 

= HN:SM, 

and so on. The last frustum in the cylinder BF has none to 
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correspond to it in the inscribed figure, and we should write 
tlie ratio jus {BD : zero). 

Archil ned(;s concludes, hy means of a lemma in proportions 
forming Prop. 1, that 

(frustum BF) : (inscribed figure) 

= {BD + HN +...): {TN+ aSO/ + . . . + XO) 

“ ! (A/“l" 2/u-f" 3Z/*}" ... "i~'a — 1 /aJ) , 

wlicre X(J = k, so that BD = nk. 

In like manner, lie concludes that 

(frustum BF) : (circumscribed figure) 

— k ; (Aj“l"2Aj-f-3A/-i- ... + Ilk), 

But, by tlie Lemma preceding Prop. 1, 

k ^ k ^ k 'll — lA/ -<1 ^ if^k ^ k‘\~^k"\~^k’\~,,,~\~ iik) 

whence 

(frustum BF ) : (inscr. fig.) > 2 > (frustum BF ) ; (circumscr. fig.). 

This indicates the desired result, which is then confirmed by 
the method of ('.xhaustion, namely that 

(frustum BF) — 2 (segment of paraboloid), 

oi', if V be the volume of the ‘ segment of a cone ’, with vertex 
A and base the same as that of the segment, * 

{ volume of segment) = f V. 

Archimedes, it will be seen, proves in effect that, if k be 
indefinitely diminished, and n, indefinitely increaseil, while nk 
remains eijual to c, then 

limit of A/lA/*f'2Aj“l“3Aj-f*...*t"(a — \)k) — ^ c*, 

that is, in our notation, 

tX/diX — "2 ^ * 

Jo 

Prop. 23 proves that the volume is constant for a given 
length of axis AD, whether the segment is cut off by a plane 
perpendicular or not perpendicular to the axis, and Prop. 24 
shows that the volumes of two segments are as the squares on 
their axes. 
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II. In the case of the hyperboloid (Props. 25, 26) let the axis 
AD ho divided into n parts, each of lengtli h, and let AA'=a, 
Then the ratio of the volume of the frustum of a cylinder on 
the ellipse of which any double oi'dinate QQ' is an axis to the 
volume of the corresponding portion of the whole frustum BF 
takes a different form ; for, if AM = rh, we have 

(frustum in BF) : (fi-ustum on base QQ') 

= BD '^ : QM^ 

= AD.A'D-.AM.A'M 
~ {a.nh-\- {nhy } : [<i . rh + (r/i)* } . 

By means of this relation Archimedcis proves that 
(frustum BF) : (inscribed figure) 

= nh + {nh)‘^\ : {(t.r^ + (r/t)"}, 

and 

(frustum BF) : (circumscribed figure) 

= n{a. nh + {nhY } : [ a . rh + (rh)'‘ } . 

But, by Prop. 2, 

n{a.nh + (nh )^ } : 2,”“^ {a.7'h + (I'h )^ } > (a + nh ) : (5 «■ + ^nh) 

> n [a. nh + {nhy } : { a . rh + (r^)^ } . 

From these relations it is inferred that 

(frustum BF) : (volume of segment) = (« + 7ih) : (^a + 3 nh), 

or (volume of segment) : (volume of cone ABB') 

= {AD-\-ZGA):{AD + 2CA)-, 

and this is confirmed by the method of exhaustion. 

The result obtained by Archimedes is equivalent to proving 
that, if h be indefinitely diminished while n is indefinitely 
increased but nh remains always equal to h, then 

limit of n (ab + 6®) / (« + ^*) / (^ <* + § 6), 

or limit of ^ = h^{^a + b), 

where 

= a{h + 2h+Zh+ ... +nh) + {^^ + (2/1)® 4- (3^)^+ ... + {nhy] 
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so that 

hS„ = ah {h + 2?i+ ... +nh) + k {h^ + {2h)^+ ... + (rj///)^}. 

The limit of this latter expression is what we should write 

(ax + x^) dx = b^(^a + ^ b), 

-Jo 

and Archimedes’s procedure is tlie ccpiivalcnt of this integration. 

III. In the case of the spheroid (Props. 29, 30) we take 
a segment less than half the spheroid. 

As in the case of the hyperboloid, 

(frustum in BF ) : (frustum on base QQ') 

= : QJlf 2 

= AJ).A'D:AM.A'M; 

but, in order to reduce the summation to the same as that in 
Prop. 2, Archimedes expresses AM . A'M in a dift'erent form 
equivalent to the following. 

Let AD (=&) bo divided into ti, equal parts of length h, 
and suppose that AA'= a, CD = ^c. 

Then AD.A'/) = 

and AM . A'M = (^c + rh)^ (DM = rh) 

= AD . A'D — . rh + (rJif } 

= <■& + 62 _ { c . + (r6)2 } . 

Thus in this case we have 

(frustum BF ) : (inscribed figure) 

= n (cb + 62) : [-a (c6 + 62) — Sj" { c . rh + (rhy } ] 

and 

(frustum BF) : (circumscribed figure) 

= n(cb + 62) : \n (cb + b^) — 2^”"^ \ c .rh + (rhy } ]. 
And, since 6 = nh, wo have, by means of Prop. 2, 
n(cb + b ^) : \n(cb-\-b‘^) — 'S,y^{c . rh + (rhy}'\ 

> (c + 6) : {c + 6 — (^c-\- ^h)} 

> n(cb + h^) : [71(06 + 62)— 2j””i{c . rh + (rhy}^. 
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The conclusion, confirmed as usual by the. method of ex- 
haustion, is that 

(frustum BF ) : (segment of spheroid) = {c + h) : {o + }) - + ^h)] 

= {c + h):{^c + %b), 

whence (volume of segment) : (volume of cone ABB') 

= (|c-f-2/>):(c-t-6) 

= (3 GA —AD): {2 GA — A D), since GA = ^c + b. 

As a particular case (Props. 27, 28), half the spheroid is 
double of the corresponding cone. 

Props. 31, 32, concluding the treatise, deduce tlie similar 
formula for the volume of the greater segment, namely, in our 
figure, 

(greater segmt.) ; (cone or segmt.of cone witli same base and axis) 

= {aA + AD):AD. 

On Spirals. 

The treatise On Spirals begins with a preface addressed to 
Dositheus in which Archimedes mentions the death of Conon 
as a grievous loss to mathematics, and then summarizes the 
main results of the treatises Oti the Sphere and Cylinder and 
On Conoids and Spheroids, observing that the last two pro- 
positions of Book II of the former treatise took the place 
of two which, as originally enunciated to Dositheus, wei’c 
wrong; histly, he states the main results of the treatise 
On Spirals, pi'emising the definition of a spiral which is as 
follows : 

‘ If a straight line one extremity of which remains fixed be 
made to revolve at a uniform rate in a plane until it returns 
to the position from which it started, and if, at the same time 
as the straight line is revolving, a point move at a uniform 
rate along the straight line, starting from the fixed extremity, 
the point will describe a spiral in the plane.’ 

As usual, we have a series of propositions pi'eliminary to 
the main subject, first two propositions about uniform motion. 
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then J/WO simple geometrical propositions, followed by pro- 
positions (5-9) which are all of one type. Prop. 5 states that, 
given a circle with centre 0, a tangent to it at J., and c, the 



circumference of any circle whatever, it is possible to draw 
a straight line OPF meeting the circle in P and the tangent 
in F such that 

FP : OP < (arc AP ) : c. 

Archimedes takes D a straight line greater than c, draws 
on parallel to the tangent at A and then says ‘ let PH be 
placed equal to 0 verging (vfvovaa) towards A This is the 
usual phraseology of the type of problem known tus revais 
where a straight lino of given length has to be placed between 
two lines or curves in such a position that, if produced, it 
passes through a given point (this is the meaning of verging). 
Each of the propositions 5-9 depends on a vfva-ii of this kind. 



which Archimedes assumes as ‘ possible ’ without showing how 
it is effected. Except in the case of Prop. 5, the theoretical 
solution cannot be effected by means of the straight line and 
circle; it depends in general on the solution of an equation 
of the fourth degree, which can be solved by means of the 
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points of intersection of a certain rectangular hyperbola 
and a certain parabola. It is quite possible, however, that 
such problems were in practice often solved by a mechanical 
method, namely by placing a ruler, by trial, in the position of 
the required line ; for it is only necessary to place the ruler 
so that it passes through the given point and then turn it 
round that point as a pivot till the intercept becomes of the 
given length. In Props. 6-9 we have a circle with centre 0, 
a chord AB less than the diameter in it, OM the perpendicular 
from 0 on AB, BT the tangent at B, OT the straight line 
through 0 parallel to AB ; D:E is any ratio less or greater, 
as the case may be, than the ratio BM : MO. Props. 6, 7 
(Fig. 2) show that it is possible to draw a straight line OFP 



meeting AB in F and the circle in P such that FP : PB=D : E 
(OP meeting AB in the case where D:E < BM: MO, and 
meeting AB produced when D:E> BM : MO). In Props. 8, 9 
(Fig. 3) it is proved that it is possible to draw a straight line 
OFP meeting AB\nF, the circle in P and the tangent at B in 
0, such that FP : BG=D : E (OP meeting AB itself in the case 
where D : E < BM : MO, and meeting AB produced in the 
case where D:E > BM : MO). 

We will illustrate by the constructions in Props. 7, 8, 
as it is these propositions which are actually cited later. 
Prop. 7. If Z) : P is any ratio > BM : MO, it is required (Fig. 2) 
to draw OP'F' meeting the circle in P' and AB produced in 
F' so that 

F'P': P'B = D:E. 

Draw OT parallel to AP, and let the tangent to the circle at 
B meet OT in T. 
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Thftn D: E > BM : MO, by hypothesis, 

> OD : BT, by similar triangles. 

Take a straight line P'll' (less than BT) such that D : E 
= OB : P'H', and place P'll' between the circle and OT 
‘ verging towards B ’ (construction assumed). 

Then F'P ' : P'B = OP ' : P'W 

= OB : P'H' 

= D:E. 

Prop. 8. If D :E is any given ratio < BM : MO, it is required 
to draw OFPG meeting AB in F, the circle in P, and the 
tangent at B to the circle in G so that 

FP:BG= D: E. 



IF OT is parallel to AB and meets the bingcnt at B in T, 
BM: MO = OB : BT, by similar triangles, 
vhence D:E< OB: BT. 

Produce 'TB to C, making BO of such length that 
D :E=z OB : BG, 

ip that BG > BT. 

Describe a circle through the three points 0, T,G and let OB 
produced meet this circle in K. 

‘ Then, since BG > BT, and OK is perpendicular to O'T, it is 
possible to place QG [between the circle TKG and BG] equal to 
BK and verging towards 0 ’ (construction assumed). 
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Let QGO meet the original circle in P and AB in F. Then 
OFPG is the straight line required. 

For GG.GT=OG.GQ = OG.BK. 

But OF.OG^BT: GT, by parallels, 

whence OF . GT = OG . BT. 

Therefore GG . GT : OF . GT = OG . BK : OG . BT, 

Whence GG.OF= BK.BT 

= BG:OB 
= BG:OP. 

Therefore OP : OF = BG : GG, 

and hence PF : OP = BG : BG, 

or PF :BG = OB : BG = I) : K. 

Pappus objects to Archimedes’s use of the vfvais assuitied in 
Prop. 8, 9 in those words : 

‘it seems to be a grave error into wliich geometers fall 
whenever any one discovers the solution of a plane problem 
by means of conics or linear (higlier) curvi's, or gtnu'.iully 
solves it by means of a foi'eign kind, as is tlie case e.g. (1) with 
the problem in the fifth Book of the Conics of Apollonius 
I'elating to the parabola, and (2) when Archimedes assumes in 
his work on the spiral a vfva-is of a “ solid ” character with 
reference to a circle ; for it is possible without willing in the 
aid of anything solid to find the proof of the theorem given by 
Archimedes, that is, to prove that the circumference of the*, 
circle arrived at in the first revolution is equal to the sti-aight 
line drawn at right angles to the initial line to imset the bingent 
to the spiral (i.e. the subtangent).’ 

There is, however, this excuse for Archimedes, that hi*, only 
assumes that the problem can be solved and does not assume 
the actual solution. Pappus ^ himself gives a solution of the 
particular vevais by means of conics. Apollonius wrote two 
Books of P€v<T€is, and it is quite possible that by Archimedes’s 
time there may already have been a collection of such problems 
to which tacit reference was permissible. 

Prop. 10 repeiits the result of the Lemma to Prop. 2 of On 

‘ Pappus, iv, pp. 298-302. 
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Conoiils find Spheroids involving the summation of the series 
2*+ 3^ + ... + rt®. Prop 11 proves another proposition in 
summation, namely that 

(71—1) (iwt)®: {a® + (2a)® + (3a)® + ... + (/!'— l)a)*} 

> (7ia)® : {na . a + -|(7Mi— a)®} 

> (n— l)('n,a)®: { (2a)® + (3f<)® + ... + («,«)“}. 

The same proposition is also true if the terms of the series 
are a®, (a + 6)®, (a + 2/>)® ...(« + «,— It)®, and it is assumed in 
the more general form in Props. 25, 26. 

Archimedes now introduces his Definitions, of the spiral 
itself, the oi'igin, the initial line, the first distance (= the 
radius vector at the end of one revolution), the second distance 
(= the equal length added to the radius vector during the 
second complete revolution), and .so on ; iha first area (the area 
bounded by the spiral described in the fii'st revolution and 
the ‘ first distance ’), the second area (that bounded by the spii*al 
described in the second revolution and the ‘ second distance ’), 
and so on ; the first circle (the circle with the ‘ first distance ’ 
as I'adius), the second circle (the circle with I’adixis exjual to the 
sum of the ‘first’ and ‘.S(icond <li.stances’, or twice tlie fii'st 
distance), and .so on. 

Props. 12, 14, 15 give the fundamental property of the 
spiral connecting tlie length of the nidius vector with the angle 
througl) which the initial line has revolved from its original 
position, and corresponding to the equation in polar coordinates 
r — a 6. As Archimedes does not speak of angles greater 
than TT, or 2;r, he has, in the case of points on any turn after 
the first, to use multiples of the circumference 
of a circle as well as arcs of it. He uses the 
‘first circle’ for this purpose. Thus, if P, Q 
are two points on the first turn, 

OP :OQ = (arc AKP') : (arc AKQ ') ; 

if P, Q are points on the nth turn of the 
spii'al, and c is the circumference of the first circle, 

OP:OQ= {{n- l)c + arcAKP'} : {(a- l)c + arc AKQ'}. 

Prop. 13 proves that, if a straight line touches the spiral, it 
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touches it at one point only. For, if possible, let the tangent 
at P touch the spiral at another point Q. Then, if we bisect 
the angle POQ by OL meeting PQ in L and the spiral in R, 
OP + OQ = 2 OR by the property of the spiral. But by 
the property of the triangle (assumed, but easily proved) 
OP + OQ > 2 OL, so that OL < OR, and some point of PQ 
lies within the spiral. Hence PQ cuts the spiral, which is 
contrary to the hypothesis. 

Props. 16, 17 prove that the angle made by the tangent 
at a point with the radius vector to that point is obtuse on the 
‘ forward ’ side, and acute on the ‘ backward ’ side, of the radius 
vector. 

Props. 18-20 give the fundamental proposition about |.he 
tangent, that is to say, they give the length of the suhtamjenf 
at any point P (the distance between 0 and the point of inter- 
section of the tangent with the perpendicular from 0 to OP). 
Archimedes always deals first with the first turn and then 
with any subsequent turn, and with each complete turn before 
parts or points of any particular turn. Thus he deals with 
tangents in this order, (1) the tangent at A the end of the first 
tura, (2) the tangent at the end of the second and any subse- 
quent turn, (3) the tangent at any intermediate point of the 
first or any subsequent turn. Wo will take as illustrative 
the case of the tangent at any intermediate point P of the first 
turn (Prop. 20). 

If OA be the initial line, P any point on the first turn, PT 
the tangent at P and OT perpendicular to OP, then it is to be 
proved that, if ASP be the circle through P with centre 0, 
meeting PT in S, then 

(subtangent OT) — (arc ASP). 

I. If possible, let OT be greater than the arc ASP. 

Measure off Of/” such that OU > arc ASP but < OT. 

Then the ratio PO'.OU is greater than the ratio P0:0T, 
i.e. greater than the ratio of ^P^* to the perpendicular from 0 
on PS. 

Therefore (Prop. 7) we can draw a straight line OQF meeting 
TP produced in F, and the circle in Q, such that 


FQ:PQ = P0:0U. 
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Let OF meet the spii-al in Q'. 

Then we have, cUternando, since PO = QO, 

FQ.QO = PQ:OU 

< (arc PQ) : (arc Al^P), by hypothesis and a fortiori. 
CompoTiendo, FO : QO < (arc A/i'Q) : (arc ASP) 

< OQ' .OP. 

But QO = OP ; therefore FO < OQ' ; which is impossible. 
Therefore OT is not greater than the arc ASP. 



II. Next suppose, if possible, that OT < arc ASP. 

Measure OV along OT such that QV is greater than OTbut 
less than the arc ASP. 

Then the ratio PO ; OF is less than the ratio PO : OT, i.e. 
than the ratio of ^PS to the perpendicular from 0 on PS ; 
therefore it is possible (Prop. 8) to draw a straight line OF'RG 
meeting PS, the circle PSA, and the tengent to the circle at P 
in F', R, G respectively, and such that 


F'R : GP=^PO : OF. 
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Let OF'Q meet the spiral in R\ 

Then, since PO — RO, we have, alternando, 

F'R:RO = GP:OV 

> (arc PR) : (arc ASP), a fortiori, 
whence F'O : RO < (are ASR) : (arc ASP) 

< OR' -.OP, 

so that F'O < OR'’, which is impossible. 

Therefore OT is not less than the arc ASP. And it wa.s 
proved not greater than the same are. Therefore 

0T= (arcA/STP). 

As particular cases (separately proved by Archimedes), if 
P be the extremity of the first txirn and the circumference 
of the first circle, the subtangent = Cj ; if JFJ be the extremity 
of the second turn and the circumference of tlie ‘second 
circle’, the subtangent = 2^^; and generally, if be the 
circumference of the ath circle (the circle with the I’adius 
vector to the extremity of the iJ-th turn as radius), the sub- 
tangent to the tangent at the extremity of the nth turn = . 

If P is a point on the nth turn, not the extremity, and the 
circle with 0 as centre and OP as radius cuts the initial lirie 
in K, while p is the circumference of the circle, the sub- 
tangent to the tangent at P = (n— l)2)-l-arcivP (measured 
‘ forward ’).^ 

The remainder of the book (Props. 21-8) is devoted to 
finding the areas of portions of the spiral and its several 
turns cut off by the initial line or any two radii vectores. 
We will illustrate by tlfe genei'al case (Prop. 26). Take 
OB, OC, two bounding radii vectores, including an arc BG 
of the spiral. With centre 0 and radius 00 describe a circle. 
Divide the angle BOG into any number of equal parts by 
radii of this circle. The spiral meets these radii in points 
P,Q ...Y,Z such that the radii vectores OB, OP, OQ ... OZ, OG 

* On the whole course of Archimedes’s proof of the property of the 
subtangent, see note in the Appendix. 
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are in « arithmetical progi’ossion. Draw arcs of circles with 
radii OB, OF, OQ ... as shown; this produces a figure circum- 
scribed to the spiral and consisting of the sum of small sectors 
of circles, and an inscribed figure of the same kind. As the 
first sector in the circumscribed figure is etjual to the second 
sector in the inscribed, it is easily seen that the areas of the 
circumscribed and inscribe<l figures differ by the difference 
between the sectors OzG and OBp'; therefore, by increasing 
the number of divisions of the angle BOG, we can make the 



difference between the areas of tlie circumscribed and in- 
scribed figures as small as we please ; we have, tlierefore, the 
elements necessary for the application of the method of 
exhaustion. 

If there are n radii OB, OF ... OG, there are (n— 1) parts of 
the angle BOG. Since the angles of tail the small sectors are 
equal, the sectors are as the s(iuare on their radii. 

I’hus (whole sector Oh'G ) : (circumscribed figure) 

= {n-\)OG'^-.{OF^ + Oq^+... + OG% 


and 


(whole sector Oh'G) : (inscribed figure) 

= {ii~\)OG^: (OB^ + OF^ + 0Q:^+... + OZ'% 
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And OB, OP, OQ, . . . OZ, 00 is an arithmetical progression 
of n terms; therefore (cf. Prop. 11 and Cor.), 

(n -1)00^: (OP^ + 0Q^ + ... + 00^) 

< 0G‘^:{0G.0B + ^{00-0Bf] 

< {n-\)OG^-.{OB‘^-\-OP^+...-\-OZ^). 

Compressing the circumscribed and inscribed figures together 
in the usual way, Archimedes proves by exhaustion that 

(sector Oh'G ) ; (area of spiral OBG) 

= OG-^:{OG.OB + ^{OG-OBf}. 

If OB — b, 00 = 0 , and (c — b)~(n—l)h, Archimedes’s 
result is the equivalent of saying that, when h diminishes and 
n increases indefinitely, while c—b remains constant, 

limit of h { b‘^ + (6 + + {b + 2h)“+ ... + {b + n — 2 hy } 

= (c-6){c6 + |(c-6)‘-^} 

that is, with our notation, 

x^dx = ^{c^ — b^). 

In particular, the area included by the first turn and the 
initial line is bounded by the radii vectores 0 and 2ira', 
the area, therefore, is to the circle with radius 27ra as ^{2 nay 
to (2nay, that is to say, it is ^ of the circle or ^n{2na)‘^. 
This is separately pr’oved in Prop. 24 by means of Prop. 10 
and Corr. 1, 2. 

The area of the ring added while the radius vector describes 
the second turn is the area bounded by the radii vectores 2na 
and 47ra, and is to the circle with radius 47ra in the ratio 
of {»’ 2 '»’i + i(»’ 2 ~^i)^} to ry, where = 27ra and r 2 = 47ra; 
the ratio is 7 : 12 (Prop. 25). 

If JRj be the area of the first turn of the spiral bounded by 
the initial line, Jig the area of the ring added by the second 
complete turn, B.^ that of the ring added by the third turn, 
and so on, then (Prop. 27) 

Ji3 = 2ii2, Ji4 = 3Ji2, = 

Also Jig = 6 Jij. 
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Lastly, if E be the portion of the sector h'OC bounded by 
h'B, the arc h'zG of the ciz'cle and the arc BC of the spiral, and 
F the portion cut oft' between the arc BG of the spiral, the 
radius OG and the arc intercepted between OB and OG of 
the circle with centre 0 and radius OB, it is proved that 

E:F= {OB + %{OG-OB)} : {0R + -|(0C7-0R)} (Prop. 28). 

On Plane Equilibriums, I, II. 

In this treatise we have the fundamental principles of 
mechanics established by the methods of geometry in its 
strictest sense. There were doubtless earlier treatises on 
mechanics, but it may be assumed that none of them had 
been worked out with such geometrical rigour. Archimedes 
begins with seven Postulates including tlie following prin- 
ciples. Equal weights at etjual distances balance ; if unequal 
weights operate at equal distances, tlu! larger weighs down 
the smaller. If when equal weights are in equilibrium some- 
thing be added t<z, or subtracted from, one of them, equilibrium 
is not maintained but the weight which is increased or is not 
diminished prevails. When equal and similar plane figures 
coincide if applied to one another, their centres of gravity 
similarly coincide; an<l in figures which are unequal but 
.similar the centres of gravity will be ‘similarly situated’. 
In any figure the contour of which is concave in one and the 
same direction the centre of gravity must be within the figure. 
Simple propositions (1-5) follow, deduced by reductio ad 
abmrdiim', these lead to the fundamental theorem, proved 
first for commensurable and then by redxictio ad absurdum 
for incommensurable magnitudes, that Two magnitudes, 
whether commensurable or incommensurable, balance at dis- 
tances reciprocally proportional to the magnitudes (Props. 
6, 7). Prop. 8 shows how to find the centre of gravity of 
a part of a magnitude when the centres of gravity of tlui 
other part and of the whole magnitude are given. Archimedes 
then addresses himself to the main problems of Book I, namely 
to find the centres of gi'avity of (l) a parallelogram (Props. 
9, 10), (2) a triangle (Props. 13, 14), and (3) a parallel- 
trapezium (Prop. 16), and here we have an illustration of the 
extraordinary rigour which he requires in his geometrical 
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proofs. We do not find liim here assuming, as in The Method, 
that, if all the lines that can be drawn in a figure parallel to 
(and including) one side have their middle points in a straight 
line, the centre of gravity must lie somewhere on that straight 
line ; he is not content to regard the figure as made up of an 
infinity of such parallel lines; pure geometry realizes that 
the parallelogram is made up of elementary parallelograms, 
indefinitely narrow if you please, but still parallelogi'ams, and 
the triangle of elementary trapezia, not straight lines, so 
that to assume directly that the centre of gravity lies on the 
straight line bisecting the parallelograms would really be 
a petitio principii. Accordingly the result, no doubt dis- 
covered in the informal way, is clinched by a proof by reduet io 
ad absurdum in each case. In the case of the parallelogram 
ABGl) (Prop. 9 ), if the centre of gravity is not on the straight 
line EF bisecting two opposite sides, let it be at H. Draw 
HK parallel to AD. Then it is possible by bisecting AE, ED, 
then bisecting the halves, and so on, ultimately to reach 
a length less than KU. Let this be done, and through th»^ 



a F c 


points of division of AD draw parallels to A R or DC making 
a number of ecjual and similar parallelograms as in the figure. 
The centre of gravity of each of these parallelogi'ams is 
similarly .situated with regard to it. Hence we have a nuinbc;r 
of equal magnitudes with their centres of gravity at ecpial 
distances along a straight line. Therefore the centre of 
gravity of the whole is on the line joining the centi’cs of gravity 
of the two middle parallelograms (Prop. 5 , Cor. 2 ). But this 
is impossible, because II is outside those parallelograms. 
Therefore the centre of gravity cannot but lie on EF. 

Similarly the centre of gravity lies on the straight line 
bisecting the other opposite .sides AB, CD; therefore it lies at 
the intersection of this line with EF, i.e. at the point of 
intersection of the diagonals. 
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The* proof in the case of the triangle is similar (Prop. 13). 
Let AT) he, the median through A. The centre of gravity 
must lie on AD. 

For, if not, let it Ixi at H, and draw HI parallel to BC. 
Then, if we bisect DC, then bisect the halves, and so on, 
we shall arrive at a length DE less than IH. Divide BG into 
lengths eijual to DE, draw parallels to DA through the points 
of division, and complete the small parallelograms as shown in 
the figure. 

The centres of gravity of the whole parallelogi’ams HN, TP, 
FQ lie on AD (Prop. 9) ;. thei’eforc the centre of gravity of the 


A 



figure formed by them all lies on AD‘, let it be 0. Join OH, 
and produce it to meet in V tlii^ parallel through C to AD. 

Now it is easy to see that, if n be the number of parts into 
which DC, AC are divided respectively, 

(sum of small As AMR, MLS ... ARN, NUF ...)-.[A ABC) 

= n . : AC^ 

— 1 : lb ; 

whence 

(sum of small As) ; (sum of paraltdograms) = 1 : (n— 1). 

'rhendore the centre of gravity of the figure made up of all 
the small triangles is at a point X on OH p)'oduced such that 

XH=t{,b-l)OH. 

But VH : HO < CE : ED or (n - 1) : 1 ; therefore XH > VH. 

It follows that the centre of gravity of all the small 
triangles taken together lies at X notwithstanding that all 
the triangles lie on one side of the parallel to AD drawn 
through X : which is impossible. 
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Hence the centre of gravity of the whole triangle cannot 
but lie on AD. 

It lies, similarly, on either of the other two medians; so 
that it is at the intersection of any two medians (Prop. 14). 

Archimedes gives alternative proofs of a direct character, 
both for the parallelogram and the triangle, depending on the 
postulate that the centres of gravity of similar figures are 
‘similarly situated’ in regard to them (Prop. 10 for the 
parallelogram. Props. 11, 12 and part 2 of Prop. 13 for the 
triangle). 

The geometiy of Prop. 16 deducing the centre of gravity of 
a trapezium is also interesting. It is proved that, if AD, BG 
are the parallel sides {AD being the smaller), and EF is the 
straight line joining their middle points, the centre of gravity 
is at a point G on EF such tliat 

GE : GF = (2 RC + A /J) : (2 AD + BC). 

Book II of the treatise is entirely devote<l to finding the 
centres of gravity of a pai’abolic segment (Pi’ops. 1-8) and 
of a portion of it cut otf by a parallel to the base (Props. 9, 10). 
Prop, 1 (really a particular case of I. 6, 7) proves that, if l\ F' 


B 



be the areas of two parabolic segments and D, E their centres 
of gravity, the centre of gravity of both taken together is 
at a point G on DE such that 

P:P'= GE-.GD. 
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This is^ merely preliminary. Then begins the real argument, 
the course of which is characteristic and deserves to be set out. 
Archimedes uses a series of figures inscribed to the segment, 
as he says, ‘in the recognized manner’ [yvapifim). The rule 
is as follows. Inscribe in the segment the triangle ABB' with 
the same base and height; the vertex A is then the point 
of contact of the tangent parallel to BB'. Do the same with 
the remaining segments cut off by AB, AB', then with the 
segments remaining, and so on. If BB.QPAB'Q' R'B' is siich 
a figure, the diameters through Q, Q', P, P', It, R' bisect the 
straight lines AB, AB', AQ, AQ', QB, respectively, and 
BB' is divided by the diameters into parts which are all 
etpial. It is easy to prove also that PP', QQ', RR' are all 
parallel to BB', ami tlmt AL-.LM:MN:NO= 1:3:5: 7, the 
same relation holding if the number of sides of the polygon 
is incresised ; i.e. the segments of AO are always in the ratio 
of the successive; odd numbei's (Leunmas to Pi'op. 2). The 
centre of gravity of the; inscrilted figure liies on AO (Prop. 2). 
If there be two parabolic segments, and two figures inscribed 
in them ‘ in the recognized manner ’ with an equal ntnnber of 
sides, the centres of gravity divide the respective axes in the 
same proportion, for the ratio depends on the same ratio of odd 
numbers 1 : 3 : 5 : 7 . . . (Prop. 3). The centre of gravity of the 
parabolic segment itself lies on the diameter AO (this is proved 
in Prop. 4 by reductio ad absurdum in exactly the same way 
as for the triangle in I. 13). It is next proved (Prop. 6) that 
the centre of gravity of the segment is nearer to the vertex A 
than the centre of gravity of the inscribed figure is; but that 
it is possible to inscribe in the segment in the recognized 
manner a figure such that the <listance between the centres of 
gravity of the segment and of the inscribed figiu*e is less than 
any assigned length, for we have only to increase the number 
of sides sufficiently (Prop. 6). Incidentally, it is observed in 
Prop. 4 that, if in any segment the triangle with the same 
base and ecjual height is inscribed, the triangle is greater than 
half the segment, whence it follows that, each time we increase 
the number of sides in the inscribed figure, we take away 
more than half of the segments remaining over ; and in Prop. 5 
that corresponding segments on opposite sides of the axis, e.g. 
QBB, Q'R'B' have their axes equal- and therefore are equal in 
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area. Lastly (Pi’op. 7 ), if there be two parabolic segments, 
their centres of gravity divide their diameters in the same 
ratio (Archimedes enunciates this of similar segments only, 
but it is true of any two segments and is required of any two 
segments in Prop. 8). Prop. 8 now finds the centre of gi’avity 
of any segment by using the last proposition. It is the 
geometrical equivalent of the solution of a simple e(|uation in 
the ratio (m, say) of AG to AO, where G is the centre of 
gravity of the segment. 

Since the segment = f (A ABB'), the sum of the two seg- 
ments AQB, AQ'B'= ^(AABB'). 

Further, if QD, Q'D' arc the diameters of these segments, 
QD, Q'D' are equal, and, since; the centi’es 
B of gravity H, H' of the segments divide 
QD, Q'D' proportionally, HH' is parallel 
to QQ', and the centre of gravity of the 
two segments together is at K, the point 
where 1111' meets AO. 

Now AO = 4 AV (Lemma 3 to Prop. 
2), and QD = ^AO~AV=AV. But 
II <livid«;s QD in the same I’atio as G 
divides AO (Prop. 7); therefore 

VK = Qll = m. QD = m.AV. 

Taking moments about A of the segment, the triangle ABB' 
and the sum of the small segments, we have (dividing out by 
AF and A ADD') 

|(l-l-m) + -|. 4 = f .4m, 
or 15m =9, 

and ««/ = f. 

That is, AG = §AO, or A G : GO = 3:2. 

The final pi'oposition (10) finds the centre of gi’avity of the 
portion of a parabola cut off between two parallel chords PB', 
BB'. If PP' is the shorter of the chords and the diameter 
bisecting PP', BB' meets them in R, 0 re.spectively, Archi- 
medes proves that, if NO be divided into five equal parts of 
which LM is the middle one (L being nearer to N than AI is), 
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the centre of gravity G of tlie portion of the parabola between 
PP' and BB' divides LM in such a way that 

LG:GM== BO ^ . {2PN+ BO ) : PN ‘^ . (2 J50 + PJV). 

Tlie geometrical proof is somewhat difficult, and uses a very 
remarkable Lemma which forms Prop. 9. If a, 6, c, d, x, y are 
straight lines satisfying the conditions 


and 

then must 


a b c , \ 


d _ X 

a — d ~ -I (a — c) ’ ; 

5«+ 106 + 106* + 5c/ a — c 
+ = 


The proof is entirely geometrical, but amouritwS of course to 
tlie elimination of three ([uantities 6, c, d from the above four 
ecpiations. 


The Sand-reckoner {Psmnmites or Aremritis). 

I have already descrilied in a previous chapter the remark- 
able system, explained in this treatise and in a lost work, 
PriiicipleSy addressed to Zeuxippus, for expressing very 
large numbers which were beyond the range of the ordinary 
Greek arithmetical notation. Archimedes showed that his 
system would enable any number to be expressed up to that 
which in our notation would require 80,000 million million 
ciphers and then proceeded to prove that this system more 
than sufficed to express the number of grains of sand which 
it would take to fill the universe, on a reasonable view (as it 
seemed to him) of the size to be attributed to the universe. 
Interesting as the book is for the counse of the argument by 
which Archimedes establishes this, it is, in addition, a docu- 
ment of the first importance historically. It is here that we 
learn that Aristarchus put forward the Copernican theory of 
the universe, with the J^un in the centre and the planets 
including the earth revolving round it, and that Aristarchus 
further discovered the angular diameter of the sun to be Ty^oth 
of the circle of the zodiac or half a degree. Since Archimedes, 
in order to calculate a safe figure (not too small) for the size 

G 


1533.2 
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of the universe, has to make certain assumptions as to the 
sizes and distances of the sun and moon and their relation 
to the size of the universe, he takes the opportunity of 
quoting earlier views. Some have tried, he says, to prove 
that the perimeter of the earth is about 300,000 stades; in 
order to be (juite safe he will take it to be about ten times 
this, or 3,000,000 stades, and not greater. Tlie diameter of 
the earth, like most earlier astronomers, he takes to be 
greater than that of the moon but less than that of the sun. 
Eudoxus, he says, declared the diameter of the sun to be nin(5 
times that of the moon, Phidias, his own father, twelve times, 
while Aristarchus tried to prove that it is greater than 1 8 but 
less than 20 times the diameter of the moon; he will again be 
on the safe side and take it to be 30 times, l)ut not mort^ The 
position is rather more difficult as regards the ratio of the 
distance of the sun to the size of the universe. Hci*c he seizes 
upon a dictum of Aristarchus that the spherci of tlie fixed 
stars is so great that the circle in which he supposes thci earth 
to revolve (round the sun) ‘ bears such a pi’oportion to tlie 
distance of the fixed stars as the centre of tlie sphere bears to 
its surface If this is taken in a strictly mathematical vsense, 
it means that the sphere of tlie fixed stars is infinite in size, 
which would not suit Archimed(5s’s purpose ; to get another 
meaning out of it he presses the point that Aristarchus’s 
words cannot be taken quite literally because the centre, being 
without magnitude, cannot be in any ratio to any othm* mag- 
nitude ; hence he suggests that a reasonable interpretation of 
the statement would be to suppose that, if we conceive a 
sphere with radius equal to the distance between the centre 
of the sun and the centre of the earth, then 

(diam. of earth) ; (diam. of said sphere) 

= (diam. of said sphere) : (diam. of sphere of fixed stars). 

This is, of course, an arbitrary interpretation ; Aristarchus 
presumably meant no such thing, but merely that the size of 
the earth is negligible in comparison with that of the sphere 
of the fixed stars. However, the solution of Archimedes’s 
problem demands some assumption of the kind, and, in making 
this assumption, he was no doubt awaifc that he was taking 
a liberty with Aristarchus for the sake of giving his hypo- 
thesis an air of authority. 
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Arahimedcs has, lastly, to compare the diameter of the sun 
with tlio circumference of the circle described by its centre. 
Aristarchus had made the apparent diameter of the sun 
of the said circumference ; Archimedes will prove that the 
said circumference cannot contain as many as 1,000 sun’s 
diameters, or that the diameter of the sun is greater than the 
side of a regular chiliagon inscribed in the circle. First he 
made an experiment of his own to determine the apparent 
diameter of the sun. With a small cylinder or disc in a plane 
at right angles to a long straight stick and moveable along it, 
he observed the sun at the moment when it cleared the 
horizon in rising, moving the disc till it just covered and just 
failed to cover the sun as he looked along the straight stick. 
He thus found the angular diameter to lie between and 

Li, where It is a right angle. But as, under his assump- 
tions, the size of the eartli is not negligible in comparison with 
the sun’s circle, he had to allow for parallax and find limits 
for the angle subtended by the sun at the centre of the earth. 
This lu' does by a geometrical argument very much in the 
manner of Aristarchus. 



Let the circles with centres 0, G represent sections of the sun 
and earth respectively, E the position of the observer observing 

G 2 
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the sun when it has just cleared the horizon. Draw from E 
two tangents EP, EQ to the circle with centre 0, and from 
G let OF, GO be drawn touching the same circle. With centre 
G and radius GO describe a circle ; this will represent the path 
of the centre of the sun round the earth. Let this circle meet 
the tangents from G in A, B, and join AB meeting GO in M. 

Archimedes’s observation has shown that 


T'5^-^ ^ PFQ > B', 

and he proceeds to prove that AR is less than the side of a 
regular polygon of 656 sides inscribed in the circle AOB, 
but greater than the side of an inscribed regular polygon of 
1,000 sides, in other words, that 


>IFGG > 




R. 


The first relation is obvious, for, since GO > EO, 


Z PEQ > Z FGG. 

Next, the perimeter of any polygon inscribed in the circle 
AOB is less than ^ GO (i.e. times the diameter) ; 

Therefore AB < ^ GO or GO, 

and, a fortiori, AB < GO. 

Now, the triangles GAM, GOF being equal in all respects, 
AM = OF, so that AB= 2 OF = (diameter of sun) > GH+ OK, 
since the diameter of the sun is greater than that of the earth ; 

therefore GH+OK < -^^^GO, and HK > ■^^■qGO. 

And GO > GF, while HK < EQ, so that EQ > GF. 
We can now compare the angles OGF, OEQ ; 

, Z OGF r tan 0GF'\ 

ZOEQU i&nOEQ] 



>To®T)> fortiori. 
Doubling the angles, we have 
lFGG>^i^.lPEQ 

> Ti^ixsyR, since I PEQ > ^l^R, 
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HeHce AJ5 is greater than the side of a regular polygon of 
812 sides, and a fortiori greater than the side of a regular 
polygon of 1,000 sides, inscribed in the circle AOB. 

The perimeter of the chiliagon, as of any regular polygon 
with more sides than six, inscribed in the circle AOB is greater 
tlian 3 times the diameter of tlie sun’s orbit, but is less than 

1.000 times the diameter of the sun, and a fortiori less tlian 

30.000 times the diameter of the earth; 

therefore (diameter of sun’s oi-bit) < 10,000 (diam. of earth) 

< 10,000,000,000 stades. 

But (diam. of earth) : (diam. of sun’s orbit) 

= (tliam. of siin’s orbit) : (diam. of universe) ; 
tlierefore tins universe, or the splnsre of the fixed stars, is less 
tlian 10,000“ times the sphere in wliicli the sun’s orbit is a 
great circle. 

Archimedes takes a quantity of sand not greater than 
a poppy-seed and assumes that it contains not more than 1 0,000 
grains ; the diameter of a poppy-seed he takes to be not less 
than ^^o'th of a finger-breadth ; thus a sphere of diameter 
1 finger-breadth is not greater than 64,000 poppy-seeds and 
therefore contains not more than 640,000,000 grains of sand 
(‘6 units of second order + 40,000,000 units of first order’) 
and a fortiori not more than 1,000,000,000 (‘10 units of 
second order of numbers ’). Gradually increasing the diameter 
of the sphere by multiplying it each time by 100 (making the 
sphere 1,000,000 times larger each time) and substituting for 

10.000 finger-breadths a stadium (< 10,000 finger-breadths), 
he finds the number of grains of sand in a sphei’e of diameter 
10,000,000,000 stadia to be less than ‘ 1,000 units of seventh 
order of numbers’ or 10''^ and the number in a sphere 10,000“ 
times this size to be less than ‘ 10,000,000 units of the eighth 
order of numbers’ or 10®“. 

The Quadrature of the Parabola. 

In the preface, addressed to Dositheus after the death of 
Conon, Archimedes claims originality for the solution of the 
problem of finding the area of a segment of a parabola cut off 
by any chord, which he says he first discovered by means of 
mechanics and then confirmed by means of geometry, using 
the lemma that, if there are two unequal areas (or magnitudes 
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generally), then however small the excess of the greater over 
the lesser, it can by being continually added to itself be made 
to exceed the greater ; in other words, he confirmed the solution 
by the method of exhaustion. One solution by means of 
mechanics is, as we have seen, given in The Method ; the 
present treatise contains a solution by means of mechanics 
confirmed by the method of exhaustion (Props. 1-17), and 
then gives an entirely independent solution by means of pure 
geometry, also confirmed by exhahstion (Props. 18-24). 

I. The mechanical solution depends upon two properties of 
the parabola proved in Props. 4, 5. If Qq be the base, and P 



the vertex, of a parabolic segment, P is the point of contact 
of the tangent parallel to Qq, the diameter PV through P 
bisects Qq in V, and, if VP produced meets the tangent at Q 
in T, then TP — P V. These properties, along with the funda- 
mental property that QV^ varies as PV, Archimedes uses to 
prove that, if EO be any parallel to TV meeting QT, QP 
(produced, if neces.sary), the curve, and Qq in E, F, R, 0 
respectively, then 

QV: VO =z OF: FR, 

and QO:Oq =ER : RO. (Props. 4, 5.) 

Now suppose a parabolic segment QR^ q so placed in relation 
to a horizontal straight line QA through Q that the diameter 
bisecting Qq is at right angles to QA, i.e. vertical, and let the 
tangent at Q meet the diameter qO through q in E. Produce 
QO to A, making OA equal to OQ. 

Divide Qq into any number of equal parts at 0^ , 0 .^... 0„ , 
and through these points draw parallels to OE, i. e. vertical 
lines meeting OQ in EQ in E^, ..., and the 
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curve in .... Join QR^ , and produce it to meet OE in 

F, QR.^ meeting OjA\ in F^, and ho on. 



Now ArehimedoH has proved in a series of propositions 
(6-13) that, if a trapezium such as O-^E^E.^O^ is suspended 
fi'om imd an area P suspended at A balances O-yE^E^O,^ 

so suspended, it will take a greater area than P suspended at 
A to balance the same trapezium suspended from 11.^ and 
a less ar(“a than P to balance the same trapezium suspended 
from //, . A similar proposition holds with regard to a triangle 
such as E^ll suspended whei’e it is and suspended at Q and 
11^ respectively. 

Suppose (Ih’ops. 14, 15) the triangle QqE suspended where 
it is from OQ, and .suppose that the trapezium PJOy, suspended 
where it is, is balanced by an area /( suspended sit A, the 
trapezium E^0.,, suspended where it is, is balanced by 7^ 
suspended at A, and so on, and finally the triangle E^yO^^Q, 
suspended where it is, is balanced by suspended at A ; 
then + 7^ + . . . + at A balances the whole triangle, so that 

+ -^ + ••• + ^w+i = \^EqQy 

.since the whole triangle may be regarded as suspended from 
the point on OQ vertically al)Ove its centre of gravity. 

Now AO : Oily =zQO: Oily 

= Qfl'flOi 

= EyOyiOyRy, by Prop. 6 , 

= (trapezium EOy) : (trapezium FOy), 
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that is, it takes the trapezium FO^ suspended at A to balance 
the trapezium EO-^ suspended at H^. And balances EO^ 
where it is. 

Therefore (i’O,) > P^. 

Similarly (-^ 1 ^ 2 ) > 

Again AO : OH^ = E^ 0 ^ : 

= (trapezium : (trapezium P^O.^), 

that is, (IZjOg) at A will balance (AjOg) suspendt'd at H^, 
while Pj at A balances {E-fl^ suspended wljere it is 
whence 

Therefore {F, 0^) > P^ > { li, 0 ,), 

{F.^0.^ > Pf > ^‘i.Oi> so on; 
and finally, AA’„ ^ -^n+l ^ 

By addition, 

(P1O2) +(^2^3)+ ••• +(^Pn^n^«^) < -^ + -^3 + ••• + -^ + 1 ; 
therefore, a fortiori, 

{R^O^ + {'R^O.^ + ... + < ij +i^+ ... 

<{F0,) + (F,0,)+... + AEJ)Jl 

That is to say, we have an inscribed figure consisting of 
trapezia and a triangle which is less, and a circuuiscribe<l 
figure composed in the same way which is greater, than 

+ •'•'^Pfi+\t i*c. ^AJujO. 

It is therefore inferred, and proved by the method of ex- 
haustion, that the segment itself is equal to \AEqQ (Prop. 16). 

In order to enable the method to be applied, it has only 
to be proved that, by increasing the number of parts in Qq 
sufficiently, the difference between the circumscribed and 
inscribed figures can be made as small as we please. This 
can be seen thus. We have first to show that all the parts, as 
qF, into which qE is divided are equal. 

We have E^O^ :O^R^ = QO -. OII^ = (tH- 1) : 1, 

or OiR. = — - .E.O., whence also 0^,8 =■ . OoVi',. 

'■ -a+l * ^ ^ n+1 ^ ^ 
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And L\0^:0^R, = Q0:0H^ = {n+l):2, 


or 




It follows that 0.^8 = and so on. 

Consetjuently Ojiij, ... are divided into 1, 2 , 3 ... 

e(|ual parts respectively by the lines from Q meeting qE. 

It follows that the difference between the circumscribed and 
inscribed figures is equal to the triangle FqQ, which can be 
made as small as we please by increasing the number of 
divisions in Qq, i.e. in qE. 

Since the area of the .segment is equal to ^AEqQ, and it is 
easily proved (Prop. 17) that AEqQ = 4 (triangle with same 
base and (‘qual height with st'gimuit), it follows that the area 
of the segment = -3 times the latter ti'iangle. 

It is easy to sec that this solution is essentially the same as 
that given in Tlie Method (see pp. 29-30, above), only in a more 
orthodox form (geometrically .speaking). For there Archi- 
uush's took the sum of all the straight lines, as , 

as making up the segment notwithstanding that there are an 
infinite number of them and .straight lines have no breadth. 
Here he takes inscribed and circumscribed trapezia propor- 
tional to the straight lines an<l having Unite breadth, and then 
compresses tin; figures tog(“ther into the segment itself by 
incnsising ii\definitely the number of trapezia in each figure, 
i.»;. diminishing their breadth indefinitely. 

The procixlure. is e(j[uivalent to an integration, thus : 

If A' denote the. area of the triangle FqQ, we have, if n be 
th(! number of parts in Qq, 


(circumscribed figure) 

= sum of AsQqF, QB^F^, QRj.F ^, ... 
= sum of AsQqF, Q0.^S , ... 




,{n-2r II 


= . X (X^ + 22 X'^ + 3^X2 + ... + n\X% 

n^X^ ' 


Similarly, we find that 

(inscribed figure) = — . X { A ^ -1- . . . + (a — 1 )’^ } . 
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Taking tho limit, wc have, if A denote the area of the 
triangle so that A = nX, 


1 

of segment == X-dX 


= iA. 


II. The purely geometrical method simply exhausts the 
parabolic segment by inscribing successive figures ‘in the 
recognized manner’ (sec p. 79, above). For this purpose 
it is necessary to find, in tenas of the triangle with the same 



base and height, the area added to the 
inscribed figure by doubling the number of 
sides other than the base of the segment. 

Let QPq be the triangle inscribed ‘ in the 
recognized manner’, P being the point of 
contact of the tangent parallel to Qq, and 
PV the diameter bisecting Qq. If QV, Vq 
be bisected in M, m, and RM, rm be drawn 
parallel to PF meeting the curve in li, /•, 
the latter points are vertices of the next 
figure inscribed ‘ in the recognized manner ’, 
for RY, ry are diameters bisecting PQ, Pq 


respectively. 

Now QV‘^ = 4P^F^ so that PV = ^PW, or RM = ZPW. 


But YM = -I P F = 2 P W, so tliat YM = 2 P F. 

Therefore APRQ = ^^APQM = i A PQV. 

Similarly 


APrg' = I'APFg; whence {APRQ + APrq)= ^PQq. (Prop. 21.) 

In like manner it can bo proved tliat the next addition 
to the inscribed figui’e adds of the sum of AsPRQ, Prq, 
and so on. 

Therefore the area of the inscribed figure 

= { 1 + i + (i)'-" + APQq. (Prop. 22.) 

Further, each addition to the inscribed figure is greater 
than half the segments of the parabola left over before the 
addition is made. For, if we draw the tangent at P and 
complete the parallelogram EQqe with side EQ parallel to PF, 
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the triilngle PQq is half of the parallelogram and therefore 
more than half the segment. And so on (Prop. 20). 

We now have to sum a terms of the above geometrical 
series. Archimedes enunciates the problem in the form, Given 
a series of areas A,B,(J,D ... Z,oi which A is the greatest, and 
each is ec^ual to foui* times the next in order, then (Prop. 23) 


A + /l + C'+...+;?+^Z= |A. 

The algebraical ccjuivalent of this is of course 


1 + + iir + • • • + i (if = 


1 -^ 


To find the area of the segment, Archimedes, instead of 
taking the limit, as we should, uses the method of reiluctio ad 
ahn-tirduon. 


Suppose A' = 4 . APQq. 

(1) If possible, let the area of the segment be greater than K. 

We then inscribe a figure ‘ in the recognized manner ’ such 
that the segment exceeds it by an area less than the excess of 
the segment over K. I’hcrefore the inscribed figure must be 
greater than K, which is impos.sible since 

A + Ii + (J+ ... + X < 4 A, 

where A = APQ(/ (Prop. 23). 

(2) If possible, let tlu; area of the .segment be less than K. 

If them APQ<( = A, Ji = -JA, G = J/f, and .so on, until we 
ai’rivii at an area A" le.ss than the I'Kce.ss of K ovm’ the area of 
the segment, we hav(i 

A +B + G+ ... + A + ^Y = 4A = K. 

Thus K exceeds A + /i + 6'+ ... + A" by an area less than X, 
and exceeds the segment by an ai'ea greater than A". 

It follows that A+B + C+ ... + X > (the segment); which 
is impossible (Prop. 22). 

'I’herefore the area of the segment, being neither greater nor 
less than K, is eijual to A” or % APQq. 


On Floating Bodies, I, II. 

In Book I of this treatise Archimedes lays down the funda- 
mental principles of the science of hy<lrosttitics. These are 
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deduced from Postulates which are only two in number. The 
first which begins Book I is this : 

‘ let it be assumed that a fluid is of such a nature that, of the 
parts of it which lie evenly and are continuous, that which is 
pressed the less is driven along by that which is pressed the 
inore; and each of its parts is pressed by the fluid which is 
perpendicularly above it except when the fluid is shut up in 
anything and pressed by something else ’ ; 

the second, placed after Prop. 7, says 

‘ let it be assumed that, of bodies which arc borne upwards in 
a fluid, each is borne upwards along the pin pcnulicular drawn 
through its centi’e of gravity 

Pi'op. 1 is a preliminary proposition about a splicre, and 
then Archimedes plunges in 'medium res with the theoi’eiu 
(Prop. 2) that ‘the surface of any fluid at rest is a sjdiere the 
centre of which is the same as that of the earth and in the 
whole of Book I the surface of the fluid is always shown in 
the diagrams as spherical. The method of proof is similar to 
what we should expect in a modern elementary textbook, the 
main propositions established being the following. A solitl 
Which, size for size, is of equal weight with a fluid will, if let 
down into the fluid, sink till it is just covered but not lowei’ 
(Prop. 3) ; a solid lighter than a fluid will, if let down into it, 
be only partly immersed, in ftujt just so far that the weight 
of the solid is eciual to the weight of the fluid displaced 
(Props. 4, 5), and, if it is forcibly immensed, it will be driven 
upwards by a force equal to the difference between its weight 
and the weight of the fluid displaced (Prop. 6). 

The important proposition follows (Prop. 7) that a solid 
heavier than a fluid will, if placed in it, sink to the bottom of 
the fluid, and the solid will, when weighed in the fliiid, bt^ 
lighter than its true weight by the weight of the fluid 
displaced. 

Tha problem of the (Jroxon. 

This proposition gives a method of solving the famous 
problem the discovery of which in his bath sent Archimedes 
home naked crying efJpjy/ca, eUprjKa, namely the problem of 



ON FLOATING BODIES, I 93 


determining the proportions of gold and silver in a certain 
crown. 

Let W be the weight of the crown, and weights of 

the gold and silver in it respectively, so that IF 

(1) Take a weight W of pure gold and weigh it in the fluid. 
The apparent loss of weight is then equal to the weight of the 
fluid displaced ; this is ascertained by weighing. Let it be 
It follows that the weight of the fluid displaced by a weight 

of gold is ^ . F^. 


(2) Take a weight W of silver, and perform the same 
operation. Let the weight of the fluid displaced be F,^. 
Then the weight of the fluid displaced by a weight of 


silver is - ? • F, . 
W ^ 


( 3 ) Ltistly weigh tlu; crown itself in the fluid, and let F be 
loss of weight or the weight of the fluid displaced. 


W(! have then ^.^^+^.1^2 = F, 
that is, v\ F^ + iu.^F, = (Wi + w.^) F, 


whence 

According to the author of the poem de 'poiulerilms et men- 
sarls (written probably about A.u. 600 ) Archimedes actually 
used a method of this kind. We first take, says our authority, 
two equal weights of gold and silver respectively and weigh 
them against each other when both ai'e immersed in water ; 
tliis gives the relation between their weights in water, and 


tlierefore between their losses of weight in water. Next we 
take the mixture of gold and silver and an equal weight of 
silver, and weigh them against each other in water in the 
same way. 

Nevertheless I do not think it probable that this was the 
way in which the solution of the problem was diacovered. As 
we are told that Archimedes discovered it in his bath, and 
that he noticed that, if the bath was full when he entered it, 
so much water overflowed as was displaced by his body, he is 
more likely to have discovered the solution by the alternative 
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method attributed to him by Vitruvius,^ namely by measuring 
successively the volumes of fluid displaced by thi*ee equal 
weights, (1) the crown, (2) an equal weight of gold, (3) an 
equal weight of silver respectively. Suppose, as before, that 
the weight of the crown is W and that it contains weights 
Wj and w., of gold and silvei’ respectively. Then 

(1) the crown displaces a certain volume of the flui<l, V, say ; 

(2) the weight W of gold displaces a volume F^, say, of the 
fluid; 

therefore a weight tVi of gold displaces a volume F, of 
the fluid ; 

(3) the weight W of silver displaces Fg, say, of the fluid; 
therefore a weight w.^ of silver displaces V^. 

It follows that F = • F, + • F„ 

I'v ^ It “ 

whence we derive (since IF = iWi + w.^) 

n _ F,- F 

^>’2 ~ V- F/ 

the latter ratio being obviously ecjual to that obtained by the 
other method. 

The last propositions (8 and 9) of Book I deal with the case 
of any segment of a sphere lighter than a fluid and immersed 
in it in such a way that either (1) the curved surface is <lown- 
wards and the base is entirely outside the fluid, or (2) the 
curved surface is upwards and the base is entii’cly subnu'.rgi'-d, 
and it is proved that in cither case the segment is in stabks 
equilibrium when the axis is vertical. This is expressed here 
and in the cori'csponding propositions of Book II by saying 
that, ‘ if the figure be forced into such a position that the base 
of the segment touches the flui<l (at one point), the figure will 
not remain inclined but will I’eturn to the upright position 
Book II, which investigates fully the conditions of stability 
of a right segment of a paraboloid of i-evolution floating in 
a fluid for different values of the specific gravity and different 
ratios between the axis or height of the segment and the 

^ De architectural ix. 8. 
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principal parameter of the generating parabola, is a veritable 
tour de force which must be read in full to be appreciated. 
Prop. 1 is preliminary, to the efiect that, if a solid lighter than 
a fluid be at rest in it, the weight of the solid will be to that 
of the same volume! of the fluid as the immersed portion of 
the solid is to the whole. The results of the propositions 
about the segment of a paraboloid may be thus summarized. 
Let h be the axis or height of the segment, p the principal 
parameter of the generating parabola, s the ratio of the 
specific gravity of the solid to that of the fluid (s always < 1). 
The segment is suppose<l to be always placed so that its base 
is cith(!r tiutircly above, or entirely below, the surface of the 
fluid, and what Archimedes proves in each case is that, if 
tlu! segment is so placed with its axis inclined to the verticsil 
at any angle, it will not rest there but will return to the 
position of stability. 

I. If h is not greate'r than ^p, tlu! position of stability is with 
the axis vertical, wlndher the curved surface is downwards or 
upwards (Props. 2, 3). 

II. If h is greater than |p, then, in order that the position of 
stability may be with the axis vertical, s- must be; not less 
than (A — I pY/h^ if the! curved surface is de)wnw!irels, and not 
giTater than \1i^ — {h — %p)^]/K^ if the curved .surface is 
npwarels (Props. 4, 5). 

III. If h>%p, but A./^p<15/'l, the segmemt, if placed with 
erne pennt of the base touching the surface, will never remain 
there wlicther the! curve!<l .surlacc be downwarels or upwsireis 
(Props. 6, 7). (The .scgnu'nt will move! in the direction of 
bringing the axis nearer tee the vei’tical pe)sition.) 

IV. If h>^p, but /i/^/><15/4, and if s is le.ss than 

— in the case whei’o the curveel .surface is elown- 

ward.s, Imt greater than [h‘^ — {h — ^py‘]/h- in the case where 
the curveel surface is upwarels, then the position of stability is 
one in which the axis is not vertical but inclineel to the surface 
of the fluid at a certeiin angle (Props. 8, 9). (The angle is drawn 
in an auxiliary figure. The construction for it in Prop. 8 is 
eejuivalcnt to the se)lution of the fedlowing cepiation in 0, 

^p coi^O - 
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where k is the axis of the segment of the paraboloid cut oft’ by 
the surface of the fluid.) 

V. Prop. 10 investigates the positions of stability in the cases 
where h/^p> 15/4, the base is entirely above the surface, and 
s has values lying between five pairs of ratios respectively. 
Only in the case where s is not less than (A — is the 
position of stability that in which the axis is vertical. 

BAB, is a section of the paraboloid through the axis AM. 
C is a point on AM such that AC = 2CM, K is a point on CA 
^ch that AM : GK = 15:4. GO is measured along GA such 
that CO = and R is a point on AM such that MR = | CO. 
A 2 is the point in which the perpendicular to AM from K 
meets AB, and A^ is the middle point of AB. BA^ B.^, BA.,M 
are parabolic segments on A^M.^, A^M., (parallel to Ad/) as axes 



and similar to the original segment. (The parabola BA.,B.^ 
is proved to pass through G by using the above relation 
AM : GK =15:4 and applying Prop. 4 of the QvMdmture of 
the Parabola.) The perpendicular to AM from 0 meets the 
parabola BA^B^ in two points P^, Q.^, and straight lines 
through these points parallel to Ail/ meet the other para- 
bolas inPj, Q, and Pg, Q.^ respectively. P,T and Q,U are 
tangents to the original parabola meeting the axis MA pro- 
duced in T, U. Then 

(i) if s is not less than AR^'.AM"^ or — there is 

stable equilibrium when Ailf is vertical ; 
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(ii) if s< ^ : AM‘^ but > Q■^ : AAP, the solid will not rest 

with its base touching the surface of the fluid in one point 
only, but in a position with the base entirely out of the fluid 
and the axis making with the surface an angle greater 
than U ; 

(iiia) if s = there is stable equilibrium with one 

point of the base touching the surface and AM inclined to it 
at an angle ecjual to IT ; 

(iiib) if s = : AM'^, there is stable eciuilibrium with one 

point of the base touching the surface and with AM inclined 
to it at an angle equal to T ; 

(iv) if .s>PjP.® ; but : AM^, there will be stable 

equilibrium in a position in which the base is more submerged ; 

(v) if s<P^P.^ •. AM^, there will be stable ccjuilibrium with 
the base entirely out of the fluid and with the axis AM 
inclined to the surface at an angle less than T. 

It remains to mention the traditions regarding other in- 
vestigations by Archimedes which have reached us in Greek 
or through the Arabic. 

(a) The ( h title- Problem . 

This is a difticult problem in indeterminate analysis. It is 
recpiired to find the number of bulls and cows of each of four 
colours, or to find 8 unknown quantities. The first part of 
the problem connects the unknowns by seven simple equations ; 
and the second part adds two more conditions to which the 
unknowns must be subject. If W, v' be the numbers of white 
bulls and cows respectively and (A’^, x), (F, y), (Z, s) represent 
the numbers of the other three colours, we have first the 
following equations : 


(I) 


(a) 


X = {k + i)Z+Y, 



=(i + i)lP+F, 

(y) 

(H) 

+ + 

(«) 


^ = (i+i)(^+s). 

(e) 


S' = (x+l^) +y)> 

iC) 


y = (i + v)(^+w). 

in) 
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Secondly, it is required that 

W+X = a square, ($) 

Y + Z a triangular numljer. (t) 

There is an ambiguity in the text which makes it just possible 
that W + A' need only be the product of two whole numbers 
instead of a square as in (^). Jul. Fr. Wurm solved the problem 
in the simpler form to which this change reduces it. The 
complete problem is discussed and partly solved by Amthor.^ 
The general solution of the first seven equations is 

TF= 2.3. 7. 53. 4667 10366482n,, 

2.32.89.4657n = 7460514 a, 

F= 3*. 11 .4657'a = 4149387%, 

22.5.79.4657% = 7358060>?, 

w = 2^3. 5.7.23.373%= 7206360%, 

» = 2 . 32 . 17 . 15991% = 4893246%, 

y= 32,13.46489% = 5439213%, 

2 = 22.3.5.7.11.761%= 3515820%. 

It is not difficult to find such a value of n that 1F+ A = a 
square number; it is %= 3 . 11 . 29 . 4657^2 _ 4455749 ^ 2 ^ 
where ^ is any integer. We then have to make Y + Z 
a triangular number, i.e. a number of the form ^<7(<2'+l). 
This reduces itself to the solution of the ‘ Pellian ’ equation 

t2-4729494%2 = 

which leads to prodigious figures ; one of the eight unknown 
quantities alone would have more than 206,500 digits ! 

ifi) On semi-regnlar polyltedra. 

In addition, Archimedes investigated polyhedra of a certain 
type. This we learn from Pappus,2 The polyhedra in question 
are semi-regular, being contained by equilateral and equi- 

’ Zeitschrift fur Math. u. Physik (Hist.-litt. Abt.) xxv. (1880), pp. 
156 sqq. 

* Pappus, V, pp. 352-8. 
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angular, but not similar, polygons; those discovered by 
Archimedes were 13 in number. If we for convenience 
designate a polyhedron contained by m regular polygons 
of a sides, n regular polygons of j 8 sides, &c., by (w„, %...), 
the thirteen Archimedean polyhedra, which we will denote by 
1\, 11. ... i^ 3 , arc as follows: 

Figure with 8 faces : P, = (4 , , 45 ). 

Figures with 14 faces: P 2 = (83, 6 j, P 3 = ( 6 ^, 8„), 

= (®3> ^r)* 

Figu res with 2 () faces : = (83, 18j, Pe = ( 124 , 83 , Gg). 

Figures with 32 faces: Pj = ( 2 O 3 , 12 ,), P, = ( 12 ,, 20 ,), 

P« = ( 2 O 3 , 12 i,). 

Figure with 38 faces: P,o= (32,, G^). 

Figures with 62 faces: Pn = ( 203 , 30^, 12 ,), 

P,o = (304,20„12,g). 

Figure with 92 faces: Pj 3 =( 803 , 12 ,). 

Kepler’ showed how these figures can be obtained. A 
method of obtaining some of them is indicated in a fragment 
of a scholium to the Vatican MS. of Pappus. If a solid 
angle of one of the regular solids be cut off symmetrically by 
a plane, i.e. in such a way that the plane cuts off the same 
length from each of the edges meeting at the angle, the 
section is a regular polygon which is a triangle, square or 
pentagon according as the solid angle is formed of three, four, 
or five plane angles. If certain equal portions be so cut off 
from all the solid angles respectively, they will leave regular 
polygons inscribed in the faces of the solid ; this happens 
(A) when the cutting planes bisect the sides of the faces and 
so leave in each face a polygon of the same kind, and (B) when 
the cutting planes cut off a smaller portion from each angle in 
such a way that a regular polygon is left in each face which 
has double the number of sides (as when we make, say, an 
octagon out of a sqxiare by cutting off the necessary portions, 

’ Kepler, Harmonice mundi in Opera (1864), v, pp. 123-6. 

H 2 
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symmetrically, from the corners). We have seen that, accord- 
ing to Heron, two of the semi-regular solids had already been 
discovered by Plato, and this would doubtless be his method. 
The methods (A) and (B) applied to the five regular solids 
give the following out of the 13 semi-regular solids. We 
obtain (1) from the tetrahedron, Pj by cutting off angles 
so as to leave hexagons in the faces ; (2) from the cube, by 
leaving squares, and P^ by leaving octagons, in the faces ; 
(3) from the octahedron, P^ by leaving triangles, and P^ by 
leaving hexagons, in the faces ; (4) from the icosahedron, 
P^ by leaving triangles, and by leaving hexagons, in the 
faces; (5) from the dodecahedron, P^ by leaving pentagons, 
and Pg by leaving decagons in the faces. 

Of the remaining six, four arc obtained by cutting off all 
the edges symmetrically and eqiially by planes parallel to the 
edges, and then cutting off angles. Take first the cube. 
(1) Cut off from each four parallel edges portions which leave 
an octagon as the section of the figure perpendicular to the 
edges ; then cut ofi’ equilateral triangles from the corners 
(sec Fig. 1) ; this gives ig containing 8 equilateral triangles 
and 18 squares. (Jg is also obtained by bisecting all the 
edges of and cutting off corners.) (2) Cut off from the 
edges of the cube a smaller portion so as to leave in each 
face a square such that the octagon described in it has its 
side equal to the breadth of the section in which each edge is 
cut ; then cut off hexagons from each angle (see Fig. 2) ; this 



gives 6 octagons in the faces, 1 2 squares under the edges and 
8 hexagons at the corners; that is, we have Ig. An exactly 
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similar procedure with the icosahedron and dodecahedron 
produces /{, and (see Figs. 3, 4 for the case of the icosa- 
hedron). 




The two remaining solids cannot be so simply pro- 

duced. They are represented in Figs. 5, 6, which I have 



Fig. 5. 



Fig. G. 


taken from Kepler, is the snub cube in which each 
solid angle is formed by the angles of four ei{uilateral triangles 
and one square; Jj., is the snub dodecahedron, each solid 
angle of which is formed by the angles of four equilateral 
triangles and one regular pentagon. 

We are indebted to Arabian tradition for 


(y) The Liber Assumi^orunx. 

Of the theorems contained in this collection many are 
so elegant as to aftbrd a presumption that they may really 
be duo to Archimedes. In three of them the figure appears 
which was called dpfirjXos, a shoemaker’s knife, consisting of 
three semicircles with a common diameter as shown in the 
annexed figure. If N bo tho point at which the tliameters 
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of the two smaller semicircles adjoin, and NP be drawn at 
right angles to AB meeting the external semicircle in P, the 
area of the dp^r)\os (included between the three semicircular 
arcs) is equal to the circle on PiV as diameter (Prop. 4 ). In 
Prop. 6 it is shown that, if a circle be described in the space 
between the arcs AP, AiV and the straight line PN touching 



all three, and if a circle be similarly described in the space 
between the arcs PB, NB and the straight line Pi\r touching 
all three, the two circles are equal. If one circle be described 
in the dpfirjXos touching all three semicircles. Prop. 6 shows 
that, if the ratio of AN to NB be given, we can find the 
relation between the diameter of the circle inscribed to the 
dp^ijXos and the straight line AB ; the proof is for the parti- 
cular case AN = §BN, and shows that the diameter of the 
inscribed circle = t%AB. 

Prop. 8 is of interest in connexion with the problem of 



trisecting any angle. If AB be any chord of a circle with 
centre 0, and BC on AB produced be made equal to the radius, 
draw CO meeting the circle in D, E; then will the arc BD be 
one-third of the arc AE (or BF, if EF be the chord through E 
parallel to AB). The problem is by this theorem reduced to 
a pfvaris (cf. vol. i, p. 241 ). 
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Lastly, we may mention the elegant theorem about the 
area of the Salinon (presumably ‘salt-cellar’) in Prop. 14. 
ACB is a semicircle on AB as diameter, AD, EB are equal 
lengths measured from A and B on AB. Semicircles are 
drawn with AD, EB as diameters on tlie side towards G, and 


c 



a semicircle with DE as diameter is drawn on the other side of 
AB. CF is the perpeiulicular to AB through 0, the centre 
of the semicircles ACB, DFE, Then is the area bounded by 
all tlie semicircles (the Salinon) ecpial to tlie circle on CF 
as diameter. 

The Arabians, tlirough whom the l^ook of Lemmas has 
readied us, attributed to Arcliimedes other works (1) on the 
Circle, (2) on the Hi^ptagon in a Circle, (3) on Circles touch- 
ing one anotlier, (4) on Parallel Lines, (5) on Triangles, (6) on 
the properties of right-angled triangles, (7) a book of Data, 
(8) De clepsydris: statements which we are not in a position 
to check. But the author of a book on the finding of chords 
in a circle,^ Abu’l Raihan Muh. al-Biruni, (juotes some alterna- 
tive proofs as coming from the first of these works. 

(5) Formula for area of triangle. 

More important, however, is the mention in this same work 
of Archimedes as the discoverer of two propositions hitherto 
attributed to Heron, the first being the problem of finding 
the perpendiculars of a triangle when the sides are given, and 
the second the famous formula for the area of a triangle in 
terms of the sides, 

{s (s — a) (s— 6) (s — c)}. 

^ See Bibliotheca mathematica, xig, pp. 11 78. 
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Long as the present chapter is, it is nevertheless the most 
appropriate place for Eratosthenes of Gyrene. It was to him 
that Archimedes dedicated Tlie Method, and the Cattle-Problem 
purpoi’ts, by its heading, to have been sent through him to 
the mathematicians of Alexandria. It is evident from the 
preface to The Method that Archimedes thought highly of his 
mathematical ability. He was, indeed, recognized by his con- 
temporaries as a man of great distinction in all branches of 
knowledge, though in each subject he just fell short of the 
highest place. On the latter ground he was called Beta, and 
another nickname applied to him, Pentathlos, has the same 
implication, representing as it does an all-round athlete who 
was not the first runner or wrestler but took the second prize 
in these contests as well as in others. He was very little 
younger than Archimedes ; the date of his birth was probably 
284 B.c. or thereabouts. He was a pupil of the philosopher 
Ariston of Chios, the grammarian Lysanias of Gyrene, and 
the poet Callimachus ; he is said also to have been a pupil of 
Zeno the Stoic, and he may have come under the influence of 
Arcesilaus at Athens, where he spent a considerable time. 
Invited, when about 40 years of age, by Ptolemy Euergetes 
to be tutor to his son (Philopator), he became librarian at 
Alexandria ; his obligation to Ptolemy he recognized by the 
column which he erected with a graceful epigram inscribed on 
it. This is the epigram, with which we are already acquainted 
(vol. i, p. 260 ), relating to the solutions, discovered up to date, 
of the problem of the duplication of the cube, and commend- 
ing his own method by means of an appliance called fxecroka^ov, 
itself represented in bronze on the column. 

Eratosthenes wrote a book with the title IlXaTcaviKos, and, 
whether it was a sort of commentary on the Timaeus of 
Plato, or a dialogue in which the principal part was played by 
Plato, it evidently dealt with the fundamental notions of 
mathematics in connexion with Plato’s philosophy. It was 
naturally one of the important sources of Theon of Smyrna’s 
work on the mathematical matters which it was necessary for 
the student of Plato to know ; and Theon cites the work 
twice by name. It seems to have begun with the famous 
problem of Delos, telling the story quoted by Theon how the 
god required, as a means of stopping a plague, that the altar 
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there, ‘which was cubical in form, should be doubled in size. 
The book evidently contained a disquisition on proportion 
{duaXoyia}', a (quotation by Theon on this subject shows that 
Eratosthenes incidentally dealt with the fundamental defini- 
tions of geometry and arithmetic. The principles of miisic 
were discussed in the same work. 

♦ 

We have already described Eratosthenes’s solution of the 
problem of Delos, and his contribution to the theory of arith- 
metic by means of his sieve (kookipov) for finding successive 
prime numbers. 

He wrote also an independent work On means. This was in 
two Books, and was important enough to be mentioned by 
Pappus along with works by Euclid, Aristaeus and Apol- 
lonius as forming part of the Treasury of A nalysis^ ; this 
proves that it was a systematic geometrical treatise. Another 
passage of Pappus speaks of certain loci which Eratosthenes 
called ‘loci with reference to means’ (roiroi irpos peaoTtjTas)^ ; 
these were presumably discussed in the treatise in question. 
What kind of loci these were is (juite uncertain ; Pappus (if it 
is not an interpolator who speaks) merely says that these loci 
‘ belong to the aforesaid classes of loci ’, but as the elasses are 
numerous (including ‘ plane ’, ‘ solid ’, ‘ linear ’, ‘ loci on surfaces ’, 
&e.), we are none the wiser. Tannery conjectured that they 
were loci of points such that their distances from three fixed 
straight lines furnished a ‘ medit'‘t«5 ’, i.e. loci (straight lines 
and conics) which we should represent in trilinear coordinates 
by such eejuations as 2y=.x + z, y^—xz, y{x-\-z) 2xz, 
x{x — y) = z{y — z), x(x — y) = y(y—z), the first three equations 
representing the arithmetic, geometric and harmonic means, 
while the last two represent the ‘subcontraries’ to the 
harmonic and geometric means respectively. Zeuthen has 
a difierent conjecture.'* He points out that, if QQ' be the 
polar of a given point (J with reference to a conic, and CPOP' 
be drawn through G meeting QQ' in 0 and the conic in P, P', 
then CO is the harmonic mean to CP, CP ' ; the locus of 0 for 
all transversals CPP' is then the straight line QQ'. If A, C 
are points on Pl^' such that (HA is the arithmetic, and GO the 

* Pappus, vii, p. 636. 24. * lb., p. 662. 15 sq. 

* Zeutheii, Die Lehre von den Kegel schnitten ini Altertuni, 1886, pp. 
320, 321. 
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geometric mean between CP, CP', the loci oi A, G respectively 
are conics. Zeuthen therefore suggests that these loci and 
the corresponding loci of the points on CPP^ at a distance 
from C equal to the subcontraries of the geometric and 
harmonic means between CP and CP' are the ‘loci with 
reference to means ’ of Eratosthenes ; the latter two loci are 
‘linear’, i.e. higher curves than conics. Needless to say, we 
have no confirmation of this conjecture. 

Eratosthenes's measurement of the Earth. 

But the most famous scientific achievement of Eratosthenes 
was his measurement of the earth. Archimedes mentions, as 
we have seen, that some had tried to prove that the circum- 
ference of the earth is about 300,000 stades. This was 
evidently the measurement based on observations made at 
Lysirnachia (on the Hellespont) and Syene. It was observed 
that, while both these places were on one meridian, the head 
of Draco was in the zenith at Lysirnachia, and Cancer in the 
zenith at Syene ; the arc of the meridian separating the two 
in the heavens was taken to be 1 / 1 5th of the complete circle. 

The distance between the two towns 
was estimated at 20,000 stades, and 
accordingly the whole circumference of 
the earth was reckoned at 300,000 
stades. Eratosthenes improved on this. 
He observed (1) that at Syene, at 
noon, at the summer solstice, the 
sun cast no shadow from an upright 
gnomon (this was confirmed by the 
observation that a well dug at the 
same place was entirely lighted up at 
the same time), while (2) at the same moment the gnomon fixed 
upright at Alexandria (taken to be on the same meridian with 
Syene) cast a shadow corresponding to an angle between the 
gnomon and the sun’s rays of 1 / 50th of a complete circle or 
four right angles. The sun’s rays are of course assumed to be 
parallel at the two places represented by S and A in the 
annexed figure. If a be the angle made at A by the sun’s rays 
with the gnomon (OA produced), the angle 80 A is also equal to 
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a, or ^/ 50tli of four right angles. Now the distance from S 
to A was known by measurement to be 5,000 stades ; it 
followed that the circumference of the earth was 250,000 
stades. This is the figure given by Cleomedes, but Theon of 
Smyrna and Strabo both give it as 252,000 .stades. The 
reason of the discrepancy is not known ; it is possible ^lat 
Eratosthenes corrected 250,000 to 252,000 for some reason, 
perhaps in order to get a figure divisible by 60 and, inci- 
dentally, a round number (700) of stades for one degree. If 
Pliny is right in saying that Eratosthenes made 40 stades 
equal to the Egyptian then, taking the a-)(^oTyos at 

12,000 Royal cubits of 0-525 metres, we get 300 such cubits, 
or 157-5 metres, i.e. 516-73 feet, as the length of the stade. 
(In this basis 252,000 stades works out to 24,662 miles, and 
the diameter of the earth to about 7,850 miles, only 50 miles 
shorter than the true polar diameter, a surprisingly close 
approximation, however much it owes to happy accidents 
in the calculation. 

We learn from Heron’s Dioptra th;»t the measurement of 
the earth by Eratosthenes was givc'U in a separate work On 
the Measurement of the Earth. According to Galen' this work 
ilealt generally with astronomical or mathematical geography, 
treating of ‘ the size of the ecjuator, the distance of the tropic 
and polar cii'cles, the extent of the polar zone, the size and 
distance of the sun and moon, total and partial eclipses of 
these heavenly bodies, changes in the length of the tlay 
according to the different latitudes and .seasons’. Several 
details are preserved elsewhere of results obtained by 
Eratosthenes, which were tloubtless contained in this work. 
He is supposed to have estimated the distance between the 
tropic circles or twice the obli(iuity of the ecliptic at 1 1 /83rds 
of a complete circle or 47“ 42' 39"; but from Ptolemy’s 
language on this subject it is not clear that this estimate was 
not Ptolemy’s own. What Ptolemy says is that he himself 
found the distance between the tropic circles to lie always 
between 47° 40' and 47° 45', ‘from which we obtain about 
{ayjtSSv) the same ratio as that of Eratosthenes, which 
Hipparchus also used. For the distance between the tropics 
becomes (or is found to be, yivcTai) very nearly 11 parts 
Galen, Instil. Logica, 12 (p. 26 Kalbilciscli). 
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out of 83 contained in the whole meridian circle’.^ The 
mean of Ptolemy’s estimates, 4 7° 42' 30", is of course nearly 
ll/83rds of 360°. It is consistent with Ptolemy’s language 
to suppose that Eratosthenes adhered to the value of the 
obliquity of the ecliptic discovered before Euclid’s time, 
namely 24°, and Hipparchus does, in his extant Gcymmentary 
on tJie Phaenomena of Aratus and Eudoxun, say that the 
summer tropic is ‘ very nearly 24° north of the equator . 

The Doxographi state that Eratosthenes estimated the 
distance of the moon from the earth at 780,000 stades and 
the distance of the sun from the earth at 804,000,000 stades 
(the versions of Stobaeus and Joannes Lydus admit 4,080,000 
as an alternative for the latter figure, but this obviously 
cannot be right). Macrobius’* says that Eratosthenes made 
the ‘measure’ of the sun to be 27 times that of the earth. 
It is not certain whether measure means ' solid content ’ or 
‘ diameter " in this case ; the other figures on record make the 
former more probable, in which case the diameter of the sun 
would be three times that of the earth. Macrobius also tells 
us that Eratosthenes’s estimates of tlie distances of the sun 
and moon were obtained by means of lunar eclipses. 

Another observation by Eratosthenes, namely that at Syene 
(which is under the summer tropic) and tlirougliout a circle 
round it with a radius of 300 stades the upright gnomon 
throws no shadow at noon, was afterwards maile use of by 
Posidonius in his calculation of tlie size of the sun. Assuming 
that the circle in which the sun apparently moves round the 
earth is 1 0,000 times the size of a circular section of the earth 
through its centre, and combining witli this hypothesis the 
datum just mentioned, Posidonius arrived at 3,000,000 stades 
as the diameter of the sun. 

Eratosthenes wrote a poem called Hermes containing a good 
deal of descriptive astronomy; only fragments of this have 
survived. The work Catasterismi (literally ‘ placings among 
the stars ’) which is extant can hardly be genuine in the form 
in which it has reached us ; it goes back, however, to a genuine 
work by Eratosthenes which apparently bore the same name ; 
alternatively it is alluded to as KardXoyoL or by the general 

’ Ptolemy, Syntaxis, i. 12, pp. 67. 22-68, 6. 

^ Macrobius, In Somn, Scip. i. 20. 9. 
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word 'Aa-Tpovofita (Suidas), which latter word is perhaps a mis- 
take for ’AcrTpoOecria corresponding to the title ’Aa-rpodeatai 
^(pSicov found in the manuscripts. The work as we have it 
contoins the story, mythological and descriptive, of the con- 
stellations, &c., under forty-four heads; there is little or 
nothing belonging to astronomy proper. 

Eratosthenes is also famous as the first to attempt a scientific 
chi’onology beginning from the siege of Troy; this was the 
subject of his Xpovoypa<f)(at, with which must be connected 
the separate ’ 0\v pirioviKai in several books. Clement of 
Alexandria gives a short resuviS of the main results of the 
former work, and both works were largely used by Apollo- 
dorus. Another lost work was on the Octaeteris (or cight- 
y<'ars’ p('.rio<l), which is twice mentioned, by Geminus and 
Achilles ; from the latter we Icjirn that Eratostlumes re- 
gardc'd tin* work on the sjune subject attril)uted to Eudoxus 
as not ge.nuine. His (ieiKjraphica in three books is mainly 
known to us through Suidas’s criticism of it. It began with 
a history of geography down to his own time ; Eratosthenes 
then proceeded to mathematical geography, the spherical form 
of the earth, the negligibility in comparison with this of tlui 
unevennesses caused by mountains ainl valleys, the changes of 
features due to Hoods, eartlujuakes and the like. It would 
appear from Thcon of Smyrna’s allusions that Eratosthenes 
estimated the height of the highest mountjiin to be 10 stades 
or about 1/ 8000th part of the diameter of the earth. 



XIV 

CONIC SECTIONS. APOLLONIUS OF PERGA 

A. HISTORY OF CONICS UP TO APOLLONIUS 

Discovery of the conic sections by Monaechmus. 

We have seen that Menaechmus solved the problem of the 
two mean proportionals (and therefore the duplication of 
the cube) by means of conic sections, and that he is credited 
with the discovery of the three curves ; for the epigram of 
Eratosthenes speaks of ‘ the triads of Menaechmus whereas 
of course only two conics, the parabola and the rectangular 
hyperbola, actually appear in Menaechmus’s solutions. The 
question arises, how did Menaechmus come to think of obtain- 
ing curves by cutting a cone ? On this we have no informa- 
tion whatever. Democritus had indeed spoken of a jsection of 
a cone parallel and very near to the base, which of course 
would be a circle, since the cone would certainly be the right 
circular cone. But it is probfible enough that the attention 
of the Greeks, whose observation nothing escaped, would be 
attracted to the shape of a section of a cone or a cylinder by 
a plane obliquely inclined to the axis when it occurred, as it 
often would, in real life ; the case where the solid was cut 
right through, which would show an ellipse, would presum- 
ably be noticed first, and some attempt would be made to 
investigate the nature and geometrical measure of the elonga- 
tion of the figure in relation to the circular sections of the 
same solid ; these would in the first instance be most easily 
ascertained when the solid was a right cylinder; it would 
then be a natural question to investigate whether the curve 
arrived at by cutting the cone had the same property as that 
obtained by cutting the cylinder. As we have seen, the 
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observation that an ellipse can be obtained from a cylinder 
as well as a cone is actually made by Euclid in his Phaeno- 
mena : ‘ if says Euclid, ‘ a cone or a cylinder be cut by 
a plane not parallel to the base, the resulting section is a 
section of an acute-angled cone which is similar to a Ovpeos 
(shield).’ After this would doubtless follow the question 
what sort of curves they are which are produced if we 
cut a cone by a plane which does not cut through the 
cone completely, but is either parallel or not parallel to 
a generator of the cone, whether these curves have the 
sfime property with the ellipse and with one another, and, 
if not, what exactly are their fundamental properties respec- 
tively. 

As it is, however, we are only told how the first writers on 
conics obtained them in actual practice. We learn on the 
authority of Geminus ' that the ancients defined a cone as the 
surface described by the revolution of a right-angled triangle 
about one of the sides containing the right angle, and that 
they knew no cones other than right cones. Of these they 
distinguished thi’ee kinds ; according as the vertical angle of 
the cone was less than, equal to, or greater than a right angle, 
they called the cone acute-angled, right-angled, or obtuse- 
angled, and from each of these kinds of cone they produced 
one and only one of the three sections, the section being 
always made perpendicular to one of the generating lines of 
the cone ; the curves were, on this basis, called ‘ section of an 
acute-angled cone ’ ( = an ellipse), ‘ section of a right-angled 
cone’ (= a parabola), and ‘section of an obtuse-angled cone ’ 
(= a hyperbola) respectively. These names were still used 
by Euclid and Archimedes. 

Menaechmuss irrobahle inocedwre. 

Menaechmus’s constructions for his curves would presum- 
ably be the simplest and the most direct that would show the 
desired properties, and for the parabola nothing could be 
simpler than a section of a right-angled cone by a plane at right 
angles to one of its generators. Let OBG (Fig. 1) represent 

* Eutocius, Comm, on Conics of Apollonius. 
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a section through the axis OL of a right-angled cone, and 
conceive a section through AG (perpendicular to OA) and at 
right angles to the plane of the paper. 


o 



Fig. 1. 

If P is any point on the curve, and PN perpendicular to 
AG, let BChe drawn through N perpendicular to the axis of 
the cone. Then P is on the circular section of the', cone about 
BG as diameter. 

Draw AD parallel to BG, and DF, GG parallel to OL meet- 
ing AL produced in F, G. Then AD, AF are both bi,sected 
by OL. 

If now PN = y, AN = x, 

PN^ = BN. NO. 

But B, A, G, G are concyclic, so that 


Therefore 


BN.NG= AN. NG 
= AN.AF 
= AN.2AL. 
if = AN.2AL 

= 2 ATj . X, 


and 2 ATj is the ‘ parameter ’ of the principal ordinates y. 

In the case of the hyperbola Menaechmus had to obtain the 
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parti(Jular hyperbola which we call rectangular or equilateral, 
and also to obtain its property with reference to its asymp- 
totes, a considerable advance on what was necessary in the 
case of the parabola. Two methods of obtaining the particular 
hyperbola were possible, namely (1) to obtain the hyperbola 
arising from the section of any obtuse-angled cone by a plane 
at right angles to a generator, and then to show how a 
rectangular hyperbola can be obtained as a particular case 
by finding the vertical angle which the cone must have to 
give a rectangular hyperbola when cut in the particular way, 
or (2) to obtain the rectangular hyperbola direct by cutting 
another kind of cone by a section not necessarily perpen- 
dicular to a generator. 

(1) Taking the first method, wc draw (Fig. 2) a cone with its 
vertical angle B0(’ obtuse. Imagine a section perpendicular 
to the plane of the paper and passing through AG which is 
perpemlicular to OB. Let GA produced meet CO produced in 
A', and complete the same construction as in the case of 
the parabola. 



In this case wo have 
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But, by similar triangles, 

m‘.AF= NG-.AD 
z=A'N:AA'. 

A F 

Hence PN^ = AN .A'N . 

= .AN. A'N, 

AA ’ 

which is the property of the hyperbola, AA' being what we 
call the transverse axis, and 2 AL the parameter of the principal 
ordinates. 

Now, in order that the hyperbola may bo rectangular, wo 
must have 2AL: A A' equal to 1. The problem therefore now 
is< given a straight line AA' , and AL along A' A produced 
equal to \AA', to find a cone such that L is on its axis and 
the section through AL perpcuidicular to the generator througli 
J. is a rectangular hyperbola with A' A as transverse^ixis. In 
other words, we have to find a point 0 on th»'. straight line 
through A perpendicular to AA' such tliat OL bisects the 
angle which is the supplement of the angle A'OA. 

This is the case if A'O : OA = A'L : LA = .3 : 1 ; 

therefore 0 is on the circle which is the locus of all points 
such that their distances from the two fixed points A', A 
are in the ratio 3 : 1 . This cix’cle is the circle on KL as 
diameter, where A'K : KA = A'L : LA = 3 : 1 . Draw this 
circle, and 0 is then determined as the point in which AO 
drawn perpendicular to AA' intersects the circle. 

It is to bo observed, however, that this deduction of a 
particular from a more general case is not usual in (^arly 
Greek mathematics ; on the contrary, the ])articular usually 
led to the more general. Notwithstanding, tlierefore, that the 
orthodox method of producing conic sections is said to have 
been by cutting the generator of each cone perpendicularly, 
I am inclined to think that Menaechmus would get his rect- 
angular hyperbola directly, and in an easier way, by means of 
a different cone differently cut. Taking the right-angled cone, 
already used for obtaining a parabola, we have only to make 
a section parallel to the axis (instead of perpendicular to a 
generator) to get a rectangular hyperbola. 
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For, let the right-angled cone HOK (Fig. 3) be cut by a 


ydane through A' AN parallel 
to the axis OM and cutting the 
sides of the axial triangle HOK 
in A', A, N respectively. Let 
P be the point on the curve 
for wliich PN is the principal 
ordinate. Draw OC pai’allel 
to HK. We have at once 

PN^ = HN.NK 

= MIO-MN^- 


# 

a' 



= CN^-(JA\ since MK = OM, and MN = OC = CA. 
This is tlu( property of the rectjingular liyperbola having 
as axis. To obtain a particular rectangular hyperbola with 
axis of given length we luivc^ only to choo.se the cutting plane 
so that the intercept A' A may have the given length. 

}3ut Menaeclnnus had to prove the asymptote-projjerty of 
his rectangular hyperbola. As he can hardly be supposed to 
have got as far as Apollonius in investigating the relations of 
the hyperbola to its asymptotes, it is probably safe to assume 
that he obtained the particular property in the simplest way, 
i. e. <lirectly fi-om the propeidy of the curve in relation to 
its axes. 


R 



If (Fig. 4) CM, CM' he the asymptotes (which are therefore 
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at right angles) and A' A the axis of a rectangular hyperbola, 
P any point on the curve, PN the principal ordinate, draw 
PK, PK' perpendicular to the asymptotes respectively. Let 
PiV produced meet the asymptotes in 22, R'. 

Now, by the axial property, 

CA^ = CN^-PN^ 

= EN^-PN^ 

= RP.PR' 

= 2PK . PK', since /LPRK is half a right angle ; 
therefore PK.PK' = ^ GA'^. 


Works by Aristaeus and Euclid. 

If Menaechmus was really the discoverer of the three conic 
sections at a date which we must put at about 360 or 350 b.o., 
the subject must have been developed very rapidly, for by the 
end of the century there were two considerable works on 
conics in existence, works which, as we learn from Pappus, 
were considered worthy of a place, alongside the (Jonics of 
Apollonius, in the 'I'rensury of Analysis. Euclid flourished 
about 300 B.C., or perhaps 10 or 20 years earlier; but his 
Conics in four books was pi'eceded by a work of Aristaeus 
which was still extant in the time of Pappus, who describes it 
as ‘ five books of Solid Loci connected (or continuous, a-vuexfj) 
with the conics’. Speaking of the relation of Euclid’s Gothics 
in four books to this work. Pappus says (if the passage is 
genuine) that Euclid gave credit to Aristaeus for his dis- 
coveries in conics and did not attempt to anticipate him or 
wish to construct anew the same system. In particular, 
Euclid, when dealing with what Apollonius calls the three- 
and four-line locus, ‘ wrote so much about the locus as was 
possible by means of the conics of Aristaeus, without claiming 
completeness for his demonstrations’.^ We gather from these 
remarks that Euclid’s Conics was a compilation and rearrange- 
ment of the geometry of the conics so far as known in his 

‘ Pappus, vii, p. 678. 4. 
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time; whereas the work of Aristaeus was more specialized and 
more original. 


‘Solid loci’ and ‘aolid problemii’. 

‘ Solid loci ’ are of course simply conics, but the use of the 
title ‘ Solid loci ’ instead of ‘ conics ’ seems to indicate that 
the work was in the main dev(jted to conics regarded as loci. 
As we have seen, ‘ solid loci ’ which are conics are distinguished 
from ‘ plane loci ’, on the one han*l, which are straight lines 
and circles, and from ‘ linear loci ’ on the other, which are 
curves higher than conics. There is some doubt as to the 
real reason why the term ‘ solid loci ’ was applied to the conic 
sections. We are told that ‘plane ’ loci are so called because 
they are generated in a plane (but so are some of the higher 
curves, such as the quadralrix and the spiral of Archimedes), 
and that ‘ .solid loci ’ derived theii’ name from the fact that 
they arise as sections of solid figures (but so do some higher 
curves, e.g. the spiric curves which are sections of the (riretpa 
or tore). But some; light is thrown on the subject by the corre- 
sponding distinction which Pappus <lraws between ‘plane’, 

‘ .solid ’ and ‘ limsir ’ problems. 

‘Tho.se problems’, he says, ‘which can be solved by means 
of a .straight line and a circumference of a circle may pro- 
perly bti called plane, for the lines by means of which such 
problems are .solved Inive their origin in a plane. Those, 
however, which are solved by u.sing for their discovery one or 
more of the sections of the cone liave been called solid ; for 
their construction re(|uires the u.se of surfaces of solid figures, 
namely those of cones. There remains a third kind of pro- 
blem, that which is called linear', for other lines (curves) 
besides thosi* mentione<l are assumeil for the construction, the 
origin of which is more complicated and less natural, as they 
are generated from more irregular surfaces and intricate 
movements.’ ’ 

The true significance of the word ‘ plane ’ as applied to 
problems is evidently, not that straight lines and circles have 
their origin in a plane, but that the problems in (question can 
be solved by the ordinary plane methods of transformation of 


' Pappus, iv, p. 270. 5-17. 
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areas, manipulation of simple equations between areas and, in 
particular, the application of areas ; in other words, plane 
problems were those which, if expressed algebraically, depend 
on equations of a degree not higher than the second. 
Problems, however, soon arose which did not yield to ‘ plane ’ 
methods. One of the first was that of the duplication of the 
cube, which was a problem of geometry in three dimensions or 
solid geometry. Consequently, when it was found that this 
problem could be solved by means of conics, and that no 
higher curves were necessary, it would be natural to speak of 
them as ‘ solid ’ loci, especially as they were in fact produced 
from sections of a solid figure, the cone. The proprietj'^ of the 
term would be only confirmed when it was found that, just as 
the duplication of the cube depended on the solution of a pure 
cubic equation, other problems such as the trisection of an 
angle, or the cutting of a sphere into two segments bearing 
a given ratio to one another, led to an equation between 
volumes in one form or another, i. e. a mixed cubic eejuation, 
and that this equation, which was also a solid problem, could 
likewise be solved by means of conics. 


Aristaeus’s Solid Loci. 

The Solid Loci of Ai’istacus, then, presumably dealt with 
loci which proved to be conic sections. In ])ai ticular, he must 
have discussed, however imperfectly, the locus with respect to 
three or four lines the synthesis of which Apollonius says that 
he found inadequately worked out in Eucliil’s (Joaivs. Idle 
theorems relating to this locus are enunciated by Pappus in 
this way : 

‘ If three straight lines be given in position and from one and 
the same point straight lines be drawn to meet the thriic 
straight lines at given angles, and if the ratio of the rectangle 
contained by two of the straight lines .so drawn to the sijuai'e 
on the remaining one be given, then the point will lie on a 
solid locus given in position, that is, on one of the three conic 
.sections. And if straight lines be so drawn to meet, at given 
angles, four straight lines given in po.sition, and the ratio of 
the rectangle contained by two of the lines so drawn to the 
rectangle contained by the remaining two be given, then in 
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tlie same way the point will lie on a conic section given in 
position/ ^ 

The reason why Apollonius referred in this connexion to 
Euclid and not to Aristaeus was probably that it was Euclid’s 
work that was on the same lines as his own. 

A very large proportion of the standard properties of conics 
admit of Ijeing stated in the form of locus-theorems; if a 
certain property holds with r<igard to a certain point, then 
that point lies on a conic section. But it may be assumed 
that Aristaeus’s work was not merely a collection of the 
ordinary propositions transformed in this way ; it would deal 
with new locus-theorems not implied in the fundamental 
definitions and properties of the conics, such as those just 
mentioned, the theorems of the tlirce- and four-line locus. 
But one (to us) ordinary property, the focus-directrix property, 
was, as it seems to me, in all probability included. 


Focus-directrix property known to Euclid. 

It is r(‘markable that tlu‘ directrix does not appear at all in 
Apollonius s great trc‘atis<3 on conics. The focal properties of 
the ctuitral conics are givcm by Apollonius, but the foci are 
obtained in a ditleivnt way, without any reference to the 
<liivctrix; tlu^ focus of the, parabola dot's not ap})ear at all. 
We may perha])s conclude, that neither did Euclid’s Conics 
(iontain the focus-din‘ctrix property ; for, according to Pappus, 
Apollonius based his first four books on Euclid’s four books, 
wl)ile filling them out and atlding to them. Yet Pappus gives 
the pi'opovsition as a Itmima to Euclid’s Sarft ice- Loci, from 
which we cannot but infer that it was assumed in that 
treatise without proof. If, then, Euclid did not take it from 
his own ( \)nics, what more likely than that it was contained 
in Aristaeus’s Solid Loci'i 

Pappus’s enunciation of the theorem is to the ettect that tlie 
locus of a point such that its distancii from a given point is in 
a given ratio to its distance from a fixed straight line is a conic 
section, and is an ellipse, a paral)ola, or a hyperbola according 
as the given ratio is less than, eiiual to, or greater than unity. 


^ Pappus, vii, p. 678. 15-24. 
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Proof from, Pappus. 

The proof in the case where the given ratio is different from 
unity is shortly as follows. 

Let 8 be the fixed point, SX the perpendicular from N on 
the fixed line. Let P be any point on the locus and PiV 


P 



perpendicular to 8X, so that 8P is to NX in the given 
ratio (e); 

thus e^ = {PN^+8N^):NX\ 

Take K on SX such that 

e^ = SN^:NK^; 

then, if K' be another point on SN, produced if necessary, 
such that NK = NK\ 

: 1 = {PN 2 + 8N^) :NX^ = SN^: NK^ 

= PN^:{NX^-NK^) 

= PN^.XK.XK'. 

The positions of N, K, K' change with the position of P. 
If A, A' be the points on which N falls when K, K' coincide 
with X respectively, we have 

SA:AX = 8N:NK = e:l=: SN:NK'= SA':A'X. 

Therefore SX:SA = SK :SN={l+e):e, 

{l+e):e = {SX-8K): {8A - SN) 

= XK:AN 


whence 
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Similarly it can be shown that 

(1 -^e):e = XK':A'N. 

By multiplication, XK . XK'-. AN . A'N = (I e^) : e* ; 

and it follows from above, ex aequuli, that 

PN'^-.AN.A'N^il-^e^)-.!, 

which is the property of a central conic. 

When e < I, A and A' lie on the same side of X, while 
N lies on A A', and the conic is an ellipse ; when e > 1, A and 
A' lie on opposite .sides of X, while N lies on A' A produced, 
and the conic is a hyperbola. 

The case where e = 1 and the curve is a pa^bola is easy 
and need not be reproduced here. 

The treatise wouhl doubtless contain other loci of types 
similar to that which, as Pappus says, was used for the 
trisection of an anjrle : I refer to the proposition already 
quoted (vol. i, p. 243) that, if A, B are the base anjjfles of 
a trianjfle with vertex and A B — 2 /.A, the locus of P 
is a hyperbola with eccentricity 2. 

Propositions included in Euclid’s Conicn. 

That Euclid’s (Jonivti covered much of the stime {ground as 
the first three Books of Apollonius is clear from the language 
of Apollonius himself, Confinnation is forthcoming in the 
quotations by Archimedes of propositions (1) ‘proved in 
the elements of conics’, or (2) assumed without remark as 
already known. The former class include the fundamental 
ordinate pi’operties of the conics in the following forms : 

(1) for the ellipse, 

PN ^ : AN. A'N = P'N ''^ : AN'. A'N' = BV '^ : AC ^ ; 

(2) for the hyperbola, 

pm : AN. A'N = P'N ''^ : AN ' . A'N ' ; 

(3) for the parabola, PN‘^ = . A Y ; 

the principal tangent properties of the parabola ; 

the property that, if there are two tangents drawn from one 

point to any conic section whatever, and two intersecting 
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chords drawn parallel to the tangents respectively, the rect- 
angles contained by the segments of the chords respectively 
are to one another as the squares of the parallel tangents ; 

the by no means easy proposition that, if in a parabola the 
diameter through P bisects the chord QQ' in F, and QD is 
drawn perpendicular to PV, then 

where is the parameter of the principal ordinates and p is 
the parameter of the ordinates to the diameter PV. 

Conic sections in Archimedes. 

But we must equally regard Euclid’s Conics as the source 
from which Archimedes took most of the other ordinary 
properties of conics which he assumes without proof. Before 
summarizing these it will be convenient to refer to Arclii- 
medes's terminology. We have seen that the axes of an 
ellipse are not called axes but diameters^ greater and lesser ; 
the axis of a parabola is likewise its diameter and the other 
diameters are 'lines parallel to the diameter’, although in 
a segment of a parabola the diameter bisecting the base is 
the ' diameter ’ of the segment. ' The two ' (liamet(;rs * (axes) 
of an ellipse are eonju(jate. In the case of the hyperbola the 
' diameter’ (axis) is the portion of it within the (single-branch) 
hyperbola ; the centre is not called the ' centi*e ’, but the point 
in which the 'nearest lines to the section of an obtuse-angled 
cone ’ (the asymptotes) meet ; the half of the axis (CA) is 
' the line adjacent to the axis’ (of the hyperboloid of revolution 
obtained by making the hyperbola revolve about its ‘ diameter ’), 
and A' A is double of this line. Similarly (^P is the line 
' adjacent to the axis ’ of a segment of the hyperboloid, and 
P'P double of this line. It is clear that Archimedes did not 
yet treat the two branches of a hyperbola as forming one 
curve ; this was reserved for Apollonius. 

The main properties of conics assumed by Archimedes in 
addition to those above mentioned may be sumiiiarized thus. 

Central Conics, 

1. The property of the ordinates to any diameter PP', 

gr2PF.P'F= (2'F'‘^:PF'.P'y'. 
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In the case of the hyperbola Archimedes does not give 
any expression for the constant ratios PN'^-.AN.A'N and 
QV‘^:PV.P'V respectively, whence we conclude that he had 
no conception of diameters or radii of a hyperbola not meeting 
the curve. 

2. The straiglit line drawn from the centre of an ellipse, or 
the point of intersection of the asymptotes of a hyperbola, 
through the point of conhict of any tangent, bisects all chords 
parallel to the tangent. 

3. In the ellipse the tsuigents at the extremities of either of two 
conjugate diameters are both parallel to the other diameter. 

•1. If in a hyperbola the tangent at P meets the transverse 
axis in T, and PN is the; principal ordinate, AN > AT. (It 
is not easy to see how this could be proved except by means 
of th(! general property that, if PP' be any diameter of 
a hyperbola, QV the ordinate to it from Q, and QT the tangent 
at q meeting P'P in T, then TP : TP' = PV iP'V.) 

5, If a cone, right or oblujue, be cut by a plane meeting all 
tht( generators, the section is either U circle or an ellipse. 

(). If a line between the asymptotes meets a hyperbola and 
is bisected iit the point of ooncour.se, it will touch the 
hyjx>i-bola. 

7. It x, y ai-(‘ straight lines drawn, in fixed directions respec- 
tively, from a point on a hyj)erbola to meet the asymptotes, 
the rectangh' xy is constant. 

8. If PN 1 »e the princi[)al ordinate of P, a point on an ellipse, 
and if NP be pro<luced to meet the auxiliaiy circle in p, the 
ratio pN : PN is constant. 

9. The criteria of similarity of conics and segments of 
conics are assumed in practically the sanui form as Apollonius 
gives them. 

The Parabola. 

1. 'I'he fundamental properties appear in the alternative forms 
PN ^ : P'N'^= AN: AN', or PN- = . AN, 

: g'F'2 = PV: PV', or QV'^ = p . PV. 

Archimedes applies the term parameter {& wap’ Hr Svyavrai 
al dwh rds ropas) to the parameter of the principal ordinates 
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only : p is simply the line to which the rectangle equal to 
and of width equal to PF is applied. 

2. Parallel chords are bisected by one straight line parallel to 
the axis, which passes through the point of contact of the 
tangent parallel to the chords. 

3. If the tangent at Q meet the diameter PF in T, and QF be 
the ordinate to the diameter, FV = FT. 

By the aid of this proposition a tangent to the parabola can 
be drawn {a) at a point on it, (b) parallel to a given chord. 

4. Another proposition assumed is equivalent to the property 
of the subnormal, NO = ^2\i‘ 

5. If QQ' be a chord of a parabola perpendicular to the axis 
and meeting the axis in M, while QVq another chord parallel 
to the tangent at P meets the diameter through F in F, and 
RIIK is the principal ordinate of any point R on the curve 
meeting PF in H and the axis in K, then FV-.FJl > or 
= MK:KA ; ‘for this is proved’ (0/t Floating Rodies, II. 6). 

Where it was proved we do not know ; the proof is not 
altogether easy.^ 

6. All parabolas are similar. 

As we have seen, Archimedes had to specialize in the 
parabola for the purpose of his treati.ses on the Quadratwre 
of the Farahola, Conoids and Hj^herouls, Floating Bodies, 
Book II, and Flane Equilibriums, Book II ; consequently he 
had to prove for himself a number of .special propositions, which 
have already been given in their proper places. A few others 
ai-e assumed without proof, doubtless as being ea.sy deductions 
from the prgpositions which he docs prove. They refer mainly 
to similar parabolic segments .so place<l that their bases are in 
one straight line and have one common extremity. 

1. If any three similar and similarly situated parabolic 
segments PQ,, PQ.j,, lying along the same straight line 
as bases (BQ-^ < BQ,^ < BQ^), and if E be any point on the 
tangent at B to one of the segments, and EO a straight line 
through E parallel to the axis of one of the segments and 
meeting the segments in R^, R^, Pj respectively and PQg 
in 0, then 

P3P2 • ~ (QiQz • ^Qs) • i^Qi • Qi Qi)- 

‘ See Apollonius of Perga, ed. Heath, p, liv. 
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2. If two similar parabolic segments with bases BQ^, BQ^ be 
placed as in the last proposition, and if BR^R^ be any straight 
lino through B meeting the segments in R ^ , R^ respectively, 

BQ^ -. B(l, = BR, :BR^. 

These propositions are easily deduced from the theorem 
proved in the Quadrature of the Parabola, that, if through E, 
a point on the tangent at B, a straight line ERO be drawn 
parallel to the axis and meeting the curve in R and any chord 
BQ through B in 0, then 

ER.RO = BO.OQ. 

3. On the strength of these propositions Archimedes assumes 
the solution of the problem of placing, between two parabolic 
segments similar to one, another and place<l as in the above 
propositions, a straight line of a given length and in a <lirection 
parallel to the diametcjrs of either parabola. 

Euclid and Ai’chimodes no doubt adhered to the old method 
of regarding the three conics as arising from sections of three 
kinds of right circular cones (right-angled, obtuse-angled and 
acute-angled) by planes drawn in each case at right angles to 
a generator of the cone. Yet neitlnn* Euclid nor Archimedes 
was unaware that the ‘section of an acute-angled cone’, or 
ellipse, could In*, otherwise produced. Euclid actually says in 
his Phaenomena that ‘ if a cone or cylinder (presumably right) 
be cut by a plane not parallel to the base, the resulting section 
is a section of an acute-angled cone which is similar to 
a OvpcSs (shield) ’. Archimedes knew that the non-circular 
sections even of an oblicjue circular cone made by planes 
cutting all the generators an; ellipses ; for he shows us how, 
given an ellipse, to draw a cone (in general oblique) of which 
it is a section and which has its vertex outside the plane 
of the ellipse on any straight line through the centre of the 
ellipse in a plane at right angles to the ellipse and passing 
through one of its axes, whether the straight line is itself 
pei'pendicular or not perpendicular to the plane of the ellipse ; 
drawing a cone in this case of course means finding the circular 
sections of the surface generated by a straight line always 
passing through the given veiiiox and all the several points of 
the given ellipse. The method of proof would equally serve 
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for the other two conics, the hyperbola and parabola, and wc 
can scarcely avoid the inference that Archimedes was equally 
aware that the parabola and the hyperbola could be found 
otherwise than by the old method. 

The first, however, to base the theory of conics on the 
production of all three in the most general way from any 
kind of circular cone, right or oblique, was Apollonius, to 
whose Work we now come. 

B. APOLLONIUS OP PERGA 

Hardly anything is known of the life of Apollonius except 
that he was born at Perga, in Pamphylia, that he went 
when quite young to Alexandria, whei-e he studied witli the 
successors of Euclid and remained a long time, and that 
he flourished (yeyoye) in the reign of Ptolemy Euergetes 
(247-222 B.O.). Ptolemaeus Chennus mentions an astronomer 
of the same name, who was famous during the reign of 
Ptolemy Philopator (222 205 B.C.), and it is clear that our 
Apollonius is meant. As Aj)ollonius dedicated the fourth and 
following Books of his Homes to King Attains I (241- 197 Ji.c.) 
we have a confirmation of his approximate date. H(! was 
probably born about 262 B.c., or 25 years aftei- Archimedes. 
We hear of a visit to Pergamum, where he made the acquain- 
tance of Eudemus of Pergamum, to whom he dedicated tlie 
first two Books of the (Ionics in the form in whicli they have 
come down to us; they were the first two instalments of a 
second edition of the work. 

The text of the (Jonics. 

The Conics of Apollonius was at once recognized as the 
authoritative treatise on the siibject, and later writers regu- 
larly cited it when quoting propositions in conics. Pappxis 
wrote a number of lemmas to it ; Serenus wrote a commen- 
tary, as also, according to Suidas, did Hypatia. Eutocius 
(fl. A.D. 500) prepared an edition of the first four Books and 
wrote a commentary on them ; it is evident that he had before 
him slightly differing versions of the completed work, and he 
may also have had the first unrevised edition which had got 
into premature circulation, as Apollonius himself complains in 
the Preface to Book I. 
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The edition of Eutocius suffered interpolations which were 
probably made in the ninth century when, under the auspices 
of Leon, mathematical studies were revived at Constantinople ; 
for it was at that date that the* uncial manuscripts were 
written, from which our best manuscripts, V (= Cod. Vat. gr. 
206 of the twelftli to thirteenth century) for the Conics, and 
W (=Cod. Vat. gr. 204 of the tenth century) for Eutocius, 
were copied. 

Only the first four Books survive in Greek ; the eighth 
Book is altogether lost, but the three Books V-VII exist in 
Arabic. It was Ahmad and al-Hasan, two sons of Muh. b. 
Musa b. Shakii', who first contemplated translating the Cotiics 
into Arabic. They were at first deterred by the bad state of 
thrur mamiseripts ; but afterwanls Ahmarl obtained in Syria 
a copy of Kutociu.s’s edition of Books 1-IV and had them 
translated by Hilal b. Abi Ililal al-Himsl (died 883/4). 
Books V-Vll were translated, also for Ahma<l, by Thabit 
1). Qurra( 826 901) from another manuscript. Nasiraddin’s 
recension of this translation of the seven Books, made in 1218, 
is rt'presentc'd by two copies in the Bodleian, one of the year 
1301 (No. 943) and the other of 1626 containing Books V-VII 
only (No. 88.')). 

A Latin translation of Books I-IV w'as published by 
Johannes Ba()tista M(!mus at Venice in l.')37 ; but the fir.st 
important edition was the translation by Ccunmandinus 
(Bologna, 1566), which include<l the lemmas of Pappus and 
the commentary of Eutocius, and w'as the first attempt to 
make the book intelligible by means of explanatory notes. 
For the Grecik text Commandinus used Cod. Marcianus 518 
and perhaps also Vat. gr. 205, both of Avhich were co()ies of V, 
but not V its('lf. 

The first published version of Books V- Vll was a Latin 
translation by Abraham Echcllensis and Giacomo Alfonso 
Borclli (Florence, 1661) of a reproduction of the Books written 
in 983 by Abu ’1 Fath al-Isfahiini. 

The editio .^yrince'ps of the Greek text is the monumental 
work of Halley (Oxford, 1710). The original intention was 
that Gregory should edit the four Books extant in Greek, with 
Eutocius’s commentory and a Latin translation, and that 
Halley should translate Books V-VIl from the Arabic into 
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Latin. Gregory, however, died while the work was proceeding, 
and Halley then undertook responsibility for the whole. The 
Greek manuscripts used were two, one belonging to Savile 
and the other lent by D. Baynard ; their whereabouts cannot 
apparently now be traced, but they were both copies of Paris, 
gr. 2356, which was copied in the sixteenth century from Paris, 
gr. 2357 of the sixteenth century, itself a copy of V. For the 
three Books in Arabic Halley used the Bodleian MS. 885, but 
also consulted (a) a compendium of the three Books by 'Abdel- 
melik al-Shlrazi (twelfth century), also in the Bodleian (913), 
(6) Borelli’s edition, and (c) Bodl. 943 above mentioned, by means 
of which he revised and corrected his translation when com- 
pleted. Halley’s edition is still, so far as I know, the only 
available source for Books V-VII, except for the beginning of 
Book V (up to Prop. 7) which was edited by L. Nix (Leipzig, 
1889). 

The Greek text of Books I-IV is now available, with the 
commentaries of Eutocius, the fragments of Apollonius, &c., 
in the definitive edition of Heiberg (Teubner, 1891-3). 

Apollonius’s own account of the Conics. 

A general account of the contents of the great work which, 
according to Geminus, earned for him the title of the ‘great 
geometer’ cannot bo better given than in the words of the 
writer himself. The prefaces to the several Books contain 
interesting historical details, anfl, like the prefaces of Archi- 
medes, state quite plainly and simply in what way the 
treatise differs from those of his predecessors, and how much 
in it is claimed as original. The strictures of Pappus (or 
more probably his interpolator), who accuses him of being a 
braggart and unfair towards his predecessors, are evidently 
unfounded. The prefaces are quoted by v. Wilamowitz- 
Moellendorff' as specimens of admirable Greek, showing how 
perfect the style of the ^ great mathematicians could be 
when they were free from the trammels of mathematical 
terminology. 

Book I. General Preface. 

Apollonius to Eudemus, greeting. 

If you are in good health and things are in other respects 
as you wish, it is well ; with me too things are moderately 
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well. Iluring the time I spent with you at Pergamum 
I observed your eagerness to become acquainted with my 
work in conics; I am therefore sending you the first book, 
which I have corrected, and I will forward the remaining 
books when I have finished them to my satisfaction. I dare 
say you have not forgotten my telling you that I undertook 
the investigation of this subjeet at the request of Naucrates 
the geometer, at the time when he came to Alexandria and 
staTyed with me, and, when I liad worked it out in eight 
books, I gave them to him at once, too hurriedly, because he 
was on the point of sailing; they had therefore not been 
thoroughly revised, indeed I had put down everything just as 
it occurred to me, postponing revision till the end. Accord- 
ingly I now publish, as opportunities serve from time to time, 
instalments of the work sis they are connected. In the mean- 
time it has happened that some other persons also, among 
those whom I have met, have got the first and second books 
before they were corrected ; do not be surprised therefore if 
you come across them in a difterent shape. 

Now of the eight books the first four form an elementary 
introduction. The first contains the modes of pi’oducing the 
three sections and the opposit(^ branches (of the hyperl)ola), 
and the fundamental propertitjs subsisting in them, worked 
out more fully and generally than in th(i writings of others. 
The second book contains the properties of the diameters and 
the axes of the S(^ctions as well as the asymptotes, with other 
things generally and necessarily used for determining limits 
of possibility {Siopia-fiot ) ; and what I mean by diameters 
and axes respectively you will learn from this book. The 
third book contains many remarkable theorems useful for 
thti .syntheses of solid loci and for diorUmi ; the most and 
prettiest of the,so theorems are now, and it was their discovery 
which ma<lo me aware that Euclid did not work out the 
synthesis of the hjcus with respect to three and four lines, but 
only a chance jiortion of it, and that not successfully ; for it 
was not possible for the said synthesis to be completed without 
the aid of the a<lditional theorems discovered by me: The 
fourth b(X)k shows in how many ways the sections of cones 
can meet one another and the circumference of a circle ; it 
contains other things in addition,* none of which have been 
discussed by earlier writers, namely the questions in how 
many points a section of a cone or a circumference of a circle 
can meet [a double-branch hyperbola, or two double-branch 
hyperbolas can meet one another]. 

The rest of the lx>oks arc more by way of surplusage 
(irepiovaiaaTiKmTfpa) : one of them deals somewhat fully with 
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minima and maxima^ another with equal and similar sections 
of cones, another with theorems of the nature of determina- 
tions of limits, and the last with determinate conic problems. 
But of course, when all of them are published, it will be open' 
to all who read them to form their own judgement about them, 
according to their own individual tastes. Farewell. 

The preface to Book II mei*ely says that Apollonius is 
sending the second Book to Eudcmus by his son Apollonius, 
and begs Eudemus to communicate it to earnest students of the 
subject, and in particular to Philonides the geometer whom 
Apollonius had introduced to Eudemus at Ephesus. There is 
no preface to Book III as we have it, although the preface to 
Book IV records that it also was sent to Eudemus. 

Preface to Book IV. 

Apollonius to Attains, greeting. 

Some time ago I expounded and sent to Eudemus of Per- 
gamum the first three books of my conics which I have 
compiled in eight books, but, as he has passed away, I have 
resolved to dedicate the remaining books to you because of 
your earnest desire to possess my works. I am sending you 
on this occasion the fourth book. It contains a discussion of 
the question, in how many points at most it is possible for 
sections of cones to meet one another and the circumference 
of a circle, on the assumption that they do not coincide 
throughout, and further in how many points at most a 
section of a cone or the circumference of a circle can meet the 
hyperbola with two branches, [or two double-branch hyper- 
bolas can meet one another]; and, besides these questions, 
the book considers a number of others of a similar kind. 
Now the first question Conon expounded to Thrasydaeus, with- 
out, however, showing proper mastery of the proofs, and on 
this ground Nicoteles of Gyrene, not without reason, fell foul 
of him. The second matter has merely been mentioned by 
Nicoteles, in connexion with his controversy with Conon, 
as one capable of demonstration; but I have not found it 
demonstrated either by Nicoteles himself or by any one else. 
The third question and the others akin to it I have not found 
so much as noticed by any one. All the matters referred to, 
which I have not found anywhere, required for their solution 
many and various novel theorems, most of which I have, 
as a matter of fact, set out in the first three books, while the 
rest are contained in the present book. These theorems are 
of considerable use both for the syntheses of problems and for 
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diorismi.^ NicotcUis indeed, on account of his controversy 
with Conon, will not have' it that any use can he made of the 
discoveries of Conon for the purpose of diorismi; he is, 
however, mistaken in this opinhm, for, even if it is possible, 
without usinfij tluuji at all, to arrive at results in regard to 
limits of possibility, yet they at all events afford a I'eadier 
means of observing some things, e.g. that sevea'al or so many 
solutions ar(', possible, or again that no solution is possible ; 
and such foreknowledge secui-cs a satisfactory basis for in- 
vestigations, while the theorems in question are again useful 
for tbe analyses of diorismi. And, even apart from such 
usefulness, they will be found woi'thy of acceptance for the 
sake of the demonstrations themselves, just as we accept 
many other things in math(;matics for this reason and for 
no other. 

The prefaces to Books V VII now to Ijc given are repro- 
duced for Book V from the translation of L. Nix and for 
Books VI, VII from that of Halley. 

Preface to Book V. 

Apollonius to Attains, greeting. 

In this fifth book I have laid down pi'opositions relating to 
imaximum .and minimum straight lines. You must know 
that my predecessors .and contemporfiries have only super- 
ficially touched upon the investigation of the shortest lines, 
and have only proved what straight lines touch the sections 
and. conversely, what propertiiis they have in virtue of which 
they are tangents. For my part, 1 havt' proved these pro- 
perties in th(f first bocjk (without however making any use, in 
the proofs, of th»^ doctrims of the shortest lines), inasmuch .as 
1 wished to place them in close connexion with that part 
of the s\ibject in which I treat of the production of the three 
conic sections, in oi*der to show at the .same time that in each 
of the three sections countless properties and necessary results 
app(^ar, as they do with reference to the original (transverse) 
diameter. The propositions in which I discuss the shortest 
lines I have sepai’ated into classes, and I have dealt with each 
individual case by careful demonstration; I have also con- 
nected the investigation of them with the investigation of 
the greatest lim^s aluive mentioned, because 1 considered that 
those who cultivates this science need them for obtaining 
a knowledge of tlie analysis, and iletermination of limits of 
possibility, of problems as well as for their .synthesis: in 
addition to which, the subject is one of those which seem 
worthy of study for their own sake. Farewell. 
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Preface to Book VI. 

Apollonius to Attains, greeting. 

I send you the sixth book of the conics, which embraces 
propositions about conic sections and segments of conics equal 
and unequal, similar and dissimilar, besides some other matters 
left out by those who have preceded me. In particular, you 
will find in this book how, in a given right cone, a section can 
be cut which is ecjual to a given section, and how a right coikj 
can be described similar to a given cone but such as to contain 
a given conic section. And these matters in truth I have 
treated somewhat more fully and clearly than those who wrote 
before my time on these subjects. Farewell. 

Preface to Book VII. 

Apollonius to Attalus, greeting. 

I send to you with this letter the seventh book on conic 
sections. In it are contained a large number of new proposi- 
tions concerning diameters of sections and the figures described 
upon them ; and all these; propositions have tbeir uses in many 
kinds of problems, especially in the determination of the 
limits of their possibility. Several examples of these occur 
in the determinate conic problems solved and demonstrated 
by me in the eighth book, which is by way of an appmidix, 
and which I will make a point of sending to you as soon 
as pos.sible. Farewell. 

Kjctetd of claim to (n'igiiialily. 

We gather from these prefaces a very good idea of the 
plan followed by Ajx»llonius in the arrangement of the sub- 
ject and of the extent to which he claims originality. The 
first four Books form, as he says, an elementary introduction, 
by which he means an exposition of the elements of conics, 
that is, the definitions and the fundamental propositions 
which are of the most general use and application ; the term 
‘ elements ’ is in fact used with refercncti to conics in exactly 
the same sense as Euclid uses it to describe his groat work. 
The remaining Books beginning with Book V are devoted to 
more specialized investigation of particular parts of the sub- 
ject. It is only for a very small portion of the content of the 
treatise that Apollonius claims originality ; in the first three 
Books the claim is confined to certain propo.sitions bearing on 
the ‘ locus with respect to three or four lines ’ ; and in the 
fourth Book (on the number of points at which two conics 
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may intersect, touch, or both) the part which is claimed 
as new is the extension to the intersections of the parabola, 
ellipse, and circle with the double-branch hyperbola, and of 
two double-branch hyperbolas with one another, of the in- 
vestigations which had theretofore only taken account of the 
single-branch hyperbola. Even in Book V, the most remark- 
able of all, Apollonius does not say that normals as ‘ the shortest 
lines ’ had not been considered before, but only that they had 
been superficially touched upon, doubtless in connexion with 
propositions dealing with the tangent properties. He explains 
that he found it convenient to treat of the tangent properties, 
without any reference to normals, in the first Book in order 
to connect them with the chord properties. It is clear, thei’e- 
forti, that in treating normals as 'untxima and minima, and by 
themselves, without any reference to tangents, as he does in 
Book V, he was making an innovation ; and, in view of the 
extent to which the theory of normals as maxima and minima 
is developed by him (in 77 propositions), there is no wonder 
that he shovild devote a whole Book to the subject. Apart 
fiom the developments in Books III, IV, V, just mdntioned, 
aiul the numerous new proposititms in Book V^ll with the 
problems thereon which fonm'd the lost Book VIll, Apollonius 
(Jiily claims to have treated the wholt; subject more fully and 
generally than his predeces.sors. 

Great (jenerulily of treatment from the heyinniag. 

So far from being a braggart and taking uiulue credit to 
himself for the improvements whicli he made upon his prede- 
cessors, Apollonius is, if anything, too modest in his de.scrip- 
tion of his personal contributions to the theoiy of conic 
sections. For the ‘ more fully anil generally ’ of his first 
preface scarcely conveys an idea of the extreme generality 
with which the whole subject is worked out. I’his character- 
istic genex'ality appears at the very outset. 

Analysis of the Conics. 

Book 1. 

Apollonius begins by describing a double oblique circular 
cone in the most general way. Given a circle and any point 
outside the plane of the circle and in general not lying on the 
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straight line through the centre of the circle perpendicular to 
its plane, a straight line passing through the point and pro- 
duced indefinitely in both directions is made to move, while 
always passing through the fixed point, so as to pass succes- 
sively through all the points of the circle ; the straight line 
thus describes a double cone which is in general oblique or, as 
Apollonius calls it, scalene. Then, before proceeding to the 
geometry of a cone, Apollonius gives a number of definitions 
which, though of course only required for conics, are stated as 
applicable to any curve. 

‘ In any curve,’ says Apollonius, ‘ I give the name diameter to 
any straight line which, drawn from the curve, bisects all tin; 
straight lines drawn in the curve (chords) parallel to any 
straight line, and I call the exti'emity of the straight line 
(i.e. the diameter) which is at the curve a vertex of the curve 
and each of the parallel straight lines (chords) an ordinate 
(lit. drawn ordinate-wise, TeTaynevxs Karrj^Oai) to the 
diameter.’ 

He then extends these terms to a pair of curves (the primary 
I’eference being to the double-branch hyperbola), giving the 
name transverse diameter to any straight line bisecting all the 
chords in both curves which are parallel to a given straight 
line (this gives two vertices where the diameter meets the 
curves respectively), and the name erect diameter (opOca) to 
any straight line which bisects all straight lines drawn 
between one curve and the other which are parallel to any 
straight line; the ordinates to any diameter are again the 
parallel straight lines bisected by it. Conjugate diameters in 
any curve or pair of curves are straight lines each of which 
bisects chords parallel to the other. Axes are the particulai’ 
diameters which cut at right angles the parallel chords which 
they bisect ; and conjugate axes are related in the same way 
as conjugate diameters. Here we have practically our modern 
definitions, and there is a great advance on Archimedes’s 
terminology. 

The conics obtained in the most general way from an 

oblique cone. 

Having described a cone (in general oblique), Apollonius 
defines the axis as the straight line drawn from the vertex to 
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the centre of the circular base. After proving that all 
sections parallel to the base are also circles, and that there 
is another set of circular sections subcontrary to these, he 
proceeds to consider sections of the cone drawn in any 
manner. Taking any triangle through the axis (the base of 
the triangle being conse(jucntly a diameter of the circle which 
is the base of the cone), he is careful to make his section cut 
the base in a straight line perpendicular to the particular 
diameter which is the base of the axial triangle. (There is 
no loss of generality in this, for, if any section is taken, 
without reference to any axial triangle, we have only to 
select the particular axial triangle the base of which is that 
diameter of the circular base which is 
at right angles to the straight line in 
which the section of the cone cuts the 
base.) Let ABG be any axial triangle, 
and let any section whatever cut the 
base in a straight lim; J)K at right 
angles to liG; if then J*M be the in- 
tersection of the cutting plane and the 
a.xial triangle, anil if QQ' be any chord 
in the section pai’allel to J)E, Apollonius 
proves that QQ' is bisected by PM. In 
other words, PM is a diameter of the section. Apollonius is 
careful to explain that, 

‘ if the cone is a right cone, the straight line in the base {DE) 
will be at right angles to the common section {PM) of the 
cutting plani! and the triangle through the axis, but, if the 
cone is scalene, it will not in general be at right angles to PM, 
but will be at right angles to it only when the plane through 
the axis (i. e. the axial ti'iangle) is at right angles to the base 
of the cone ’ (I. 7). 

That is to say, Apollonius works out the properties of the 
conics in the most general way with reference to a diameter 
which is not one of the principal diameters or axes, but in 
general has its ordinates obliquely inclined to it. The axes do 
not appear in his c.xposition till much later, after it has been 
shown that each conic has the same property with reference 
to any diameter as it has with reference to the original 
diameter arising out of the construction ; the axes then appear 
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as particular cases of the new diameter of reference, me 
three sections, the parabola, hyperbola, and ellipse are made 
in the manner shown in the figures. In each case they pass 


A 




through a straight line DE in the plane of the base which 
is at right angles to BC, the base of the axial triangle, or 
to BC produced. The diameter PM is in the case of the 
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parabola parallel to AC ; in the case of the hyperbola it meets 
the other half of the double cone in P' ; and in the case of the 
ellipse it meets the corie itself again in P'. We draw, in 



the cases of the hyperbola and ellipse, AF parallel to PM 
to meet BC or BC produced in F. 

Apollonius (‘xpresses the properties of the three curves by 
means of a cca'tain straight line PJ^ drawn at right angles 
to in the plane of the section. 

In the case of the parabola, PL is taken such that 

PA: PA = BiP-.BA.AC) 

and in the case of the hyperbola and ellipse such that 
PL:PP'= BF.FC:AF\ 

In the latter two cases we join P'L, and then dr 
parallel to PL to meet P'X, produced if necessary, in h. 

If UK be drawn throxigh V parallel to BC and meeting 
AB, AC in II, K respectively, UK is the diameter of the circular 
section of the cone made by a plane parallel to the base. 

Therefore QV^ = 11 V. VK. 

Then (1) for the parabola we have, by parallels and similar 
triajigles, 

HV:PV= BC:CA, 
and irK:PA = BC-.BA, 
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Therefore QV^.FV .PA HV . VK : PV. PA 

= BG‘^:BA.AC 
= PL: PA, by liypothesis, 

= PL.PV:PV.PA, 

whence QV‘^ ^ PL . PV. 

(2) In the case of the hyperbola and ellipse, 

J/V:PV=BF:FA, 

VK:J^V=FO:AF. 

Therefore QV‘^ : PV. P'V = PV . VK : PV. P'V 

= BF.FC-.AF^ 

= PJj : PP', by hypothesis, 

= RV.P'V 
= PV. VR.PV.P'V, 
whence QV‘^ = PV.VR. 

New names, ‘ 2 >araJjola’, ‘elli'pse’, ‘hyperbola’. 

Accordingly, in the case of the parabola, the square of the 
ordinate (QV'^) is equal to the rectangle applied to PL and 
with width equal to the abscissa {PV)] 

in the case of the hyperbola the rectangle applied to PL 
which is equal to QV^ and has its width equal to the abscissa 
PV overlaps or exceeds (vTrep^dWei) by the small rectangle LR 
which is similar and similarly situated to the rectangle con- 
tained by PL, PP ' ; 

in the case of the ellipse the corresponding rectangle falls 
short (eXXeiirei) by a rectangle similar and similarly situated 
to the rectangle contained by PL, PP'. 

Here then we have the properties of the three curves 
expressed in the precise language of the Pythagorean applica- 
tion of areas, and the curves are named accordingly ; ^MTobola 
(napafioXirj) where the rectangle is exactly applied, hyperbola 
{{nrepfioXri) where it exceeds, and ellipse (eAAet^/rtf) where it 
falls short. 



THE CONIGS, BOOK I 


139 


PL Is called the latus rectum (opOia) or the parameter of 
the ordinates (rrap’ Svvavrai at Karayopevai Teraypevoas!) in 
each case. In the case of the central conics, the diameter PP' 
is the transverse (fj nXayta) or transverse diameter', while, 
even more commonly, Apollonius speaks of the diameter and 
the corresponding parametei’ together, calling the latter the 
latus rectum or erect side {opdta irXevpd) and the former 
the transverse side of the figure (ei5oy) on, or wp'plied to, the 
diameter. 

Fundamental properties etpiivalent to Cartesian equations. 

If ^ is the pai'ameter, and d the corresponding diameter, 
the properties of the curves ai’o the equivalent of the Cartesian 
equations, referi'ed to the diameter and the tangent at its 
extremity as axes (in general obli(jue), 

= px (the parabola), 

y^ = px + x~ (the hyperbola and ellipse respectively). 

'rhus Apollonius expresses the fundamental pi’operty of the 
central conics, like that of the parabola, as an equation 
between areas, whei’cas in Archimedes it appears as a 
propoi-tion 

y^-.{a'^±s^) = h-:a^, 

wliich, liowever, is equivalent to the Cartesian equation 
iHiferred to axes with the centre as origin. The latter pro- 
p(;rty with reference to the original «liameter is separately 
proved in I. 21, to the effect that varies as PV .P'V, as 
is really evident from the fact that : PV .P'V = PL : PP', 
seeing that PJj : PP' is constant for any fixed diameter PP'. 

Apollonius has a separate ])roposition (1. 14) to prove that 
the opposite branches of a hyperbola have the same diameter 
and equal lafera recta coi’responding thereto. As lie was the 
first to treat the double-branch hyperbola fully, he generally 
discusses the hyperbola (i.e. the single branch) along with 
the ellipse, and the opposites, as he calls the double-branch 
hyperbola, separately. The properties of the .single-branch 
hyperbola are, where possible, included in one enunciation 
with those of the ellipse and circle, the enunciation beginning. 
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‘ If in a hyperbola, an* ellipse, or the circumference of a circle ’ ; 
sometimes, however, the double-branch hyperbola and the 
ellipse come in one proposition, e.g. in I. 30: ‘If in an ellipse 
or the opposites (i. e. the double hyperbola) a straight line be 
drawn through the centre meeting the curve on both sides of 
the centre, it will be bisected at the centre.’ The property of 
conjugate diameterS in an ellipse is proved in relation to 
the original diameter of reference and its conjugate in I. 15, 
where it is shown that, if DD' is the diameter conjugate to 
P/" (i.e. the diameter drawn ordinate-wise to PP'), just as 
PP' bisects all chords parallel to DD', so DL/ bisects all chords 
parallel to PP' ; also, if DL' be drawn at right angles to DD' 
and such that DL' . DD' = PP'^ (or DL' is a thii’d proportional 
to Djy, PP'), then the ellipse has the same property in rela- 
tion to DD' as diameter and DL' as parameter tliat it has in 
relation to PP' as diameter and PL as the corresponding para- 
meter. Incidentally it appears that PL . PP' = DD'^, or PL is 
a third proportional to PP',DD', as indeed. is obvious from the 
property of the curve Q : PV. PV'= PL : PP' = DD'‘^ : PP'^. 
The next proposition, 1. 16, introduces the seconda'i'y diameter' 
of the double-branch hyperbola (i.e. the diameter conjugate to 
the transverse diameter of reference), which does not meet tlui 
curve; this diameter is defined as that sti-aight line drawn 
through the centre parallel to the ordinates of the transvei’se 
diameter which is bisected at the centi’e and is of length e((ual 
to the mean proportional between the ‘ sides of the figure 
i.e. the transverse diameter PP' and the corresponding para- 
meter PL. The centre is defined as the middle point of the 
diameter of reference, and it is proved that all other diameters 
are bisected at it ( 1 . 30). 

Props. 17-19, 22-9, 31-40 are propositions leading up to 
.and containing the tangent properties. On lines exactly like 
those of Eucl. III. 16 for the circle, Apollonius proves that, if 
a straight line is drawn through the vertex (i.e. the extremity 
of the diameter of reference) parallel to the ordinates to the 
diameter, it will fall outside the conic, and no other straight 
line can fall between the said straight line and the conic ; 
therefore the said straight line touches the conic (1.17, 32). 
Props. I. 33, 35 contain the property of the tangent at any 
point on the parabola, and Props. I. 34, 36 the property of 
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the tangent at any point of a central conic, in relation 
to the original diameter of reference ; if Q is the point of 
contact, QV the ordinate to the diameter 'through P, and 
if QT, the tangent at Q, meets the diameter produced in T, 
tlien (I) for the parabola PV = PT, and (2) for the central 
conic IP: TP' = PV : VP'. The method of proof is to take a 
point T on the diameter produced satisfying the respective 
relations, and to prove that, if TQ be joined and produced, 
any point on TQ on either side of Q is outside the curve : the 
form of proof is by reductio ad absiirdum, and in each 
case it is again proved that no other straight line can fall 
between 'TQ and the curve. The fundamental property 
'TP:TP' = PV:VP' for the central conic is then used to 
prove that CV. (IT = CP^ and QV'^ -.CV .VT = p:PP' (or 
(U)‘^: CP'^) and the corresponding pro])erties with refei’ence to 
the diameter DD' conjugat(i to PP' and r, t, the points where 
DD' is met by the ordinate to it from and by the tangent 
at respectively (Props. I. .37-40). 

Tra iisilioii to new diameter and taiujent at Its extremiti). 

An important section of the Hook follows ( 1 . 41-50), con- 
si.sting of ])ropositions leading up to what amounts to a trans- 
formation of coordinates from the original diameter and the 
tangent at its extrenuty to any diameter and the tangent at 
its extremity ; what Apollonius proves is of course that, if 
any other diameter be taken, the ordinate-property of the 
cOnic with referenci! to that diameter is of the same form as it 
is with reference to the original diameter. It is evident that 
this is vital to the exposition. The propositions leading up to 
the result in I. .50 are not usually given in our text-books of 
geometrical conics, but are u.seful and interesting. 

Suppose*, that the tangent at any jjoiut y meets the diameter 
of reference PV in 'T, and that the tangent at P meets the 
diameter through Q in E. Let It be any third point on 
the curve; let the ordinate RW ia PV meet the diameter 
tlirough y in and let RU parallel to the tangent at Q meet 
PV in U. Then * 

(1) in the parabola, tin*, triangle RUW = the parallelogram 
EW, and 
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(2) in tho liyperbola or ellipsci, A7i6rTy' = the difference 
between the triangles CFW and CPK. 

(1) In the parabola -.AQTV = RW^ 

= PW:PV 
= cnEW: CDEV. 

But, since TV ^2 PV, Ag7'K= O/iT; 
therefore MiUW = C3KW. 

(2) The proof of the proposition with reference to the 
central conic depends on a Lemma, proved in I. 41, to the effect 
that, if PX, VY be similar parallelograms on (77', CV as bases, 
and if VE be an eciuiangular parallelogram on QFas base and 
such that, if the ratio of (>P to the other side of PX is m, the 
ratio of to tlui other side of VZ is m .]} / PP', then VZ is 
equal to tlui difference betwetm FFand PX. The proof of the 
Lemma by Apollonius is difficult, but the truth of it can be 
easily seen thus. 

By the, property of the curve, (^F^ \CV-'^ CP^ = : PP' ; 

therefore C ^ . U V\ 

P 

Now CJPX= ji .('P"^ / m, where fi is a constant depending 
on the angle of the parallelogram. 

Similarly 

PP' 

O FF = . CV^m, and CJVZ = /m. 

It follows that O VY 'v CJPX = O VZ. 

Taking now the triangles CFW, <PE and RUW in the 
ellipse or hyperbola, we see that CFW, CPE are similar, and 
liUW has one angle (at IL) etiual or supplementary to the 
angles at 7' and F in tlu; other tw'^o triangles, while we have 

QV^:CV.VT = p:PP', 
whence QV:VT= (p : PP') . (CV: QV), 

and, by pai'aUels, 

77 r: WU = (p : PP') . (CP : PE). 
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Therefore RUW, CPE, GFW are the halves of parallelograms 
related as in the lemma ; 

therefore ^RUW = A CPE. 

The same property with reference to the diameter secondary 
to GPV is proved in I. 45. 

It is interesting to note the exact significance of the property 
thus proved for the central conic. The proposition, which is 
the foundation of Apollonius’s method of transformation of 
coordinates, amounts to this. If CP, CQ are fixed semi- 
diameters and R a variable point, the area of the (juadrilateral 
GFRU is constant for all positions of R on the conic. Suppose 
now that GP, GQ are taken as axes of x and y respectively. 
If we draw RX parallel to GQ to meet GP and RY parallel to 
GP to meet GQ, the proposition asserts that (subject to the 
proper convention as to sign) 

ARYF+C3GXRY+ ARXU=^ (const.). 

But since RX, RY, RF, RU are in fixed directions, 

ARYF varies as RY^ or CDGXRY as RX . RY or xy, 
and A RXU as RX‘^ or y^. 

Hence, if x, y arc the coordinates of R, 

<xx^ + Pxy + yy^ = A, 

which is the Cartesian equation of the conic referred to the 
centre as origin and any two diameters as axes. 

The properties so obtained are next used to prove that, 
if UR meets the curve again in R' and the diameter through 
Q in M, then RR' is bisected at M. (I. 46-8). 

Taking (1) the case of the parabola, we have, 

ARUIV = CJEIV, 

and AR'UW'= CJEW'. 

By subtraction, (RWW'R') = EJF'W, 

whence ARFM = AR'F'M, 

and, since the triangles are similar, RM — R'M. 

The same result is easily obtained for the central conic. 

It follows that EQ produced in the case of the parabola. 
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or CQ in the case of the central conic, bisects all chords as 
HR' parallel to the tangent at Q. Consequently EQ and CQ 
arc dmmeters of the respective conics. 

In order to refer the conic to the new diameter and the 
corresponding ordinates, we have only to determine the para- 
meter of those ordinates and to show that the property of the 
conic with reference to the new parameter and diameter is in 
the same form as that originally found. 

The pi’opositions I. 49, 50 do this, and show that the new 
parameter is in all the cases where (if 0 is the point of 
intersection of the tangents at I* and Q) 

OQ-.QE = p' :2QT. 

(1) In the case of the parabola, we have TR = PF = EQ, 
whence A EOQ = A POT. 

Add to each the figure POQF'W' ] 
therefore QT W'F' = Q EW' = A R'UW, 
whence, subtracting MUW' F' from both, we have 

A H'MF' = CJQU. 

Therefore R'M . MF' =2QT. QM. 

But R'M : MF' = OQ: QE = p' ’• 2Q'I\ by hypothesis ; 
therefore R'M'^ : R'M . MF' = p . QM ■.2QT. QM. 

And R'M . MF' = 2Q'T . Q}f, from above ; 
therefore R'M'^ = p' . QM, 

whicli is the de.sired property.* 

' The proposition that, in the case of the parabola, if p be the para- 
meter of the ordinates to the diameter through Q, then (see the first figure 
on p. 142) 

OQ:QE = p:2QT 

has an interesting application ; for it enables us to prove the proposition, 
assumed without proof by Archimedes (but not easy to prove otherwise), 
that, if in a parabola the diameter through P bisects the chord QQ^ in V, 
and QD is drawn perpendicular to PV, then 

QV^-.QD^ = p:p,, 
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(2) In the case of the central conic, we have 

AR'UW' = ACF'W' - AGPE. 

(Apollonius here assumes what he does not prove till III. 1, 
namely that AGPE = AGQT. This is proved thus. 

We have GV\ GT = GV^ : GP^ ; (I. 37, 39.) 

therefore , AGQV : AGQT = AGQV : AGPE, 

so that AGQT = AGPE.) 

Therefore A R'UW' = AGF'W' - AGQT, 

and it is easy to prove that in all cases 

AR'MF' = QTUM. 

Therefore R'M . J\IF' = QM{QT + MU). 

Let QL be drawn at riglit angles to GQ and equal to 
Join Q^£ and draw J/K parallel to QL to meet Q'L in K. 
Draw GH parallel to Q'L to meet QL in II and MK in E. 

Now R'M : MF' = OQ:QE 

— QL : 2QT, by hypothesis, 

= Qll : QT. 

But QT : MU = GQ : GM = QII : ME, 
so that {QII+ ME) : {QT + MU) = Qll :QT 

= R'M : MF', from above. 

where is the parameter of the principal ordinates and p the para- 
meter of the ordinates to the diameter 
PV. , 

If the tangent at the vertex A meets 
FP produced in E, and PT, the tangent 
at P, in 0, the proposition of Apollonius 
proves that 

0P:PE = p:2PT. 

But OP=-iPT; 

therefore PT* = p . PE 

= p.AN. 

QV^ : QD^ = PT ^ : PN*, by similar triangles, 

= p . AN : Pa . AN 
= P-Pa- 


a 



Thus 
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It follows that 

QMiQH + MN ) : QM{QT+ MU) = IV : R'M . MF ' ; 
but, from above, QM{QT+MU) = R'M . MF' •, 
therefore R'M'^ = (iM{Qn-\-MN) 

= QM.MK, 

which is the desired property. 

In the case of the hyperbola, the same property is true for 
the opposite branch. 

These important propositions show that the ordinate projierty 
of tlui three conics is of the same form whatever diameter is 
taken as the diameter of reference. It is therefore a matter 
of indiff(U*ence to which ])articular diameter and ordinates the 
conic is referred. Tliis is stated by Apollonius in a summary 
which follows I. .TO. 

First (i 2 >i>e(ir(mce of principal axes. 

The axes appear for the first time in the propositions next 
following (I. 52-8), where Apollonius shows how to construct 
each of the conics, given in each case (1) a diameter, (2) the 
length of the corresponding parameter, and (3) the inclination 
of the ordinates to the diameter. In each case Apollonius 
first assumes the angle between the ordinates and the diameter 
to be a right angle ; then he reduces the case where the angle 
is obli(]ue to the cjise where it is right by his method of trans- 
formation of coordinates; i.e. from the given diameter and 
parameter he^im/s the axis of the conic and the length of the 
corresponding parameter, and he then constructs the conic as 
in the first case where the ordinates are at right angles to the 
diameter. Here then we have a case of the proof of existence 
by means of comtrvction. The conic is in each case con- 
structed by finding the cone of which the given conic is a 
section. The problem of finding the axis of a parabola and 
the centre and the axes of a central conic when the conic (and 
not merely the [elements, as here) is given comes later (in II. 
44-7), where it is also proved (11. 48) that no central conic 
can have more than two axes. 
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It has been my object, by means of the above detailed 
account of Book I, to show not merely what results ai’e 
obtained by Apollonius, but the way in which he went to 
work ; and it will have been realized how entirely scientific 
and general the method is. When the foundation is thus laid, 
and the fundamental properties established, Apollonius is able 
to develop the rest of the subject on lines more sinnlar to 
those followed in our text-books. My description of the rest 
of the work can therefore for the most part be confined to a 
summary of the contents. 

Book II begins with a section devoted to the properties of 
the asymptotes. They are constructed in II. 1 in this way. 
Beginning, as usual, with any diameter of reference and the 
corresponding parameter and inclination of ordinates, Apol- 
lonius draws at P the vertex (the extremity of the diamctei’) 
a tangent to the hyperbola and sets olf along it lengths PIj, PL' 
on either side of P such that PJ/=PL'‘^=^ p . PP' [ = GD‘^j, 
where p is the parameter. He then proves that ('L, (!!/ pro- 
duced will not meet the curve in any finite point and are tluire- 
fore asymptotes. II. 2 proves further that no straight line 
through G within the angle l)etween the asymptotes can itself 
be an asymptote. II. 3 proves that the intercept made by the 
asymptotes on the tangent at any point P is bisected at P, and 
that the square on each half of the intercept is equal to one- 
fourth of the ‘ figure ’ corresponding to the diameter through 
P (i.e. one-fourth of the rectangle contained by the ‘ erect ’ 
side, the latus rectum or parameter corresponding to the 
diameter, and the diameter itself) ; this property is used as a 
means of drawing a hyperbola when the asymptotes and one 
point on the curve are given (II. 4). II. 5-7 are propositions 
about a tangent at the extremity of a diameter being parallel 
to the chords bisected by it. Apollonius returns to the 
asymptotes in II. 8, and II. 8-14 give the other ordinary 
properties with reference to the asymptotes (II. 9 is a con- 
verse of II. 3), the equality of the intercepts between the 
asymptotes and the curve of any chord (II. 8), the equality of 
the rectangle contained by the distances between either point 
in which the chord meets the curve and the points of inter- 
section with the asymptotes to the square on the parallel 
semi-diameter (II. 10), the latter property with reference to 
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the portions of the asymptotes which include between them 
a branch of the conjugate hyperbola (II. 11), the constancy of 
the rectangle contained by the straight lines drawn from any’ 
point of the curve in fixed directions to meet the asymptotes 
(equivalent to the Cartesian equation with reference to the 
asymptotes, xy — const.) (II. 1 2), and the fact that the curve 
and the asymptotes proceed to infinity and approach con- 
tinually nearer to one another, so that the distance separating 
them can be made smaller than any given length (II. 14). II. 1 5 
proves that the two opposite branches of a hyperlx)la have the 
same asymptotes and II. 16 proves for the chord connecting 
points on two branches the pi'operty of II. 8. II. 1 7 shows that 
‘ conjugate opposites ’ (two conjugate double-branch hyper- 
bolas) have the same asymptotes. Propositions follow about 
conjugate hyperbolas; any tangent to the conjugate hyper- 
bola will meet both branches of the original hyperbola 
and will be bisected at the point of contact (II. 19); if Q be 
any point on a hyperbola, and CE parallel to the tangent 
at 0 meets the conjugate hyperbola in E, the tangent at 
E will be parallel to CQ and CQ, CE will be conjugate 
diameters (II. 20), while the tangents at Q, E will meet on one 
of the asymptotes (II. 21) ; if a chord Qq in one branch of 
a hyperbola meet the asymptotes in R, r and the conjugate 
hyperbola in Q', q', then Q'Q.Q(i' = 2(0)'^ (II. 23). Of the 
rest of the pi-opositions in this part of the Book the following 
may be mentioned : if TQ, TQ' are two tangents to a conic 
and V is the middle point of QQ', TP" is a diameter (II. 29, 
30, 38) ; if tQ, IQ' be tangents to opposite branches of a hyper- 
bola, RR' the chord thrtnigh t parallel to QQ', v the middle 
point of QQ', then vR, vR' are tangents to the hyperbola 
(II. 40) ; in a conic, or a circle, or in conjugate hyperbolas, if 
two chords not passing tlu’ough the centre intersect, they do not 
bisect each other (II. 26, 41, 42). II. 44-7 show how to find 
a diameter of a conic and the centre of a central conic, the 
axis of a parabola and the a.xcs of a central conic. The Book 
concludes with problems of dmwing tangents to conics in 
certain ways, through any point on or outside the curve 
(II. 49), making with the axis an angle equal to a given acute 
angle (II. 50), making a given angle with the diameter through 
the point of contact (II. 51, 53) ; II. 52 contains a Siopia/ios for 
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the last problem, proving that, if the tangent to an ellipse at 
any point P meets the major axis in T, the angle CPT is not 
greater than the angle ABA', where B is one extremity of the 
minor axis. 

Book III begins with a series of propositions about the 
equality of certain areas, propositions of the same kind as, and 
easily derived from, the propositions (I. 41-50) by means of 
which, as already shown, the transformation of coordinates is 
effected. We have first the proposition that, if the tangents 
at any points P, Q of a conic meet in 0, and if tliey meet 
the diameters through Q, P respectively in E, T, then 
AOPT — AOQE (III. 1,4); and, if P, Q be points on adjacent 
branches of conjugate hyperbolas, AOPE = ACQT (III. 13). 
With the same notation, if R be any other point on the conic, 
and if we draw RU pai*allel to the tangent at Q meeting the 
diameter through P in U and the diameter ^hrough Q in M, 
and RW parallel to the tangent at P meeting QT in 11 and 
the diameters through Q, P in P, W, then AHQF = quadri- 
lateral HTUR (III. 2. 6); this is proved at once from the fact 
that ARMF — quadrilateral QTUM (see I. 49, 50, or pp, 145-6 
above) by subtracting or adding the area HRMQ on each 
side. Next take any other point R', and draw R'U', F'H'R'W' 
in the same way as before ; it is then proved that, if RU, R'W' 
meet in 1 and R'TJ',RWiix J,the quadrilaterals F'lRF, / U U'R' 
are equal, and also the quadrilaterals FJR'F', JU'UR (III. 3, 
7, 9, 10). The proof varies acconling to the actual positions 
of the points in the figures. 

In Figs. 1, 2 AHFQ = quadrilateral HTUR, 

AH'F'Q = H'TU'R'. 

By subtraction, FHH'F'= 1UU'R' + {II1) ; 
whence, if IH be added or subtracted, F'lRF = lUU'R', 
and again, if IJ be added to both, FJR'F' = JU'UR. 

In Fig. 3 AR'U'W' = ACF'W'-AGQ'T, 


so that 


ACQT = CU'R'F'. 
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Adding the quadrilateral CF'H'T, we have 

= H'TU'R', 

and similarly AHFQ = HTUR. 

By subtraction, F'H'HF = H'TU'R' -IITUR. 

Adding H'lRH to each side, we have 
F'lRF^IUlT'R'. 

If each of these quadrilaterals is subtracted from IJ, 
FJR’F' = JU'UR. 

The corresponding results are proved in III. 5, 11, 12, 14 
for the case where the ordinates through RR' are drawn to 
a secondary diameter, and in III. 15 for tlie case where P, Q 
are on the original hyperbola and R, R' on the conjugate 
hyperbola. 

The importance of these propositions lies in the fact that 
they are immediately used to prove the well-known theorems 
about the rectangles contained by the segments of intersecting 
chords and the harmonic properties of the pole and 2 )olar. 
The former question is dealt with in III. 16-2.3, which give 
a great variety of particular cases. We will give tluf i)roof 
of one case, to the effect that, if OP, OQ be two tangents 
to any conic and Rr, R'r' be any two chords j)arallel to 
them respectively and intersecting in J, an internal or external 
point, 

then RJ. Jr : R'J . Jr' = 01^ : OQ^ = (const.). 

We have 

RJ . Jr = RW^ ^ JW\ and RW^ -.JW^ = ARUW: AJU'W; 
therefore 

RJ . Jr : RW^ = (RW 2 JW^) : RW^ = JU'UR : ARUW. 
But RW^ : 01^ = ARUW: AOPT ; 

therefore, ex aequali, RJ, Jr : OP'^ = JU'UR : A OPT. 
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Similarly R'M '^ : JM'^ = AR'F'M' : AJFM', 
whence R'J . Jr ' : R'M' * := FJR'F ' : A R'F'M'. 

But R'M''^ : 0Q2 = A R'F'M' : A OQE ; 

therefore, ex aequuli, R'J . Jr' : OQ^ = FJR'F' : AO(^J, 

It follows, since FJR'F' = JCT'C/-/?, and AOFT = AOQF, 
that RJ . Jr : OP^ = R'J . Jr' : 0Q‘\ 

or RJ . Jr : R'J . Jr' = 01^ : 0Q\ 

If we had taken chords R)\, R'r^' parallel respectively to 
OQ, OP and intersectin}^ in 7, an internal or external point, 
we should havt> in like manner 

Rl . Tr, : R'T . Tr,' = : 01'^. 

As a particulai' case, if PP' he a diameter, and Rr, R'r' he 
chords parallel respc'ctively to the tangent at P and tlie 
diameter PP' and intex'seeting in 1, tlien (as is sepai'ately 
proved) 

RT . Ir : R'l . Tr' = p : PP'. 

Tlu! corresponding results air provc'il in the eases wheir cei’tain 
of the points lie on the conjugate hypc'i’hola. 

The six following proixisitions ahout the se'gments of int(*i'- 
secting ehoi'ds (III. 24-9) refer to two chords in conjugate 
hypcii’holas or in an (‘llipse di'awn paralh‘1 i-ispeetively to two 
ceaijugate'. diameters J‘P', 1)1)', and thi' I’e.sults in modt'i’n foian 
an; pex'haps worth (pxoting. If Rr, R'r' he two ehoixls so 
drawn aiul intei-serting in 0, then 

(a) in the conjugate hypei'holas 

RO . Or R'O . Or' „ 

C7'- - CD'^ 

and . (RO'^ + Or^) : ( R'O^ + Or'*) = CP ^ : ( /T)* ; 

(h) in the ellipse 

/eO* + Or* iJ'0* + 0r'*_ 

“OP* ^ 00* 
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The general propositions containing the harmonic properties 
of the pole and polar of a conic are III. 37 - 40 , which prove 
that in any conic, if TQ, Tq be tangents, and if Qq the chord 
of contact be bisected in V, then 

(1) if any straight line through T meet the conic in R', R and 
Qq in /, then (Fig. 1) RT : TR' = RI -. TR' - 

H 



(2) if any straight line through V meet tlxe conic in R, R' aVnl 
the parallel through T to Qq in 0, then (Fig. 2) 

no ; OR' = RV: VR'. 



The above figures represent theorem (1) for the parabola and 
theorem (2) for the ellipse. 
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To prove (1) wc have 

in ^ : lE^ = H :Q1E= A JI'F'Q : A IIFQ = II'TU'R ' ; IITUR 

(III. 2, 3, &c.). 

Also R'T^ : TE^ = E'U'-^ : UE^ = AR'U'W' : ARUW, 
and. E'T : TE- = TW ''^ : TW‘^ = ATH'W ' : ATHW, 
so that R'T - : TiJ- = ATH'W' - AE'tT'lf' : A27/F ^ ARUW 
= IF'TU'R' : IITUR 
= R' I - : /iJ-, from above. 

To prove (2) we liave 

RV-.VR'- = RU'^: R'U'- = ARUW: AR'U'W', 

and also 

= 7/Q2 : Qin = A IIFQ : AJI'F'Q = II'TUR * : II'TU'R', 

so that 

RV - : VR'^ = IITUR + A RUW: II'TU'R' + Aii'E/’Or 
= A27/ir: AT/ZOr 
= 2’IP:Tir'- 
= R(y-:()R'\ 

Props. 111. 30-6 deal .sepai’ately with the particular cases 
in which (ft) the transversal is parallel to an asymptote of the 
hyperbola or {h) the chord of contact is parallel to an asymp- 
tote, i.e. where one of the tangents is an asymptote, which is 
the tangent at infinity. 

Next we have propositions al)Out intercepts made by two 
tangents on a third : If the tangents at three points of a 
parabola form a triangle, all three tangents will be cut by the 
points of contact in the same proportion (III. 41); if the tan- 
gents at the extremities of a diameter PP' of a central conic 
are cut in t, t' by any other tangent, Pr . Er' = GD"^ (III. 42) ; 
if the tangents at P, Q to a hyperbola meet the asymptotes in 

* Where a quadrilateral, as HTVIi in the figure, is a cross-quadri- 
lateral, the area is of course the ditt'erence between the two triangles 
which it forms, as H2W^ RUW. 
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L, U and M, M' respectively, then I/M, LM' &ve both parallel 
to PQ (III. 44). 

The first of these propositions asserts that, if the tangents at 
three points P, Q, R oi a. parabola form a triangle then 

Pr : rq = rQ : Qp = qp : pR. 

From this property it is easy to deduce the Cartesian 
equation of a parabola referred to two fixed tangents as 
coordinate axes. Taking qR, qP as fixed coordinate axes, we 
find the locus of Q thus. Let x, y be the cooi'dinates of Q. 
Then, if 5 ^} = x^, qr — y^, qR = h, qP = k, we liave 

x_ ^ ^ ^ ^ 

<4p y Vx h-x^’ 

From these equations we derive 

= hx, = ky, 

also, since — = s we have — + ~ = 1. 

« Vx-y 3/1 

By substituting for a?j, y^ the values -/ {hx), ■/ {ky) we 
obtain 



The focal properties of central conics arci proved in 
III. 46-52 without any reference to the directrix ; there is 
no mention of the focus of a parabola. The foci are calhsl 
‘ the points arising out of the application ’ (ra «/c Trapa- 
poXrjs yipop^va a-ypeia), the meaning being that *S', *S" an; taken 
on the axis AA' such that A 6 '.)SA' = AH' .1^' A' — ^p,^.AA' 
or CB^, that is, in the phra.seology of application of ariias, 
a rectangle is applied to AA' as base equal to onc-fourtli 
part of the ‘figure’, and in the case of the hyperbola ex- 
ceeding, but in the ca.se of the ellipse falling short, by a 
square figure. The foci being thus found, it is proved that, 
if the tangents Ar, A'r' at the extremities of the axis are met 
by the tangent at any point P in r, r' respectively, rr' .subtends 
a right angle at H, H', and the angles rr'H, A'r'S' are equal, as 
also are the angles r'rH', ArH (III. 45, 46). It is next shown 
that, if 0 be the intersection of rH', r'H, then OP is perpen- 
dicular to the tangent at P (III. 47). These propositions are 
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used to prove that the focal distances of P make equal angles 
with the tangent at P (III. 48). In III. 49-62 follow the 
other ordinary properties, that, if SY be perpendicular to 
the tangent at P, the locus of F is the circle on A A' as 
diameter, that the lines from C drawn parallel to the focal 
distances to meet the tongcnt at P are equal to CA, and that 
the sum or difference of the focal distances of any point is 
equal to A A'. 

The last propositions of Book III are of use’with reference 
to the locus with respect to three or four lines. They are as 
follows. 

1 . If PP' be a diameter of a central conic, and if PQ, P'Q 
drawn to any other point Q of the conic meed the tangents at 
P', P in R', It respectively, then PR.l^R' = 4 PP 2 (m, 53 ). 

2 . If TQ, TQ' be two tangents to a conic, V the middle point 
of QQ', P the point of contact of the tangent parallel to QQ', 
and It any other point on the conic, let Qr parallel to TQ' 
meet Q'lt in r, and Q' r' parallel to TQ meet QH in / ; then 

Qr . Q'P : QQ'- = (PV - : PT^) . {'TQ . 'TQ': QV% (III. 54, 56.) 

.3. If the tangents arc^ tangents to opposite branches of a 
hyperbola and meet in /, and if It, r, r' are taken as before, 
while Iq is half the chord through t parallel to QQ', then 

Qr . Q'r ' : Qtp = IQ . tQ ' : tq\ (III. 55.) 

The second of these propositions leads at once to the three- 
line locus, and from this we easily obtain the Cartesian 
equation to a conic with refere.nct! to two fixed tangents as 
axes, where the lengths of the tangemts ai'e h, k, viz. 



Book IV is on the whole dull, and nceil not be noticed at 
length. Props. 1-23 prove the converse of the propositions in 
Book III about the hannonic pi’operties of the pole and polar 
for a large number of paidicular cabes. One of the proposi- 
tions (IV. 9) gives a method of drawing two tangents to 
a conic from an external point T. Draw any two straight 
lines through 'T cutting the conic in Q, Q' and in R, R' respec- 
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tively. Take 0 on QQ' and O' on RR' so that TQ', TR' are 
harmonically divided. The intersections of 00' produced with 
the conic give the two points of contact required. 

The remainder of the Book (IV. 24 - 57 ) deals with intersecting 
conics, and the number of points in which, in particular cases, 
they can intersect or touch. IV. 24 proves that no two conics 
can meet in such a way that part of one of them is common 
to both, while the rest is not. The i^est of the propositions 
can be* divided into five groups, three of which can be brought 
under one general enunciation. Group I con-sists of particular 
cases depending on the more elementary considerations affect- 
ing conics : e.g. two conics having their concavities in oppo- 
site directions will not meet in more than two points (IV. 35 ); 
if a conic meet one branch of a hyperbola, it will not meet 
the other branch in more points than two (IV. 37 ); a conic 
touching one branch of a hyperbola with its concave side 
will not meet the opposite branch (IV. 39 ). IV. 36 , 41 , 42 , 45 , 
54 belong to this group. Gro\ip II contains p)‘opositions 
(IV. 25 , 38 , 43 , 44 , 46 , 55 ) .showing that no two conics 
(including in the term the double-branch hyperbola) can 
intersect in more than four points. Group III (IV. 26 , 4 7 ,, 48 , 
49 , 50 , 56 ) are particular cases of the proposition that two 
conics which toxxch at one point cannot intersect at mons than 
two other points. Group IV (IV. 27 , 28 , 29 , 40 , 51 , 52 , 53 , 57 ) 
are cases of the proposition that no two conics which touch 
each other at two points can intersect at any other point. 
Group V consists of propositions about double contact. A 
parabola cannot touch another parabola in more points tlian 
one (IV. 30 ); this follows from the property TR = RV. A 
parabola, if it fall outside a hyperbola, cannot have; double 
contact with it (IV. 31 ); it is shown that for the hyperbola 
PV>P'r, while for the parabola R'V = P'T; therefore the 
hyperbola would fall outside the parabola, which is impossible. 
A parabola cannot have internal double contact with an ellipse 
or circle (IV. 32 ). A hyperbola cannot have double contact 
with another hyperbola having the same centre (IV. 33 ) ; 
proved by means of GV. CT = GP^. If an ellipse have double 
contact with an ellipse or a circle, the chord of contact will 
pass through the centre (IV. 34 ). 

Book V is of an entirely different order, indeed it is the 
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most remarkaV)le of the extant Books. It deals with normals 
to conics regarded as maximum and minimum straight linos 
drawn from particular points to the curve. Included in it are 
a series of propositions which, though worked out by the 
purest geometrical methods, actually load immediately to the 
determination of the evolute of each of the three conics ; that 
is to say, the Cartesian equations to the eyolutes can he easily 
deduced from the results obtained by Apollonius. There can 
be no doubt that the Book is almost wholly original, and it is 
a veritable geometrical tour deforce. 

Apollonius in this Book considers various points and classes 
of points with reference’, to the; maximum or minimum straight 
lines which it is possible to draw from them to the conics, 
i.c. as the feet of normals to the curve. He leegins naturally 
with points on the axis, and he takes first the point E where 
AE measui'(!d along the axis from the vertex A is \p, p being 
the principal parameter. I’lui first thre'e ])ropositions prove 
generally and for certain particular caseis that, if in an ellipse 
or a hyperbola AM bo drawn at right angles to A A' and equal 
to ^ />, and if CM jne(jt the ordinate /’iV of any point of the 
curve in J/, then = 2 (<iuiulrilateral MANll ) ; this is a 
lemma used in the proofs of later propositions, V. 5, 6, &c. 
Next, in V. 4, /), 6, he proves that, if AE = | then AE is the 
minimum straight line from E to thi^ curve, and if P be any 
other point on it, PE increases as P moves farther away from 
A on either side ; he proves in bict that, if PN be the ordinate 
from P, 

(1) in the case of the parabola PE'^ = AE^ + AN“, 

(2) in the ca.se of the hyperbola or ellipse 

PE^ = AE^ + Am . , 

where of course p — BB'^/AA',&m\ therefore {AA' + p) / A A' 
is eqixivalent to what we call the square of the eccentricity. 
It is also proved that EA' is the maximum straight line from 
E to the curve. It is next proved that, if 0 be any point on 
the axis between A and E, OA is the minimum sh’aight line 
from 0 to the curve and, if P is any other point on the curve, 
OP increases as P moves farther from A (V, 7). 
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Next Apollonius takes points G on the axis at a distance 
from A {greater than and he proves that the viinimum 
straight line from G to the curve (i.e. the normal) is GP, 
where P is such a point that 

(1) in the case of the parabola NG = 

(2) in the ctise of the central conic A(r :GN = p:AA'\ 

and, if P' is any otlier point on tlie conic, P'G increases as P' 
moves away from P on cither side ; this is prov(;d hy show- 
ing that 

(1) for the parabola PTP = PG^ + NN '‘^ ; 

(2) for the central conic P'G'^ = PG'^ + AiV'“ . • 

' AA 





As these propositions contain the fundamental properties of 
the subnormals, it is worth while to reproduce Apollonius’s 
proofs. • 

( 1 ) In the parabola, if G be any point on the axis such that 
AG > measure GN towards A equal to ^2^- 
the ordinate through A, P' any other point on the curve. 
Then shall PG be the minimum line from G to the curve, &c. 
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We have P'N'^ = p . AN' = 2 NG. AN ' ; 
and N'G^ = NN'^ + NG^ ±2NG. NN', 

according to the position of N'. 

Therefore P'G^ = 2 NG. AN + NG^ + NN''^ 

= PiV2 + W + iViV'^ 

= PG‘^ + NN'-^; 
and the proposition is proved. 

(2) In tlie case of the central conic, take G on the axis such 
that AG > \p, and measure GN towards A such that 

NG-.CN = p-.AA'. 

Draw the ordinate PN through N, and also the ordinate l^N' 
from any othci’ point 1^'. 

We have first to prove the lemma (V. 1, 2, 3) that, if AMh& 
drawn perpendicular to A A' and equal to ^p, and if CM, 
produced if necessary, meet PN in H, then 

PN- = 2 (quadrilateral MANll). 

This is easy, for, if AL{— 2 AM) he the parameter, and A'L 
meet PN in R, then, by the property of the curve, 

PN- = AN. NR 

= AN {Nil + AM) 

— 2 ((juadrilateral MANll). 

Let OH, produced if necessary, meet P'N' in 11'. From H 
draw HI perpendicular to P'H'. 

Now, since, by hypothesis, NG : ('N = p : A A' 

= AM:AC 

= 11N:NG, 

Nil = NG, whence also ll'N' = N'G. 

Therefore NG^ = 2 AUNG, N'G^ = 2 All' N'G. 

And PJV'-' = 2(il/AA70; 

therefore PG'^ = NG^ + PN'’ = 2 {AMHG). 
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Similarly, if CM meets P'N' in K, 

P'G^ = N'G^ + P'N'^ 

= 2 AH'N'G + 2{AMKN') 
= 2(AMHG) + 2AHH'K. 
Therefore, by subtraction, 

P'G^-PG^ = 2AHll'K 

= HI.{H'I± IK) 
= HI.{HT± IK) 

_ CA+AM 
• CA 


= NN'K 


AA' ±p 

~rA~'' 


which proves the proposition. 

If 0 be any point on PG, OP is the minimum straij^ht line 
from 0 to the curve, and OP' increases as P' moves away from 
P on either side; this is proved in V. 12. (Since P'G > PG, 
L GPP' > Z GP'P ; therefore, a forlioi'i, L OPP' > L OP'P, 
and OP' > OP.) 

Apollonius next proves the corresponding propositions with 
reference to points on the miTior axis of an ellipse. If // be 
the parameter of the ordinates to the minor axis, 2 >'=-AA 
or \'p' — GA^/GB. If now E' be so biken that BE' = 
then BE' is the maximum straight line from E' to the curve 
and, if P be any other point on it, E'P dimini.shes as P moves 
farther from B on either side, and E'B' is the minimum 
straight line from E' to the curve. It is, in fact, proved that 

E'Bt^ — E'P^ = Bn^ . — ’ w'here Bn is the abscissa of P 

(V. 16-18). If 0 be any point on the minor axis such that 
BO > BE', then OB is the maximum straight line from 0 to 
the curve, &c. (V. 19). 

If gr be a point on the minor axis such that Bg > BG, but 
Bg< ^ p', and if Gn be measured towards B so that 

Gn : 7ig = BB ' : p', 

then n is the foot of the ordinates of two points P such that 
Pg is the Tnaximum straight line from g to the curve. Also, 
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if P' be any other point on it, P'g diminishes as P' moves 
farther from P on either side to B or B', and 






p'-BB' 

BB' 


or 


CA^-CB^ 

CB^ 


If 0 be any point on Pg produced beyond the minor axis, PO 
is the maximum straiglit line from 0 to the same part of the 
ellipse for which'Pgris a maximum, i.e. the semi-ellipse BPB', 
&c. (V. 20-2). 

In V. 23 it is proved that, if g is on the minor axis, and gP 
a maximum straight line to the curve, and if Pg meets AA' 
in G, then GP is the oninimum straight line from G to the 
curve ; this is proved by similar triangles. Only one normal 
can be drawn from any one point on a conic (V. 24-6). The 
normal at any point of a conic, whether regarded as a 
minimum straight line from G on the major axis or (in the 
case of the ellipse) as a maximum, straight line from g on the 
minor axis, is perpendicidar to the tangent at P (V. 27-30); 
in genei’al (1) if O be any point within a conic, and OP be 
a maximum or a minimum .straight line from 0 to the conic, 
the straight line through P ptu-pendicular to PO touches the 
conic, and (2) if O' any point on OP produced outside the 
conic, O'P is the minimum straight line from 0' to the conic, 
&c. (V. 31-1). 


Number of ihornuds from a point. 

We now conu' to propositions about two or more normals 
meeting at a point. If the normal at P meet the axis of 
a parabola or the axis A A' of a hyperbola or ellipse in G, the 
angle PGA increases as P or G moves farther away from A, 
but in the case of the hyperbola the angle will always be less 
than the complement of half the angle between the asymptotes. 
Two normals at points on the same side of AA' will meet on 
the opposite siile of that axis; and two normals at points on 
the same quadrant of an ellipse as AB will meet at a point 
within the angle ACB' (V. 35-40). In a parabola or an 
ellipse any normal PG will meet the curve again; in the 
hyperbola, (1) if AA' be not greater than p, no nonnal can 
meet the curve at a second point on the same branch, but 
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(2) if A A' > p, some normals will meet the same branch a^ain 
and others not (V. 41-3). 

If 1\ Pj Gg be normals at points on one side of the axis of 
a conic meeting in 0, and if 0 be joined to any other point P 
on the conic (it being further supposed in the case of the 
ellipse that all three lines 01\, OP^, OP cut the same half of 
the axis), then 

(1) OP cannot be a normal to the curve; 

(2) if OP meet the axis in K, and PG be the normal at P, AG 
is less or greater than A K according as P does or does not lie 
between Pj and P^. 

From this proposition it is proved that (1) three normals at 
points on one ejuadrant of an ellipse cannot meet at one point, 
and (2) four normals at points on one semi-ellipse bounded by 
the major axis cannot meet at one point (V. 44-8). 

In any conic, if M be any point on the axis such that AM 
is not greater than and if 0 be any point on the double 
ordinate through M, then no straight line drawn to any point 
on the curve on the other side of the axis fi*om 0 and meeting 
the axis between A and M can be a normal (V. 49, 50). 

Propositiom leadiiuj immediately to the determination 
of the evolute of a conic. 

These great propositions are V. 51, 52, to tlie following 
effect : 

If AM measured along the axis be greater than ^p (but in 
the case of the ellipse less than AG), and if MO be drawn per- 
pendicular to the axis, then a certain length (;y, say) can be 
assigned such that 

(а) if OM > y, no normal can be drawn through 0 wliich cuts 
the axis ; but, if OP be any straight line drawn to the curve 
cutting the axis in K, NK < NG, where PN is the ordinate 
and PG the normal at P ; 

(б) if Oilf = y, only one normal can be so drawn through 0, 
and, if OP be any other straight line drawn to the curve and 
cutting the axis in K, NK < NG, as before ; 

(c) if 0M<y, two normals can be so drawn through 0, and, if 
OP be any other straight line drawn to the curve, NK is 
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greater or less than NG according as OP is or is not inter- 
mediate between the two normals (V, 51, 52), 

The proofs are of course long and complicated. The length 
y is determined in tins way : 

(1) In the case of the parabola, measure MH towards the 
vertex e({ual to \p, and divi<le,4// atiV^, so tliat HN^ = 2N■^A. 
The length y is then taken such th.at 

where P^N■^^ is the ordinate passing through ; 

(2) In tlie case of tlie liyperbola and ellipse, we have 
AM so that CA -.AMkAA' .p ', therefore, if II be taken 
on AM such that (01 : IlM = AA' -.p, H will fall between A 
and M. 

Take two mean proportionals C'lY,, Cl between CA and (OI, 
and let PjiVj be the ordinate through 

The hiiigth y is then taken such that 

y : 1\I{^ = (CM : Mil ) . : ]S\C). 

In the case (h), where OM = y, 0 is the point of intersection 
of consecuti\'e normals, i. e. 0 is the centre of cui'vature at the 
point ]*] and, by considering the coordinates of 0 with reference 
to two coordinate axes, we can tlerive the Cartt'sian equations 
of the evolutes. E. g. (1) in the case of the parabola let the 
coordinate axes be the axis and the tangent at the vertex. 
Then AM = x, OM = y. Let p — ^a\ then 

HM — 2a, A\Jl = I (a: — 2a), and =\{x — 2a). 

But 1/2 : PiiY,2 ^ ; HM'\ by hypothesis, 

or 1/2 ; 4a . AN-^ = : 4a2 ; 

therefore «i/2 = AN■^ . N-^IP, 

— sV C*' 

or 27 ay^ = 4(£C — 2a)'*. 

(2) In the case of the hyperbola or ellipse we naturally take 
CA, CB as axes of x and y. The work is here rather more 
complicated, but there is no difficulty in obtaining, as the 
locus of 0, the curve 

(aa;)* + (%)* = (a 2 + 62 jS^ 
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The propositions V. 53, 54 are particular cases of the pre- 
ceding propositions. 

Construction of normals. 

The next section of the Book (V. 55-63) relates to the con- 
struction pf normals through various points according to their 
position within or without the conic and in relation to the 
axes. It is proved that one normal can be drawn through any 
internal point and through any external point which is not 
on the axis through the vertex A . In particular, if 0 is any 
point below the axis AA' ot an ellipse, and DM is perpen- 
dicular to A A', then, if AM>AC, one normal can always be 
drawn through 0 cutting the axis between A and C, but never 
more than one such normal (V. 55-7). The points on the 
curve at which the straight lines through 0 are normals are 
determined as the intersections of the conic with a certain 

rectangular hyperbola. The procedure 
of Apollonius is equivalent to the fol- 
lowing analytical method. Let AM be 
the axis of a conic, PGO one of the 
normals which passes through the given 
point 0, PN the ordinate at P ; and let 
OM be drawn perpendicular to the axis. 
Take as axes of coordinates the axes in the central conic and, 
in the case of the parabola, the axis and the tangent at the 
vertex. 

If then {x, y) be the coordinates of P and {x■^ , y^ those of 0 
we have y NO 

— 2/i ~ Xy^—x—NG 

Therefore (1) for the parabola 


JL = , 

-2/i x^-x~^y 


^y-{^x-hv)y-yi>l'p = o; 

(1) 

(2) in the ellipse or hyperbola 




^y (1 + - 2 ) -®i2/± ^-2/1® = 0- 

(2) 


The intersections of these rectangular hyperbolas respec- 




THE CONWS, BOOKS Y, VI 


167 


lively with the conics give the points at which tlie normals 
passing through 0 are normals. 

Pappus criticizes the use of tlie rectangular hyperbola in 
the case of the parp,bola as an unnecessary resort to a ‘ solid 
locus’; the meaning evidently is that the same points of 
intersection can be got by means of a certain circle taking 
the place of the rectangular hyperbola. We can, in fact, from 
the e(juation (1) above combined with = px, obtain the 
circle 

(.t;2 + a:-|y,7/ = 0. 


The Book concludes with other propositions about maxima 
and minima. In particular V. 68-71 compare the lengths of 
tangents TQ, TQ', where Q is nearer to the axis than Q'. 
V. 72, 74 compare the lengths of two normals from a point 
0 fi’om which only two can be <lrawn and the lengths of other 
straight lines from 0 to the curve; V. 75-7 compare the 
lengths of thrcse normals to an ellipse drawn from a point 
0 below the major axi.s, in relation to the lengths of other 
straight lines from 0 to the curve. 

Book VI is of much less interest. The first part (VI. 1-27) 
relates to equal (i.e. congruent) or similar conics and segments 
of conics ; it is naturally preceded by some definitions includ- 
ing those of ‘ e(pial ’ and ‘ similar ’ as applied to conics and 
segments of conics. Conics are saiil to be .similar if, the same 
number of ordinates being drawn to the axis at proportional 
distiinces IVom the vertices, all the ordinates are i’e.spectively 
proportional to the cori’esponding absci.s.sae. The definition of 
similar .segments is the same with diameter substituted for 
axis, and with tliii additional condition that the angles 
between the base and diameter in each are equal. Two 
parabolas are ecjual if the ordinates to a diameter in each are 
inclined to the respective diameters at equal angles and the 
corresponding parameters ai-e equal; two ellipses or hyper- 
bolas are equal if the ordinates to a diameter in each are 
e(iually inclined to the respective diameters and the diameters 
as well as the corresponding parameters are equal (VI. 1. 2). 
Hyperbolas or ellipses are similar when the ‘figure’ on a 
diameter of one is similar (instead of equal) to the ‘ figure ’ on 
a diameter of the other, and the ordinates to the diametei's in 
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each make equal angles with them ; all parabolas are similar 
(VI. 11, 12, 13). No conic of one of the three kinds (para- 
bolas, hyperbolas or ellipses) can be equal or similar to a conic 
of either of the other two kinds (VI. 3, 14, 15). Let QPQ', 
qpq' be two segments of similar conics in which QQ', qq' are 
the bases and PV,pfv are the diameters bisecting them ; then, 
if FT, pt be the tangents at P, p and meet the axes at T, t at 
equal dngles, and if PF : PT = pv : 2 )t, the segments are similar 
and similarly situated, and conversely (VI. 17, 18). If two 
ordinates be drawn to the axes of two parabolas, or the major or 
conjugate axes of two similar central conics, as PN, P'N' and 
pn,p'n' respectively, such that the ratios AN: an and AN': an' 
are each equal to the ratio of the respective latera recta, the 
segments PP', pp' will be similar ; also PP' will not be similar 
to any segment in the other conic cut off by two ordinates 
other than pn, p'n', and conversely (VI. 21, 22). If any cone 
be cut by two parallel planes making hyperbolic or elliptic 
sections, the sections will be similar but not ecjual (VI. 26, 27). 

The remainder of the Book consists of problems of con- 
struction; we are shown how in a given right cone to find 
a parabolic, hyperbolic or elliptic section ecjual to a given 
parabola, hyperbola or ellipse, subject in the case of the 
hyperbola to a certain Sioparpos or condition of possibility 
(VI. 28-30) ; also how to find a right cone similar to a given 
cone and containing a given parabola, hyperbola or ellipse as 
a section of it, subject again in the case of the hyperbola to 
a certain Siopia-fids (VI. 31-3). These problems recall the 
somewhat similar problems in I. 51-9. 

Book VII begins with three propo.sitions giving expressions 
for AP^ {— AN^ + PN^) in the same form as those for PN^ in 
the statement of the ordinary property. In the parabola AH 
is measured along the axis produced (i.e. in the opposite direc- 
tion to AN) and of length equal to the latus rectum, and it is 
proved that, for any point P, AP^ = AN .NH (VII. 1). In 
the case of the central conics A A' in divided at H, internally 
for the hyperbola and externally for the ellipse {AH being the 
segment adjacent to A) so that AH : A'H — p : AA' , where p 
is the parameter corresponding A A', ov p = BB'^ /AA', and 
it is proved that 


AP^ :AN.NH= A A': A'H. 
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The same is true if is the minor axis of an ellipse and p 
the corresponding parameter (VII. 2, 3). 

If AA' be divided at >//' as well as H (internally for the 
hyperbola and externally for the ellipse) so that 11 is adjacent 
to A and ir to A', and if A'H.AJl = AH': A'H' = A A' -.p, 
the lines AH, A' 11' (corresponding Ui p in the proportion) are 
called by Apollonius homoloijnea, and lie makes considerable 



use of tlie auxiliary points II, If' in later propositions from 
VII. G onwards. Meantime he proves two more propositions, 
which, like VJI. 1 3, are by way of lemmas. First, if CD bo 
tiu! .scmi-<liameter paralhd to the tangent at P to a central 
conic, an<l if the tangent meet the axis AA' in 1\ then 

P'P ^ : (W^ = NT : CK (VIL 4.) 

Draw AE, 'PF at right angles to t'A to meet CP, and let AE 
meet P'P in 0. 'J’hen, if p' be the parameter of the ordinates 
to CP, we have 

A 2>' : PT = OP : PE (I. 49, 50.) 

= PT:PF, 

-^p'.PF=P'r\ 

Pr - : CH^ = I ?/. PF: CP 

= PF : CP 
= NT:CN. 


Therefore 
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Secondly, Apollonius proves that, if FN be a principal 
ordinate in a parabola, p the principal parameter, p' the 
parameter of the ordinates to the diameter through P, tlien 
p'=p + 4:AN (VII. 5); this is proved by means of the same 
property as VII. 4, namely ^p ' : FT — OF : FE. 

Much use is made in the remainder of tlie Book of two 
points Q and M, where AQ is drawn parallel to the conjugate 
diameter GD to meet the curve in Q, and M is the foot of 
the principal ordinate at Q; since the diameter OF bisects 
both AA' and QA, it follows that A'Q is parallel to GF. 
Many ratios between functions of FF', DD' are expressed in 
terms of AM, A'M, MH, MU', AH, A'U,&c. The fii-st pro- 
positions of the Book proper (VII. 6, 7) prove, for iiistajice, 
that PP' 2 . jyjyz ^ 

For FT^-.GD^ = N'T: ON = AM-. A'M, by similar triangles. 

Also GP ^ : P'£^= A'Q ^ : A 

Therefore,, ex aequali, 

GP^ ; GD^ = {AM : A'M) x {A'Q^ : AQ^) 

= {AM-. A'M) X {A'Q^ -. A'M. MU') 

X {A'M. MU': AM. MH) x {AM. MU : AQ^) 

= {AM: A'M) X {AA': AH') x {A'M: AM) 

X {MU': MU) X {A'U : A A'), by aid of VII. 2, 3. 

Therefore PP'^ : DD'^ = MH' : MU. 

Next (VII. 8, 9, 10, 11) the following relations are proved, 
namely 

(1) AA'^-.{PF + DD'f=A'U.Mir-. {MU' ± V{MU.Mir)y\ 

(2) AA'^ -. PP' . PZy = A'U : V{MU . MU')^ 

(3) A A'2 : (PP'a + PP'2) = A'U : MH± MU'. 

The steps by which these results are obtained are as follows. 

First, A A'2 : PP'^ = A'U : MH' (a) 

= A'U.MH':MU'K 

(This is proved thus : 

AA'2:PP'2=OA2:CP2 

^GN.GT-.GF 
= A'M. A' A : A'Q\ 
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But A'Q'^:A'M.MH'= AA'.AH' (¥11.2,3) 

= AA':A'H 
= A'M.AA':A'M.A'H, 

so that, alternately, 

A'M. A A': A'q^ = A'M. A'H : A'M . MH' 

= A' 11 -.MW.) 

Next, PP '- : Dm = MR'-. MR, as above, (13) 

= M1P'^:MR.M1P, 

whence PP'-. DD' = MR': V{ MR . MU'), (y) 

and PP '^ : (PR + DU)'^ = MR '^ : { MR ' + V{MH . MR ') } ; 

(1) above follows from this relation and (cx) ex aequali; 

(2) follows from (a) and (y) ex aeqiudi, and (3) from (a) 
and (/3). 

We now obtain immediately the important proposition that 
PP''^ + DD"^ is constant, whatever be the position of P on an 
ellipse or hyperbola (the upper sij^n referrinjf to the ellipse), 
and is ecjual to AA'^ + (VII. 12, 13, 29, 30). 

For AA '- : BB'- = AA': A'R :AR = A'R : A'li, 

by construction : 

therefore AA''^: A A''^ + BB'‘^ = A'R : 7/7/' ; 

also, from (a) above, 

AA'^ :PF'^ = A'R: MU' - 
and, by means of (/3), 

pm : (Pm + DD'-^) = MR' : MR' + MR 
= MR': 1111'. 

Ex aequal i, from the last two relations, we have 
AA'^- : (Pm ± Diy-^) = A'R : HR' 

= AA''^: AA'^ + BB"^, from above, 
pp'i±DD'^ = AA'^±BB'\ 


whence 
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A number of other ratios are expressed in terms of the 
straight lines terminating at A, A', H, H', M, M' as follows 
(VII. 14-20). 

In the ellipse AA'^: PP'" ^ Dm = A' H . 2 CM, 

and in the hyperbola or ellipse (if p be the parameter of the 
ordinates to PP') 

AA'2 : f = A'H.MH': MH\ 

AA'^ : (PP' + pf = A'H . MU ' : {MH+ MH'f, 

AA'^ : PP' . p = A'H: MH, 

and AA '-^ : {PP'‘^+p^) = A' II . MH': (MIP^ + MH-). 

Apollonius is now in a position, by means of all tliesii 
relations, resting on the use of the auxiliary points H, H', M, 
to compare different functions of any conjugate diameters 
with the same functions of the axes, and to show how the 
former vary (by way of increase or diminution) as P moves 
away from A. The following is a list of the functions com- 
pared, where for brevity I shall use a, h to represent AA', HE' \ 
a', h' to represent PP', DD ' ; and p, p' to represent the para- 
meters of the ordinates to AA', PP' respectively. 

In a hyperbola, according as a > or < 6, a' > or < 6', and the 
ratio a':h' decreases or increases as P moves from A on 
either .side; also, if a = h, a'= h' (VII. 21-3); in an ellipse 
a:b > a' :h', and the latter ratio diminishes as P moves from 
A to P (VII. 24). 

In a hyperbola or ellipse a + b<a' + b', and a' + b' in the 
hyperbola increases continually as P moves farther from A, 
but in the ellipse increases till a', b' take the position of the 
equal conjugate diameters when it is a maximum (VII. 
25, 26). . 

In a hyperbola in which a, b are unequal, or in an ellipse, 
a'^b>a''*-b', and a' '^b' diminishes as P moves away fi’oin A, 
in the hyperbola continually, and in the ellipse till a', h' are 
the equal conjugate diameters (VII. 27). 

ab < a'b', and a'b' increases as P moves away from A, in the 
hyperbola continually, and in the ellipse till a', b' coincide with 
the equal conjugate diameters (VII. 28). 

. VII. 31 is the important proposition that, if PP', DH are 
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jonjugatc diameters in an ellipse or conjugate hyperlx)la8, and 
if the tangents at their extremities form the parallelogram 
LL'MM', then 

the parallelogram LL'MM' = rcct. AA' . DB'. 

The proof is interesting. Let the tangents at P, D respec- 
tively meet the major or transverse axis in T, 'P'. 

Now (by VII. 4) PT^ : CU^ = N'P : CN ; 
therefore 2 A CPT :2A'P'r)G= NT : ON. 



L 



But 2 A CPT :{GL) = PT : CD, 

= CP : DT', by similar triangles, 

= {CL):2A'r'DG. 

I’hat is, {CL) is a mean proportional between 2ACPT and 
2 at DC. 

Therefore, since \/{NT .GN) is a mean proportional between 
NT and GN, 
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2 ACPT: {GL) = V{GN. NT ) ; ON 

ft A 

= PN.^:GN (1. 37,39) 

GJi 

= PN.GT:GT.CN 

GA 

= 2AGPT:GA.GB-, 
therefore (GL) = GA . GB. 

The remaining propositions of tlie Book trace the variations 
of different functions of the conjugate diameters, distinguishing 
the maximum values, &c. The functions treated are the 
following : 

p', the parameter of the ordinates to PP' in the hyperbola, 
according as A A' is (1) not less thanp, the parameter corre- 
sponding to A A', (2) less than p but not less than ^ p, (3) less 
than ^p (VII. 33-5). 

PP'‘>'p', as compared with AA''^p in the hyperbola (VII. 36) 



or the ellipse (VII. 37). 

pp'+p' 

„ AA'+p in tlie hyperbola (VII. 

38-40) or the ellipse (VII. 41). 

pp'.p' 

„ AA' .p in the hyperbola (VII. 42) 
or the ellipse (VII. 43). 

pp'^+p'-^ 

„ AA''^-\-p^ in the hyperbola, accord- 

ing as (1) AA' m not less than 
p, or (2) AA' <p, but not 

less than ^{AA' pY, or (3) 
AA''^<UAA'^p>Y (VII.44-6). 


„ AA''^ + p^ in the ellipse, according 

as AA'^ is not greater, or is 
greater, than [AA' + (VII. 

47, 48). 

PP'2^/2 

„ AA''^ in the hyperbola, accord- 

ing as AA'> or <p (VII. 
49, 50). 

pp'2 ^ 

„ A A'*^ p^ or BB'^^piY in the ellipse, 
according as PP' > or < p' 
(VII. 51). 
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As we have said, Book VIII is lost. The nature of its 
contents can only bo conjectured from Apollonius’s own 
remark that it contained determinate conic problems for 
which Book VII waS useful, particularly in determining 
limits of possibility. Unfortunately, the lemmas of Pappus 
do not enable us to form any clearer idea. But it is probable 
enough that the Book contained a number of problems having 
for their object the finding of conjugate diameters in a given 
conic sucli that certain functions of their lengths have given 
values. It was on this assumption that Halley attempted 
a restoration of the Book. 

If it be thought that the above account of the Conics is 
dispi’oportionately long for a work of tliis kind, it must be 
remembered that the ti’eatisc is a great classic which deserves 
to be more known than it is. Wliat militates against its 
being read in its original form is the great extent of the 
exposition (it contains 387 separate propositions), due partly 
to the Grec'k habit of pi*oving particular cases of a general 
proposition separately from the proposition itself, but moi’e to 
the cumbrousness of the enunciations of complicated proposi- 
tions in general ttn-ms (without the help of letters to denote 
particular points) and to the (daboratencss of the Euclidean 
form, to which Apollonius adheres throughout. 

Other works by Apollonius. 

Pappus mentions and gives a short indication of the con- 
tents of six other works of Apollonius which formed part of the 
Treasury of A tialysis} Three of these should be mentioned 
in close connexion with the (ionics. 

(a) On Ihe Catting-off of o Ratio {\6yov dnorofiri), 
two Books. 

This work alone of the six mentioned has survived, and 
that only in the Arabic ; it was published in a Latin trans- 
lation by Edmund Halley in 1706. It deals with the general 
problem, ‘ Given two straight lines, parallel to one another or 
intersecting, and a fixed point on each line, to draw through 


Pappus, vii, pp. 640-8, 660-72. 
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a given point a straight line which shall cut off segments from 
each line {measured from the fixed points) bearing a given 
ratio to one another’ Thus, let A, i? be fixed points on the 
two given straight lines AG, BK, an& let 0 he the given 
point. It is required to draw through 0 a straight line 
cutting the given straight lines in points M, N respectively 


o 



such that AM is to BN in a given ratio. The two Books of 
the treatise discussed the various possible cases of this pro- 
blem which arise according to the relative positions of the 
given straight lines and points, and also the necessary condi- 
tions and limits of possibility in cases where a solution is not 
always possible. The first Book begins by supposing the 
given lines to be parallel, and discusses the different cases 
which arise ; Apollonius then passes to the cases in which tlie 
straight lines intersect, but one of the given points, A or B, is 
at the intersection of the two lines. Book 11 proceeds to the 
general case shown in the above figure, and first proves that 
the general case can be reduced to the case in Book 1 where 
one of the given points, A or B, is at the intersection of the 
two lines. The reduction is easy. For join OB meeting AG 
in B', and draw B'N' parallel to BN to meet OM in N'. 'i’hen 
the ratio B'N' : BN, being c(|ual to the ratio OB' : OB, is con- 
stant. Since, therefore, BN : Ailf is a given ratio, the ratio 
B'N' : AM is also given. 

Apollonius proceeds in all cases by the orthodox method of 
analysis and synthesis. Suppose the problem solved and 
OMN drawn through 0 in such a way that B'N': AM is a 
given ratio = A, say. 
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Draw OG parallel to BX or B'X' to meet AM in (J. Take 
D on AM such that 00 : AD = \ = B'X' : AiU. 

Then AM : AD = B'X' : 00 

= B'M: 0M-, 

therefore MD : AD = B'O : OM, 

or OM , MD = AD . B'O, a ffiven rechingle. 

Hence the problem is reduced to one of applying] to CD a 
rectanyle {OM. MD) eipial to a given rectangle {AD. B'O) hut 
falling t^hort hy a square jigm-e. In the case as drawn, what- 
ever he th(! value of A, tlu! solution is always possible because 
the given rectangle AD .( 'B' is always less than OA . A D, and 
therefort' always less than Jt'/)-; one of the positions of 
M falls between A and D bec.ausc CM . MD<(L\ . AD. 

Th(! proposition III. 41 of the Ottuh's aboift the intex’cepts 
made on two tangents to a parabola by a third tangent 
(pp. 155-G abo\'(‘) suggc'sts an obvious application of our pro- 
blem. VVe liad, with the notation of that proposition, 

Pr : rq = rQ ; Qp — qp : pB. 

Suppost^ that tlu' two tangents qP, qli are given as lixed 
tangents with their points of contact P, B. 'I'hen we can 
draw another tangtait if we can draw a straight line 
inhu’secting (jP.qB in such a Avay that I*r : rq = (ip: pB or 
:qr = qli: pB, i. e. qr : pB = Pq : qB (a constant ratio) : 
i.(*. we have to draw a straight line such that the intercept bj"^ 
it on qP measuri'd from q has a given ratio to the intercept 
by it on qli measurtsl from B. This is a particular case of 
our problem to which, as a matter of fact, Apollonius devotes 
special attention. In the anncxe<l ligure the letters have the 



same meaning us before, and N'M has to be drawn through 0 
such that B'N' : AM = A. In this case there are limits to 
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the value of X in order that the solution may be possible. 
Apollonius begins by stating the limiting case, saying that we 
obtain a solution in a special manner in the case where M is 
the middle point of CD, so that the rectangle CM . MD or 
GB' . AD has its maximum value. 

The corresponding limiting value of X is determined by 
finding the corresponding position of D or M. 

We have B'G : MD = Gm\ AD, as before, 

^B'M.MA- 


whence, since MD = CM, 

B'G:B'M = GM:MA 
= B'M: B'A, 

so that B'M^ = B'C.B'A. 

Thus M is found and therefore D also. 

According, therefore, as X is less or greater than the par- 
ticular value of 00 : AD thus determined, Apollonius finds no 
solution or two solutions. 

Further, we have » 

AD = B'A + B'G- {B'D + B'G) 

= B'A+B'G-2B'M 

= B'A + B'G- 2 y/B'A . B'G. 

If then we refer the various points to a system of co 
ordinates in which B'A, B'N' are the axes of x and y, and i) 
we denote 0 by (x, y) and the length B'A by h, 

X = 0G/AD = y/{h + x-2Vhx). 

If we suppose Apollonius to have used these results for tin 
parabola, he cannot have failed to observe tliat the limiting 
case described is that in which 0 is on the parabola, whil 
N'OM is the tangent at 0 ; for, as above, 

B'M : B'A = B'G : B'M = N'O : N'M, by parallels, 

so that B'A, N'M are divided at M, 0 I’espectively in the sam 
proportion. 
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Further, if we put for X the ratio Ijetween the lengths of the 
two fixed tangents, then if h, k be those lengths, 


y 

k h-{-x — 2‘</hx 
which can easily be reduced to 



the ecjuation of the parabola referred to the two fixed tangents 
as axes. 


(jS) 0)h the cultiiKj-off of an area {yoiptov diroTopri), 
two Books. 

This work, also in two Books, dealt with a similar problem, 
with the difterence that the intercepts on the given straight 
lines measured from the given points are required, not to 
have a given ratio, but to contain a given rectangle. Halley 
included an attempted restoration of this work in his edition 
of the ])e sectione ratio uis. 

The general case can here again be reduced to the more 
special one in which one of the fixed points is at the inter- 
section of the two given straight lixies. Using the same 
figure as before, but with D taking the position shown by {D) 
in the figure, we take that point such that 

OC .A 1) = the given rectangle. 

We have then to draw ON' M through 0 such that 
B'N' .AM =0C. AD, 
or B'N ' : OC = AD : AM. 

But, by parallels, B'N ' : OC = B'M -.CM; 
therefore AM : CM = AD : B'M 

^MD.B'C, 

so that • B'M .MD = AD. B'C. 

Hence, as before, the problem is reduced to an application 
of a rectangle in the well-known manner. The complete 
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treatment of tins problem in all its particulai* cases with their 
Siopiafioi could present no difficulty to Apollonius. 

If the two straight lines are parallel, the solution of the 
problem gives a means of drawing any number of tangents 
to an ellipse when two parallel tangents, their points of con- 
tact, and the length of the parallel semi-diameter are given 
(flee Conics, III. 42). In the case of the hyperbola (111. 43) 
the intercepts made by any tangent on the asymptotes contain 
a constant rectangle. Accordingly the drawing of tangents 
(Jepends upon the particular case of our problem in which both 
fixed points are the intersection of the two fix(Ml lines. 


(y) On dete'i'nii nate seetioii> {Simpler pevij Toprj), two Books. 

The general problem here is, Given four points A, B, (■, D on 
a straight line, to determine anotlu'r point P on the same 
straight line such that the ratio AP .CP : BP . DP has a 
given value. It is clear from Pappus’s account ’ of the contents 
of this work, and from his extensive collection of lemmas to 
the different propositions in it, that the (juestion was veiy 
exhaustively discussed. To determine P by means of the 
equation 

AP.CP = \.BP.DP, 

where A, B, C, D, A are given, is in itself an esisy matter since 
the problem can at once be put into the form of a ((uadratic 
equation, and the Greeks would have no difficulty in reducing 
it to the usual a'/rplication of areas. If, however (as we may 
fairly suppose), it was intended for application in furthci' 
investigations, the complete discussion of it would naturally 
include not only the finding of a solution, but also tin; deter- 
mination of the limits of possibility and the nund>er of possible 
solutions for different positions of the point-pairs A, C and 
B, D, for the cases in which the points in either pair coincide, 
or in which one of the points is infinitely distant, and so on. 
This agrees with what we find in Pappus, who makes it clear 
that, though we do not meet with any express mention of 
series of point-pairs determined by the equation for different 
values of A, yet the treatise contained what amounts to a com- 


* Pappus, vii, pp. 642-4. 
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pletc Theonj of Involution. Pappus says that the separate 
cases were dealt with in wliich the given ratio was that of 
either (1) the square of one abscissa measured from the 
re(][uired point or (2) the rectangle contained by two. such 
abscissae to any one of the following: (1) the square of one 
abscissa, (2) the rectangle contained by one abscissa and 
another separate line ot* given length independent of the 
position of the requii*cd point, (3) the rectangle contained by 
two abscissae. We learn also that maxima and minima were 
investigated. From the lemmas, too, we may draw other 
conclusions, e. g. 

(1) that, in the case where X = 1, or AP ,CP BP . Dl\ 
Apollonius us(‘d the, relation liP : DP ^ AB . B(^ : AD . DC, 

(2) that Apollonius probably obtained a double point K of the 
involution deterinin(‘(l by the point-pairs A,(^ and B, D bj^ 
means of the relation 

AB .BC : A D . DC = BIP : DIP. 

A possible application of the problem was the determination 
of the points of intersection of the given straight line with a 
conic debu'inined as a four-line locus, since A, B, (\ D are in 
tact the points of intersection of the given straight line with 
the four lines to which the locus has reference. 

(5) Oil Contiicls or Tanyciicies [kTra(f>aL), two Books. 

Pappus again comprehends in one enunciation the varieties 
of problems dealt with in the treatise, which we may repro- 
duce as follows: Given three Ihinys, each of ichich otay he 
either a point, a, draiyht line or a circle, to draiu a circle 
tuhich shall pass thronyh each (f the y ice n points (so far as it 
is poinds that are yiven) amt touch the straiyht lines or 
circles.^ The possibilities as regards the difterent data are 
ten. We may have any one of the follcg^ving: (1) three 
points, (2) three straight lines, (3) two points and a vstraight 
line, (4) two straight lines and a point, (5) two points and 
a circle, (6) two circles and a point, (7) two straight lines and 


' Pappus, vii, p. 644, 25-8. 
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a circle, (8) two circles and a straight line, (9) a point, a circle 
and a straight line, (10) three circles. Of these varieties the 
first two are treated in Enel. IV ; Book I of Apollonius’s 
treatise treated of (3), (4), (5), (6), (8), (9), while (7), the case of 
two straight lines and a circle, and (10), that of the three 
circles, occupied the whole of Book II. 

The last problem (10), where the data are three circles, 
has exercised the ingenuity of many distinguished geometers, 
including Vieta and Newton. Vieta (1540-1603) set the pro- 
blem to Adrianus llomanus (van Roomen, 1561-1615) who 
solved it by means of a hyperbola. Vieta was not satisfied 
with this, and rejoined with his A'pollonius Gallus (1600) in 
which he solved the problem by plane methods. A solution 
of the same kind is given by Newton in his Arithmetica 
Universalis (Prob. xlvii), while an equivalent problem is 
solved by means of two hyperbolas in the Prinev^na, Lemma 
xvi. The problem is quite capable of a ‘ plane ’ solution, and, 
as a matter of fact, it is not difiicult to I’estore the actual 
solution of Apollonius (which of course used the ‘plane’ method 
depending on the straight line and circle only), by means of 
the lemmas given by Pappus. Three things are neces.sary to 
the solution. (1) A propo-sition, used by Pappus elsewhere’ 
and easily proved, that, if two circles touch internally or 
externally, any straight line through the point of contact 
divides the circles into segments respectively similar. (2) The 
proposition that, given three circles, their six centres of .simili- 
tude (external and internal) lie three by tln-ee on four straight 
lines. This proposition, though not proved in Pappus, was 
certainly known to the ancient geometers ; it is even possible 
that Pappus omitted to prove it because it was actually proved 
by Apollonius in his ti’eatise. (3) An auxiliary problem solved 
by Pappus and enunciated by him as follows.^’ Given a circle 
ABC, and given three points D, E, F in a straight line, to 
inflect (the broken line) 1)AE (to the circle) so as to make BG 
in a straight line with OF; in other words, to inscribe in the 
circle a triangle the sides of which, when produced, pass 
respectively through three given points lying in a straight 
line. This problem is interesting as a typical example of the 
ancient analysis followed by .synthesis. Suppose the problem 

’ Pappus, iv, pp. 194-6. * Ib. vii, p. 848. 
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solved, i.e. suppose DA, EA drawn to the circle cutting it in 
points B, C such that BC produced passes through F. 

Draw BQ parallel to DF', join GC 
and produce it to meet DE in H. 

Then 

/.BAC= I BGC 
= ICHF 

= supplement of Z CHD ; 
therefore A , D, H, C lie on a circle, and 

DE.EH= AE.EC. o h k e f 

Now AE .EC is given, being equal to the square on the 
tangent from E to the circle ; and DE is given ; tliei'efore HE 
is given, and tlierefore tlie point II. 

But F is also given ; therefore the problem is reduced to 
drawing HC, FC to meid the circle in such a way that, if 
HC, FC produced meet the circle again in G, B, the straight 
line BG is parallel to IlF: a problem which Pappus has 
previously solvedd 

Suppose this <lone, and draw UK the tangent at B meeting 
HFinK. Then 

Z KBC = ABGC, in the alternate segment, 

= I CUE. 

Also the angle ('FK is common to the two triangles KBF, 
C1IF‘, therefore the triangles are similar, and 
CF.FH = KF:FB, 
or HF. FK = BF . FC. 

Now BF .FC is given, and so is 1IF\ 
therefore FK is given, and thei'efore K is given. 

The synthesis is as follows. Take a point If on DE such 
that DE . EH is equal to the .s<iuare on the tangent from E to 
the circle. 

Next take K on HFmc\\ that HF .FK = the square on the 
tangent from F to the circle. 

Draw the tangent to the ^^rcle from K, and let B be the 
point of contact. Join BF meeting the circle in C, and join 

* Pappus, vii, pp. 830-2. 
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HO meeting the circle again in G. It is then easy to prove 
that BG is parallel to BF. 

Now join EC, and produce it to meet the circle again at A ; 
join AB, 

We have only to prove that AB, BD are in one straight line. 
Since DE .EH = AE .EC, the points A, D, 11, C are con- 
cyclic. 

Now the angle GllF, which is the supplement of the angle 



CHD, is equal to tlie angle BGC, and therefoi’(! to the 
angle BAC. 

Therefore the angle BAC is ecjual to the supplement of 
angle DHC, so that the angle BAC is (upial to the angle 1)AC, 
and AB, BD are in a straight line. 

The problem of Apollonius is now easy. Wo will take the 
case in which the required circle touches all the three given 
circles externally as shown in the figure. Let the radii of the 
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given circles be a, h, c and their centres A, B, G. Let D, E, F 
be the external centres of similitude so that BD: DG=.b:c, &c. 

Suppose the problem solved, and let P, Q, R be the points 
of contact. Let PQ produced meet the circles with centres 
A, B again in K, L. Then, by the proposition (1) above, the 
segments KGP, QHL are both similar to the segment PYQ; 
therefore they are similar to one another. It follows that PQ 
produced beyond L passes through F. Similarly QR, PR 
p}-oduced pass respectively through D, E. 

Let PE, QD meet the circle with centre t/ again in M, N. 
'riien, the segments PQR, RNM being similar, the angles 
PQR, RNM are eipial, and therefore MN is parallel to PQ. 
Produce NM to meet EF in V. 

Then E V : EF = EM : EP = EG : EA = c : a ; 
therefore the point V is given. 

Accoi'dingly the problem reduces itself to this : Given three 
points r, E, D in a straight line, it is re(iuired to draw DR, ER 
to a point R on the circle with centre ( ' so that, if J)R, ER meet 
the circle again in N, M, XM p)‘oduced shall ptiss through Y. 
This is the problem of Pappus just solved. 

'I’lius R is found, and DR, ER produced meet tlie circles 
with centres B and A in the other retpiired points Q, P 
respectively. 


(«) PUnic loci, two Books. 

Pappus gives a pretty full account of the contents of this 
work, wliicb has sufficed to enabh', restorations of it to 
b(i made by three di.stinguished geometers, Fermat, van 
Schooten, and (most completely) by Robert Simson. Pappus 
preface's his account by a classification of loci on two 
elifterent plans. Under the first cIa.ssificntion loci are of three 
kinds: (1) i^fKTiKoi, holdin<i-in or ji.red] in this case tin; 
locus of a point is a point, of a line a line, aiul of a soliel 
a solid, where pro.sumably the line or solid can only move on 
itself .so that it docs not change its position : (2) 

SiKoi, pasxioij-aloixj : this is the', ordinary sense of a locus, 
where the locus of a point is a line, and of a liile a solid : 
(3) dva(7Tpo<f>iKot, vioviuij backwards ami forwards, as it were, 
in which sense a plane may be the locus of a point and a solid 
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of a line.^ The second classification is the familiar division into 
'plane, solid, and linear loci, pla'ne loci being straight lines 
and circles only, solid loci conic sections only, and lirtear loci 
those which are not straight lines nor circles nor any of the 
conic sections. The loci dealt with in our treatise are accord- 
&11 straight lines or circles. The proof of the pro- 
positions is of course enormously facilitated by the use of 
Cartesian coordinates, and many of the loci are really the 
geometrical equivalent of fundamental theorems in analytical 
or algebraical geometry. Pappxis begins with a comjwsite 
enunciation, including a number of propositions, in these 
terms, which, though apparently confused, are not difficult 
to follow out: 

‘ If two straight lines be drawn, from one given jioint or from 
two, which are (a) in a straight line or {h) parallel or 
(c) include a given angle, and either (a) bear a given I’atio to 
one another or (jS) contain a given rectangle, then, if the locus 
of the extremity of one of the lines is a plane locus given in 
position, the locus of the extremity of the other will also be a 
plane locus given in position, which will sometimes be of the 
same kind as the former, sometimes of the other kind, and 
will sometimes be similarly situated with reference to the 
straight line, and sometimes contrarily, according to the 
particular differences in the suppositions.’^ 

(The words ‘ with reference to the straight line ’ are obscure, but 
the straight line is presumably some obvious straight line in 
each figure, e. g., when there are two given points, the straight 
line joining them.) After (luoting three obvious loci ‘ added 
by Charmandrus ’, Pappus gives three loci which, though con- 
taining an unnecessary restriction in the third case, amount 
to the statement that any equation of the first degree between 
coordinates inclined at fixed angles to {a) two a.xes perpen- 
dicular or oblique, (h) to any number of axes, represents a 
straight line. The enunciations (5-7) are as fellows.'* 

5. ‘ If, when a straight line is given in magnitude and is 
hioved so as always to be parallel to a certain straight line 
given in position, one of the extremities (of the moving 
straight line), lies on a straight line given in position, the 

* Pappus, vii, pp. 660. 18-662. 5. ® lb, vii, pp. 662. 25-664. 7. 

* Ib., pp. 664. 20-666. 6. 
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other extremity will also lie on a straight line given in 
2)Osition.’ 

(That is, a; = « or 2 / = 6 in Cai'tesian coordinates represents a 
straight line.) 

6. ‘If from any point straight lines be drawn to meet at given 
angles two straight lines either parallel or intersecting, and if 
the straight lines so drawn have a given ratio to one another 
or if the sum of one of them and a line to which the other has 
a given ratio be given (in lengtli), then the jwint will lie on a 
straiglvt line given in jwsition.’ 

(This includes the equivalent of saying that, if x, y be the 
coordinates of the point, each of the e<]uations x — my, 
x + m-y = c rc2)re.sents a straight line.) 

7. ‘If any number of straight lines be given in po.sition, and 
straight lines be drawn from a jmint to meet them at given 
angles, and if the sti-aight lines .so drawn be .such that the 
rectangle contained by one of them and a given straight line 
added to the rectangle contained by another of them and 
(another) given straight line is ctjual to the rectangle con- 
tained by a third and a (third) giver! straight line, and simi- 
larly with the others, the 2 )oint will lie on a straight line given 
in 2 )osition.’ 

(Here we have trilinear or multilinear coordinates ^anqror- 
tional to the distances of the variable point from each of the 
thi’ee or more fixed line.s. When there are three fixeil lines, 
the statement is that (tx + by = vz reprcsiaits a straight line. 
The 2 )recis(! meaning of the words ‘and similarly with the 
the others ’ or ‘ of tlni others ’ — Kat rwy 'Konrmv d/xo/icoy — is 
uncertain ; the woi’ds seem to imjdy that, when there w'cre 
more than three rectangles ax, by, rz ..., two of them wi're 
taken to be exjual to the sum of all tlu' othei's : but it is (juite 
possible that Pa 2 ) 2 )us meant that any linear equation between 
these rectangles rej)resented a straight line. Precisely how 
far Apollonius went in generality we are not in a jwsition to 
judp.) 

The last enunciation (8) of Pap 2 )us referring to Book I 
states that, 

‘ If from any jioint (two) straight lines be drawn to meet (two) 
parallel straight lines given in jiosition at given angles, and 
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cut off from the parallels straight lines measured from given 
points on them such that (a) they have a given ratio or 
(6) they contain a given rectangle or (c) the sum or difference 
of figures of given species described on them respectively is 
equal to a given 'area, the point will lie on a straight line 
given in position.’ ' 

The contents of Book II are equally interesting. Some of 
the enunciations shall for brevity be given by means of letters 
instead of in general terms. If from two given points A, B 
two straight lines be ‘ inflected ’ {K\a(xQ5>(Tiv) to a point P, then 

(1) , if AP^ is given, the locus of P is a straight line ; 

(2) if AP, BP are in a given ratio, the locus is a straight line 

or a circle [this is the proposition (pioted by Eutocius in his 
commentary on the Conica, but already known to Aristotle] ; 
(4) if AP^ is ‘greater bj'^ a given area than in a given ratio ’ 
to BP^, i.e. if AP^ = + m . PP^ the locus is a circle given in 

position. An interesting proposition is (5) that, ‘ If from any 
number of given points whatever straight lines be inflected to 
one point, and the figures (given in species) described on all of 
them be together equal to a given area, the point will lie on 
a circumference (circle) given in position ’ ; that is to say, if 
a . AP^ + /3 . BP^ + y . (JP^ + . . . = a given area (where a, j8, y . . . 
are constants), the locus of P is a circle. (3) states that, if 
AiV be a fixed straight line and A a fixed point on it, and if 
AP be any straight line drawn to a ])oint P such that, if PN 
is perpendicular to AN, AP^ = a . AN or a . BN, where a is a 
given length and B is another fixed point on AA’^, then the 
locus of P is a circle given in position ; this is e(]uivalent 
to the fact that, if A be the origin, AN the axis of jo, and 
X = AN, y = PA be the coordinates of P, the locus x^ + y'^ = ax 
or + y^ = a (x — b) is a circle. (6) is somewhat obscurely 
enunciated: ‘If from two given points straight lines be in- 
flected (to a point), and from the point (of concourse) a straight 
line be drawn parallel to a straight line given in position and 
cutting off from another straight line given in position an 
intercept measured from a given point on it, and if the sum of 
figures (given in species) described on the two inflected lines 
be equal to the rectangle contained by a given straight line 
and the intercept, the point at which the sti'aight lines are 

* Pappus, vii, p. 666. 7-13. 
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inflected lies on a circle j(iven in position,’ The meanin<;- 
seems to be this : Given two fixed points A, B, a length a, 
a straight line OX with a point 0 fixed upon it, and a direc- 
tion represented, say, by any straight line OZ through 0, then, 
if AP, BP be drawn to P, and PM parallel to OZ meets OX 
in M, th(i locus of P will be a circle given in position if 

a.AP^ + p.BP'^ = a.OM, 

where a, /3 are constants. The last two loci are again 
obscurely expivssed, but the sense is this : (7) If PQ be any 
cliord of a circle passing through a fixeil internal point 0, and 
l{ he an external point on PQ produced such that either 
(a) OR^ = PR . RQ or (h) om + PO . 0Q= PR . RQ, the locus 
of R is a straight liiui givcni in position. (8) is the reciprrical 
of this: Given the fixed point (), the straight line which is 
the locus of R, and also th»i relation (<>,) or (h), the locus of 
P, Q is a circle. 

(^) Neva-fLs {Ver<jla;i8 oi‘ inclinations), two Books. 

As we have seen, the problem in a veva-i^ is to place 
between two striiight line.s, a straight line and a curve, or 
two curves, a straight lim* of given length in such a way 
that it rertjes towards a fixed point, i.e. it will, if pro- 
duced, pass through a fixed point. Papjms obsi‘r\es that, 
when we conn* to particular cases, the jn-oblem will bo 
‘plane’, ‘solid’ or ‘linear’, according to the nature of the 
particular hypotlu-ses; but a stdection had been made fi'om 
the class Avhich could b»! solved by plane method.s, i.e. by 
means of the straight line and circle*, the object being to give 
those which were more gt'iierally useful in geometry. The 
following wei-e the cases thus .selected and proved.^ 

I. Given ((«) a scmiicirclc and a straight line at right angles 
to the base, or (/>) two semicircles with their bases in a straight 
line, to insert a straight line of given length verging to an 
angle of the semicircle [or of one of the semicircle.s]. 

II. Given a rhombus with one side produced, to insert 
a straight line of given length in the external angle so that it 
verges to the opposite angle. 

‘ Pappus, vii, pp. 670-2. 
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III. Given a circle, to inseii a chord of given length verging 
to a given point. 

In Book I of Apollonius’s work there were four cases of 
I (a), two cases of III, and two of II ; the second Book con- 
tained ten cases of I (b). 

Restorations were attempted by Marino Ghetaldi [Aimllonius 
redivivus, Venice, 1607, and A'pollonius redivivus . . . Liber 
secuudus, Venice, 1613), Alexander Anderson (in a Supple- 
me Ilium A 2 JoUoiiii redivivi, 1612), and Samuel Horsley 
(Oxford, 1770); the last is much the most complete. 

In the case of the rhombus (II) the construction of Apollonius 
can be restored with certainty. It depends on a lemma given 
by Pappus, which is as follows: Given a rhombus AD with 
diagonal BC produced to E, if F be taken on BC such that EF 
is a mean proportional between BE and EC, and if a circle be 



described with E as centre and EF as radius cutting CD 
in K and AC produced in II, then shall B, K, H be in one 
straight line.^ 

Let the circle cut AC in L, join LK meeting BC in M, and 
join HE, LE, KE. 

Since now CL, CK are equally inclined to the diameter of 
the circle, CL = CK. Also EL — EK, and it follows that the 
triangles ECK, ECL are equal in all respects, so that 

Z CKE = Z CLE = Z CHE. 

By hypothesis, EB : EF = EF : EC, 
or EB:EK = EK:EC. 

’ Pappus, vii, pp. 778-80. 
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Therefore the triangles BEK, KKC, which have the angle 
BEK common, are similar, and 

L GBK = Z GKE = Z GHE (from above). 

But Z HGE = I AGB = L BGK. 

Therefore in the triangles GBK, (JliE two angles are 
respectively etjual, so that KGCII = IGKB also. 

But .since IGKE = LG HE (From above), K, G, E, II are 
concyclic. 

Hence Z GEH + Z GKII — (two right angles) ; 
therefore, since Z GEH = Z GKB, 

Z GKB + Z GKH — (two right angles), 
and BKH is a straight line. 

It is certain, from the nature of this lemma, that Apollonius 
made his construction by drawing the circle .shown in the 
figure. 

He would no doubt arrive at it by analy.sis somewhat as 
follows. 

Suppose the problem solved, and HK inserted as re- 
quired (= k). 

Bisect HK in K, and draw KE at right angles to KH 
meeting JS(' produced in E. Draw KAf perpendicular to BG, 
and produce it to meet A(J in L. Tlion, by the property of 
the rhombus, LM = MK, and, since KN = Nil also, MX is 
parallel to LH. 

Now, since the angles at M, N are right, M, K, N, E are 
concyclic. 

Therefore IGEK = Zil/iVit = IGHK, so that G, K, H, E 
are concyclic. 

Therefore Z BGD = supplement of KGE = LEHK = LEKH, 
and the triangles EKH, DGB are similar. 

Lastly, 

LEBK=IEKH-LGEK=IEHK-LGHK=IEHG=LEKG-, 

therefore the triangles EBK, EKG are similar, and 
BE:EK = EK:EG, 

BE.EG^EK\ 


or 
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But, by similar trianj^les EKH, DCB, 


EK.KH^DC-.CB, 

and, since the ratio DC:GB, as well as KH, is given, EK 
is given. 

The construction then is as follows. 

If k be the given length, take a straight lino p such that 

p:k = AB:Ba: 

apply to BG a rectangle BE , EG equal to p^ and exceeding by 
a square ; then with E as centre and radius e<iual to p describe a 
circle cutting AG produced in If and Gl) in K. IlK is then 
equal to k and, by Pappus’s lemma, verges towards B. 

Pappus adds an interesting solutioii of the same problem 
with reference to a scpiare instead of a I’bombus ; the solution 
is by one Heraclitus and depends on a lemma which Pappus 
also gives.^ 

We hear of yet other lost works by Apollonius. 

(;;) A Comparison of the dodecahedron ^vilh the icosahedron. 
This is mentioned by Hypsicles in tlic preface to the so-called 
Book XIV of Euclid. Like the Gonics, it appeared in two 
editions, the second of which contained the. proposition that, 
if there be a dodecahedron and an icosahedron inscribed in 
one and the same sphere, the surfaces of the solids are in tlie 
same ratio as their volumes ; this was established by showing 
*that the perpendiculars from the centre of the sphere to 
a pentagonal face of the dodecahedron and to a triangular 
face of the icosahedron are equal. 

(^) Marinus on Euclid’s Data speaks of a General Treatise 
(kuBoXov TTpaypaTua) in which Apollonius used the word 
assigned {r^Taypivov) as a comprehensive term to describe the 
datum in general. It would appear that this work must 
have dealt with the fundamental principles of mathematics, 
definitions, axioms, &c., and that to it must bo referred the 
various remarks on such subjects attributed to Apollonius by 
Proclus, the elucidation of the notion of a line, the definition 


’ Pappus, vii, pp. 780-4. 
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of plane and solid angles, and his attempts to prove the axioms ; 
it must also have included the three definitions ( 13 - 15 ) in 
Euclid’s Data which, according to a scholium, were due to 
Apollonius and must therefore have been interpolated (they 
are definitions of KaTrjyjiivq, dptjynivq, and the elliptical 
phrase irapk decret, which ineans ‘parallel to a straight line 
given in position ’). Probably the same work also contained 
Apollonius’s alternative constructions for the problems of 
Eucl. I. 10 , 11 and 23 given by Proclus. Pappus speaks 
of a mention by Apollonius ‘before liis own elements’ of the 
class of locus called and it may be that the treatise 

now in (|uestion is referre<i to rather than the Plane Loci 
itself. 

(i) The work On the Cochlias was on the cylindrical helix. 
It included the theoretical gcmeration of the curve on the 
.surface of the cylinder, and the proof that the curve is 
komoeomeric or uniform, i.e. such that any part will fit upon 
or coincide with any other. 

(/c) A work on V norderecl Irrat ionala is mentioned by 
Proclus, and a scholium on Eucl. X. 1 extracted from Pappus’s 
commentaiy remarks that ‘ Euclid did not deal with all 
ratiouals and irrationals, but only with the simplest kinds by 
the combination of which an infinite' number of irrationals 
are formed, of which latter Apollonius also gave some’. 
To a like ettect is a passage of the fragment of Pappus’s 
commentary on Eucl. X discoverc<l in an Arabic translation 
by Woepcke: ‘it was Apollonius who, besides the ordered 
irrational magnitudes, showed the existence of the tiiiordered, 
and by accurate methods set forth a grc'at number of them’. 
The hints given by the author of the commentary .seem to imply 
that Apollonius’s cxtimsions of the theory of irrationals took 
two directions, (1) generalizing the medial straight line of 
Euclid, on the basis that, between two lines commensurable in 
sciuare (only), we may take not only one sole medial line but 
three or four, and so on ad infmitam, since we can take, 
between any two given straight lines, as many lines as 
we pleiise in continued projmrtion, (2) forming compound 
irrationals by the addition and subtraction of more than two 
terms of the sort composing the hinoviials, opotomei^, &c. 

162S.2 
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(A) On tlie burnhig-mii'Tor {rrepi tov rrvpiov) is the title of 
another work of Apollonius mentioned by the author of tJie 
Fragmentum mathematicum Bobieme, which is attributed by 
Heiberg to Anthemius but is more likely (judging by its sur- 
vivals of antiquated terminology) to belong to a much earlier 
date. The fragment shows tliat Apollonius discussed the 
spherical form of mirror among others. Moreover, the extant 
fragment by Anthemius himself (on burning mirrors) proves the 
property of mirrors of parabolic section, using the properties of 
the parabola (a) that the tangent at any point makes equal 
angles with the axis and with the focal distance of the point, 
and (b) that the distance of any point on the curve from the 
focus is equal to its distance from a certain straight line 
(our ‘ directrix ’) ; and we cjin well believe that the parabolic 
form of mirror was also considered in Apollonius’s work, and 
that he was fully aware of the focal properties of the parabola, 
notwithstanding the omission from the Conics of all mention 
of the focus of a parabola. 

(p) In a work called wkvtokiov (‘ quick-delivery ’) Apollonius 
is said to have found an approximation to the value of tt ‘ by 
a different calculation (from that of Archimedes), bringing it 
within closer limits Whatever these closer limits may have 
been, they were considered to be less suitable for practical use 
than those of Archimedes. 

It is a moot question whether Apollonius’s system of arith- 
metical notation (by tetrads) for expressing large numbers 
and performing the usual arithmetical operations with them, 
as described by Pappus, was included in this same work. 
Heiberg thinks it probable, but there does not seem to be any 
necessary reason why the notation for large numbers, chissify- 
ing them into myriads, double myriads, triple myriads, &c., 
i.e. according to powers of 10,000, need have been connected 
with the calculation of the value of tt, unless indeed the num- 
bers used in the calculation were so large as to require the 
tetradic system for the handling of them. 

We have seen that Apollonius is credited with a solu- 
tion of the problem of the two mean proportionals (vol. i, 
pp, 262-3). 

* y. Eutocius on Archimedes, Measurement of a Circle, 
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Astronomy. 

Wo aro told by Ptoleniaous Chennus ^ that Apollonius was 
famed for his astronomy, an<l was called e (Epsilon) because 
the) form of that letter is associated with that of the moon, to 
which his accurate researches principally I’clated. Hippolytus 
says he made the distance of the moon’s circle from the sur- 
face of the earth to be 500 myriails of stades.^ This figure’ 
can hardly be right, for, the diameter of the earth being, 
according to Eratostlueies’s evaluation, al)out eight myriads of 
sbides, this w<mld make the distance of the moon from the 
earth about 125 times the earth’s radiiis. This is an unlikely 
figure, seeing that Aristarchus had given limits for the ratios 
between tlus <listance of the moon and its diameter, and 
between the diametei's of the moon and the earth, which lead 
to about 19 as the ratio of the moon’s distance to the earth’s 
radius. Tannery suggests that perhaps Hippolytus made a 
mistake in copying from his source and took the figure of 
5,000,000 stades to be the length of the imlius instead of the 
diameter of the moon’s orbit. 

But we have b(;tter (jvidence of the achievements of Apol- 
lonius in astronomy. In Ptolemy’s (S'ya^u.r is'* he appears as 
an authority upon the hypotheses of epicycles and eccentrics 
designed to account for the apparent motions of the planets. 
The propositions of Apollonius quoted by Ptolemy contain 
exact statements of the alternative hypotheses, and from this 
fact it was at one time concluded that Apollonius invented 
the two hypotheses. This, however, is m)t the case. The 
hypotlu'sis of epicycles was already^ involved, though with 
restricted application, in the theory of Heraclides of Pontus 
that the two inferior planets. Mercury and N'enus, revolve in 
circles like satellites round the siin, while the sun itself 
revolves in a circle rouiul the earth ; that is, the two planets 
•lescribe epicycles about the material sup as moving centre. 
In ordca- to explain the motions of the superior planets by 
means of epicycles it was necessary to conceive of an epicycle 
about a point as moving centre which is not a material but 
a mathematical point. It was some time before this extension 
of the theory of epicycles took place, and in the meantime 

' apud Fhotiunij Cod. cxc, p. 151 b 18, ed. Bekker. 

HipDol. Refut, iv. 8, p. 66. ed, Duncker, ® Ptolemv. Svntaxis. xii. 1. 
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another hypothesis, that of eccentrics, was invented to account 
for the movements of the superior planets only. We are at this 
stage when we come to Apollonius. His enunciations show 
that he understood the tlreory of epicycles in all its genei’ality, 
but he states specifically that the theory of eccentrics can only 
be applied to the three planets which can be at any distancti 
from the sun. The reason why he says that the iu'centric 
hypothesis will not serve for the inferior planets is that, in 
order to make it serve, we should hav'e to suppose the circh* 
described by the centi’e of the cccenti-ic circle to be gi-eater 
than the eccentide circle itself. (Even this generalization was 
made later, at or before the time of Hipparchus.) Apollonius 
further says in his enunciation about the eccentric that ‘ the 
centre of the eccentric circle moves about the centre of the 
zodiac in the direct order of the signs and at a sj>eed e({ual to 
that of the sun, while the star moves on the eccentric about 
its centre in the inverse order of the signs and at a speed 
equal to the anomaly It is clear from this that the theory 
of eccentrics was invented for the specific purpose of explain- 
ing the movements of Mars, Jupiter, and Saturn about the 
sun and for that purpose alone. This explanation, combined 
with the use of epicycles about the sun as centre to account 
for the motions of Venus and Mercury, amounted to the 
system of Tycho Brahe ; that sy.stem was therefoi c* anticipated 
by some one intermediate in date between Heraclides and 
Apollonius and probably nearer to the latter, or it may 
have been Apollonius himself who took this important step. 
If it was, then Apollonius, coming aftm- Aristarchus of 
Samos, would be exactly the Tycho Brahe of the Copernicus 
of anti(juity. The actual propositions quottid by Ptolemy as 
proved by Apollonius among others show mathematically at 
what points, under each of the two.; hypotheses, the apparent 
forward motion changes into apparent retrogi-adation and 
vice versa, or the planet appears to be statioiKn-^i. 
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With Arcliimodcs and Apollonius Greek j^eoinetry reached 
its culininatinf^ point. There remained details to be filled 
in, and no doubt in a \voi*k such as, for instance, the Conics 
geometers of the re(|iiisit(‘ calibre could have found proposi- 
tions containing’ the <^erm of theories which were capable of 
independ(‘nt devc^lopnamt. But, speaking generally, the fur- 
ther progress of geometry on general lines was practically 
barred by the restrictions of method and form which were 
inseparable from the classical Greek geometry. True, it was 
opcit to geometers to discover and investigate curves of a 
liigher oi*der than conics, such as spirals, conchoids, and the 
lik(j. Bat the Greeks could not get very far even on these 
lines in the absence of some system of coordinates and without 
freer means of manipulation such as are attbrded by modern 
algebra, in contrast to the geometrical algebra, which could 
only deal with e(|uations connecting lines, areas, and volumes, 
but involving no highiu- dimensions than three, except in so 
far as the use of proportions allowed a very partial exemp- 
tion from this limitation. The theoretical methods available 
enalded (piadratic, cubic and bi-cjuadratic ecjuations or their 
ecjuivalents to be solved. But all the solutions were geometri- 
cal ; in other words, ([uantities could only be represented by 
lines, areas and volumes, or ratios between them. There was 
nothing corresp<mding to operations with general algebraical 
(juantities irrespective of what they represented. There were 
no syoibols for such cjuantities. In particular, the irrational 
was discovered in the form of incommensurable lines ; hence 
iiTationals came to be represented by straight lines as they 
are in Euclid, Book X, and the Greeks had no other way of 
representing them. It followed that a product of two irra- 
tionals could only be represented by a rectangle, and so on. 
Even when Diophantus came to use a symbol for an unkiiQwn 
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quantity, it was c<nly an abbreviation for the word dpiO/iSs, 
with the meaning of ‘ an undetermined multitude of units 
not a general quantity. The restriction then of the algebra 
employed by geometers to the geometrical form of algebra 
operated as an insuperable obstacle to any really new depar- 
ture in theoretical geometry. 

It might be thought that there was room for furtlier e-Kten- 
sions in the region of solid geometry. But the fundamental 
principles of solid geometry had also been laid down in Euclid, 
Books XI-XIII; the theoretical geometry of the sphere had 
been fully treated in the ancient sphaei'ic ; and any furtlier 
application of solid geometry, or of loci in three dimensions, 
was hampered by the same restrictions of method which 
hindered the further progress of plane geometry. 

Theoretical geometry being thus practically at the end of 
its resources, it was natural that mathematicians, seeking for 
an opening, should turn to the ap'plications of geometry. One 
obvious branch remaining to be worked out was the geometry 
of measurement, or mensuration in its widest sense, which of 
course had to wait on pure theory and to be based on its 
results. One species of mensuration was immediately required 
for astronomy, namely the measurement of triangles, especially 
spherical triangles; in other words, ti’igonometry plane and 
spherical. Another species of mensuration was that in which 
an example had already been set by Archimedes, namely the 
measurement of areas and volumes of different shapes, and 
arithmetical approximations to their true values in cases 
where they involved surds or the ratio (tt) between the 
circumference of a circle and its diameter ; the object of such 
mensuration was largely practical. -Of these two kinds of 
mensuration, the first (trigonometry) is represented by Hi})- 
parchus, Menelaus and Ptolemy ; the second by Heron of 
Alexandria. These mathematicians will be dealt with in later 
chapters ; this chapter will be devoted to the successors of the 
great geometers who worked on the same lines as the latter. 

Unfortunately we have only very meagre information as to 
what these geometers actually accomplished in keeping up the 
tradition. No geometrical works by them have come down 
to us in their entirety, and we are dependent on isolated 
extracts or scraps of information furnished by coihmen- 
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tators, and especially by Pappus and Eutocius. Some of 
these are very interesting, and it is evident from the 
extracts from the works of such writers as Diodes and 
Dionysodorus that, for some time after Archimedes and 
Apollonius, mathematicians had a thorough grasp of the 
contents of the works of the great geometers, and were able 
to use the principles and methods laid down therein with 
ease and skill. 

Two geometers properly belonging to this chapter have 
already been dealt with. The first is Nicomedes, the inventor 
of the conchoid, who was about intermediate in date between 
Eratosthenes and Apollonius. The conchoid has already been 
described jibove (vol. i, pp. 2.38-40). It gave a general method 
of .'-olving any vevais where one of the lines which cut off* an 
intercept of given length on the line verging to a given point 
is a straight line ; and it was used both for the ^finding of two 
mean proportionals and for the trisection of any angle, these 
problems being alike reducible to a vevais of this kind. How 
far Nicomedes discussiMl the properties of the curve in itself 
is uncertain ; we only know from Pappus that he proved two 
properties, (1) that the so-called ‘ ruler ’ in the instrument for 
constructing the curve is an iusymptote, (2) that any straight 
line drawn in tlu( .space between the ‘ ruler ’ or a.symptote and 
the conchoid must, if produced, be cut by the conchoid.* The 
e([uation of the curve referred to polar coordinates is, as wo 
have seen, r = a + h .sec 6. According to Eutocius, Nicomedes 
pri<led himself inordinately on his discovery of this curve, 
conteusting it with Eratosthenes’s mechanism for finding any 
numbtir of mean proportionals, to which he objected formally 
and at length on the ground that it was impracticable and 
entirely outside the spii-it of geometry.-* 

Nicomedes is as.sociated by Pappus with Diuostratus, the 
brother of Menaechmus, and others as having applied to the 
S((uaring of the circle the curve invented by Hippias and 
known as the qtuidratnx,^ which was originally intended for 
the pui'pose of trisecting any angle. These facts arc all that 
we know of Nicomedes’s achievements. 

* Pappus, iv, p. 244. 21-8. 

* Kutoc. on Archimedes, On the SpJiere and Cylinder, Archimedes, 
vol. iii, p. 98. 

* Pappus, iv, pp. 250. 33-252. 4. Cf. voL i, p. 225 sq. 
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The second name is that of Dioclks. Wo have already 
(vol. i, pp. 264-6) seen him as the discoverer of the curve 
known as the cissoid, which he used to solve the problem 
of the two mean proportionals, and also (pp. 47-9 above) 
as the author of a method of solving the equivalent of 
a certain cubic equation by means of the intersection 
of an ellipse and a hyperbola. We are indebted for our 
information on both these subjects to Eutocius,^ who tells 
us that the fragments which he «[Uotes came from Diocles’s 
work nepl wpeiatu, On burning-mirrors. The connexion of 
the two things with the subject of this treatisii is not obvious, 
and we may perhaps infer that it was a work of considerable 
scope. What exactly were the forms of the Inirning-mirrors 
discussed in the tx*eatise it is not possible' to say, but it is 
probably safe to assume that among them were concave 
mirrors in the forms (1) of a sphere, (2) of a paraboloid, and 
(3) of the surface described by the revolution of an ellip.s»; 
about its major axis. The author of the Fragmenlu m nuilhe- 
maticum Bolnense says that Apollonius in his book On the 
hurning-mirror discussed the case of the concave spherical 
mirror, .showing about what point ignition wouhl take place ; 
and it is certain that Apollonius was aware that an ellipse has 
the property of reflecting all rays througli one focus to the 
other focus. Nor is it likely that the corres])onding pnjperty 
of a parabola with reference to I’ays parallel to the axis was 
unknown to Apollonius. Uiocles therefore, writing a century 
or more later than Apollonius, could hardly have failed to 
deal with all three cases. True, Anthemius (died alxnit 
A.D. 534) in his fragment on burning-mirrors says that the 
ancients, while mentioning ' the usual burning-mirrors and 
saying that such figures are conic section-s, omitted to .specify 
which conic sections, and how produced, and gave no geo- 
metrical proofs of their properties. Rut if the properties 
were commonly known and <|Uoted, it is obvious that they 
must have been proved by the ancients, and the explanation 
of Anthemius’s remark is pre.sumably that the original works 
in which they were proved (e.g. those of Apollonius and 
Diodes) were already lost when he wrote. There appears to 
be no trace of Diocles’s work left either in Greek or Arabic, 
' Eutociua. loc. cit.. t>. 66. 8 so., n. 160. 3 so. 
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unless we liave h fragment from it in the Frag'nientuno 
mathematiciirfi liohlettse. Rut Moslem writers regarded Diodes 
as the discoverer of the parabolic burning-mirror; ‘the ancients’, 
says al Singarl (Sachawl, Ansari), ‘ made mirrors of plane 
surfac(^s. Some madti them concave (i.e. s])lierical) until 
Diodes (Diuklis) showed and proved that, if the surface of 
these mirrors has its curvature in the form of a parabola, they 
then have the greatest power and burn most strongly. There 
is a work on this subject composed by Ibn al-Haitham.’ This 
work survives in Arabic and in Ditin translations, and is 
reproduced by Heiberg and Wiedemann^: it does not, how- 
ever, mention the name of Diodes, but only those of Archi- 
medes and Anthemius. Um al-Haitham says that famous 
m(‘n like Archimedes and Anthemius had used mirrors made 
up of a jiumber <jf spherical rings; afterwards, he a<lds, they 
considered the form (jf curves which would retlect rays to one 
point, and found tliat the concave surface of a paraboloid of 
i*evolution has this property. It is curious to find Ihn al- 
Haitham saying that the ancients had not set out the proofs 
sutliciently, nor the method by which the}" discovered them, 
words which almost exactly recall those of Anthemius himself. 
N(‘vertheless the whole course of Ibn al-Haitbam’s proofs is 
on the CJreek model, Apollonius being actually quoted by name 
in the ju’oof of the main ]»roj)erty of the jiarahola nsjuired, 
naniidy that th<*. tangent at any point of tht‘ curve makes 
e(|Ual angles with tlu* foeal distance of tlu? [»oint and the 
straight liia* drawn througli it [)arallel to the axis. A proof 
of the property actually survives in the (Jreek Fragmenturn 
viffthninalkum nohiein-e, which evidently came fnnn some 
treatise on the parabolic hurning-mirror ; hut Ibu al-Haitham 
does not seem to have liad even this fragment at his disposal, 
silicic his proof takes a <litlerent course, distinguishing three 
diliiUHmt cases. r(‘ducing tlu' property by analysis to the 
known property yl .V = A and then working out the syn- 
thesis. The \)roof in tlie Fragmentiin} is worth giving. It is 
substantially as follows, beginning with the preliminary lemma 
that, if the bingent at any point meets tlie axis at Ty 
and if he m(»asured along the axis from the vertex A 
equal to JAX, where AL is the parameter, then = S2\ 

* Bibliotheca mathematical Xg, 1910, pp. 201-37. 
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Let be the ordinate from P ; draw A F at right angles 
to the axis meeting PT in F, and join SY. 

Now PN^='AL.Ay 

= A AS. AN 

= A AS .AT (since AiV = AT). 

But PN= 2 AY (since AN = AT ) ; 
therefore A F® = TA . A (S', 

and the angle TYS is right. 

The triangles SYT, SYP Ix.dng right-angled, and TY being 
equal to YP, it follows that SP — ST. 


K 



With the same figure, let HP be a ray piirallel to A .V 
impinging on the curve at P. It is re(|uired to provti that 
the angles of incidence and reflection (to S) an; (spial. 

We have SP = S'T, so that ‘ the angles at tlu; points T, P 
are equal. So’, says the author, ‘are the angltis TPx\, KPli 
[the angles between the tangent and the furvK on (aich sidi; of 
the point of contact]. Let the difi’erenc*! between the anghis 
be taken; therefore the angles SPA, liPH which remain 
[again ‘ mixed ’ angle.s] are efiual. Similarly we shall show 
that all the lines drawn parallel to A*S' will be reflectcul at 
equal angles to the point »S'.’ 

The author then proceeds: ‘Thus burning-mirrors con- 
structed with the surface of impact (in the fonn) of the 
section of a right-angled cone may easily, in the manner 
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above shown, be proved to bring about ignition at the point 
indicated/ 

Heiberg held that the style of this fragment is Byzantine 
and that it is probably by Anthemius. Cantor conjectured 
that here we might, after all, have an extract from Diodes s 
work. Heiberg’s supposition seems to me untenable because 
of the author’s use (1) of the ancient terms ‘section of 
a right-angled coni^ for parabola and ‘diamder’ for axis 
(to say nothing of tlu' use of the parameter, of which there is 
no word in the genuiiK* fragment of Anthemius), and (2) of 
the mixed ‘ angh^s of contact’. Nor <loes it st^em likely that 
even Diodes, living a ccaitury after Apollonius, would have 
spokt‘n of th(‘ ‘ s(‘etion <jf a right-angled com*’ instead of a 
j>arabola, or used the ‘ mixtd ’ angh* of which there is only the 
men*st survival in Euclid. The assumption of the e(|uality 
of the two angh‘S made by the curv(* with the tang(‘nt on 
both sid('s of th(‘ point of contact reminds us of Arist4)tle‘s 
assumption of tlu* equality of the angles " of n segim^nt’ of 
a circle its prior to the truth ])rove<l in End. I. 5. I am 
indine<l, therefort*, to diite the fnigment much (‘iirlicr ev(*n 
thiin Diodes. Zeuthen suggested that the propiu’tj’ of the 
])ariiboloi<hil mirror may hav<? been discov(»red by Archimedes, 
who, iiccording to a tJn'ek tnidition, wrote This, 

however, do(*s not rec«*ive iiny c(»nfirmiition in Ibn iil-H;iitham 
or in Anthemius, and we ci»n only siiy that the fragm(*nt at 
K'iist go(‘s biick to an original which wiis j)robably not hiter 
thiin ^Apollonius. 

Pkiiski s is only known, from iillusions to him in Produs,' 
as the. discoverer and inv<*stigator of iho spirlr sreZ/f/zis. They 
are chisse<l by Produs iimong ourv(‘s obtiiiiUMl by cutting 
solids, and in this resjx'ct tln^y are associated with tlu* conic 
sections. Wc* nuiy safely infer that they wi‘re discov(*red 
after the conic sections, and only iifter the thi‘ory of conics 
had been considiu'ably developed. This was already the case 
in Euclid s time, iind it is }>robable, theri'fore, that Perseus Wiis 
not earlier than Euclid. On the other hand, by that time 
the investigation of conics had brought the exponents of the 
subject such fame Unit it would be natural for mathematicians 
to see whether there was not an opi)ortunity for winning a 

^ Produs on Eud. I, pp. IH. 23-112. 8, 356. 12. Cf. vol. i, p. 226. 
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like renown as discoverers of other curves to be obtained by 
cutting well-known solid figures other than the cone and 
cylinder. A particular case of one such solid figure, the 
(TTreipa, had already been employed by Archytas, and the more 
general form of it would not unnaturally be thought of as 
likely to give sections worthy of investigation. Since Geminus 
is Proclus’s authority, Perseus may have lived at any date from 
Euclid’s time to (say) 75 B.C., but the most probable supposi- 
tion seems to be that he came before Apollonius and near to 
Euclid in date. 

The spire in one of its forms is what we call a tore, or an 
anchor-ring. It is generated by the revolution of a circle 
about a straight line in its plane in such a wp.y that the plane 
of the circle always ])asses through the axis of revolution. It 
takes three forms according as tins axis of revolution is 
(a) altogether outside the circle, when the spire is tq)eib 
(5t€)(»?s), (6) a tangent to the circle, when the surface is con- 
tinuous (avrexv^), or (c) a chord of the circle, when it is inter- 
laced (fpirerrXcypfrri), or crossing- itself {(TraXXdTTovara ) ; an 
alternative name for the surface wa.s xpiKos, a riinj. Perseus 
celebrated his discoveiy in an epigram to the effect that 
‘Perseus on his <liscovery of three lines (curves) upon five 
sections gave thanks to the gods therefor’.^ There is some 
doubt about the meaning of ‘ three Jines upni. five sections ’ 
(rpet? ypapipds (ttI irevre to pais). We gather I'rom Proclus’s 
account of three sections distinguished by Perseus that the 
plane of section was always parallel to the axis of revolution 
or perpendicular to the plane which cuts the tore symmetri- 
cally like the division in a split-ring. It is difficult to inter- 
pret the phrase if it means three curves made by five different 
sections. Proclus indeed implies that the three curves were 
sections of the three kinds of tore respectively (the open, the 
closed, and the interlaced), but this is evidently a slip. 
Tannery interprets the phrase as meaning ‘three curves in 
addition to five sections ’.* Of these the five sections belong 
to the open tore, in which the distance {<•) of the centre of the 
generating circle from the axis of revolution is greater than 
the radius (a) of the generating circle. If d be the perpen- 

* Proclus on Eucl. 1, p. 112. 2. 

* See Tannery, Mimoires acientifiqiiea, II, pp, 24-8. 
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dicular distance of the plane of section from the axis of rota- 
tion, we can distinguish the following cases : 

(1) c + a>(l>c. Here the curve is an oval. 

(2) d = c: transition from case (1) to the next case. 

(.3) c >d>c — <t. 'Pile curve is now a closed curve narrowest 
in th(* middle. 

(4) d = r — (i. In this case tlur eiu've is the hi'j)/X)j)eiIe 
(horse-fett(‘r), a curve in the shape of the figure, of 8. The 
leinniscat** of Bernoulli is a particular case of this emwe, that 
namely in which c = 2a. 

(6) r — a>d>(). In this cjuse the section consists of two 
ovals symmetrical with om* another. 

The three eurv('s siK‘cifie<l hy Prcx-lus are those correspond- 
ing to (1), (.3) and (4). 

\Vh(?n tin; tore is ‘ continuous ’ or closed, c = a, and we have 
sections corresponding t<t (1), (2) and (3) only; (4) reduces to 
two circles touching one another. 

But Tannery finds in the tlnrd, the intt‘rlace<l, fonn of tore 
three new sections corresponding to(l) (2) (3), each with an 
oval in the middle. This would make three curves in addi- 
tion to the liv(' sections, or eight curves in all. We cannot he 
ci'rtain that this is the true ex})lanation of the phi'use in tht‘ 
epigi'am ; lait it seems to 1m* the. lx*st suggestion that has 
lu'en made. 

According to Proclus, Penseus worked out the property of 
his curves, as Xicomedes did that of the conehoi<i, Hippias 
that of the ijuadral rix, and A})ollonius tho.se of the three 
conic sections. That is, P«*i*seu.s must have given, in some 
form, the e(|uivalent of the Cartesian eejuation hy which we 
can represent the diflerent curves in tjuestion. If we refer the 
tore to three axes of coordinates at right angles to one another 
with the, centre of the tore as origin, tin* axis of y being taken 
to he the axis of revolution, and those of sc being perpen- 
dicular to it in the plane bisecting the tore (making it a split- 
ring), th(* equation of the tore, is 

+ y^ + + c^— a^f = 4 c® (c® -I- x~), 
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where c, a have the same meaning as above. The different 
sections parallel to the axis of revolution are obtained by 
giving (say) z any value between 0 and c + u. For the value 
z = tt the curve is the oval of Cassini which has the pi’operty 
that, if r, r' be the distances of any point on the curve from 
two fixed points as poles, ?•»•'= const. For, if z'= a, the eqxia- 
tion becomes 


(x^ + y'^ + c-)- — 4c*x‘^ + 4c^<('^, 
or {c—x^+y^} {c+x^ + y^} = 

and this is equivalent to iT'= + 2i'a if j',y are the cxxxrdinates 
of any point on the curve referred to Ox, Oy as axes, where 0 
is the middle point of the line (2c in length) joining the two 
poles, and Ox lies along that line in either direction, while Oy 
is perpendicular to it. Whether Pev.seus discussed this case 
and arrived at the property in relation to the two jx)l(!S is of 
course quite uncertain. 

Isoperimetric figures. 

The subject of isoperimetric figures, that is to say, the com- 
parison of the areas of figures having different shapes l)ut tin* 
same perimeter, was one which would naturally apjxeal to tln^ 
early Greek mathematician.s. We gather from Proclus’s notes 
on Eucl. I. 36, 37 that those theorems, proving that parallelo- 
grams or triangles on the same or <;qual ba.s»;s and lK;twi!»“n 
the same parallels are e<jual in area, appeared to the ordinary 
person paradoxical because they meant that, by moving the 
.side opposite to the l)a.se in the parallelogram, or the Ncrtex 
of the triangle, to the right or left as far as wt! plea.se, we may 
increase the perimeter of the figure to any extent while kexq>- 
ing the .same area. Thus the perimeter in parallelograms or 
triangles is in itself no criterion as to their area. Misconcep- 
tion on this .subject was rife among non-innthematician.s. 
Proclus tells us of describers of countries who inferred 
the size of cities from their perimeters; he mentions also 
certain members of communistic societies in his own time who 
cheated their fellow-members by giving them land of greater 
perimeter but less area than the plots which they took 
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themselves, so that, while they got a reputation for greater 
honesty, they in fact took more than their share of the 
produce.’ Several remarks by ancient authors show the 
prevalence of the same misconception. Thucydides estimates 
the size of Sicily Jiccording to the time required for circum- 
navigating it.** About 130 n.c. Polybius observed that there 
were people who could not un«ler.stand that camps of the same 
periphery might have differcjit capacities.® Quintilian has a 
similar remark, au<l Cantor thinks he may have had in his 
mind the calculations of Pliny, who compares the size of 
different parts of the earth by jwlding their lengths to their 
breadths.^ 


Zknodoiu’s wrote, at some jlab* Ix'tween (say) 200 B.c. and 
A.i). 90, a treati.se nept iaopiTpcoy <T\r}fidT<ay, On isorneiru' 
jUjiii'es. A number of propositions from it are preserved in 
the commentary of Theon of Alexandria on Book I of 
Ptolemy’s and they are reprcKluced in Latin in the 

third voluiiKi of Hultsch’s edition of Pai)pus, for the purpose 
of compai’ison with Pappas’s own exposition of the same 
projmsitions at the beginning of his B(K)k V, where he appears 
to have followisl Zciuslorus prc*tty closely while making soim* 
changes in <letail.'' From the closeness with which the style 
of Zemslorus follows that of Euclid and Archimedes we maj' 
juilge that his date was not much latiT than that of Arehi- 
me<le.s, whom he mentions as the author of the projmsition 
{Meamremenl nf a Oirde, Prop. 1) that the area of a circle ia 
half that of tin; rectangle contained by the perimeter of the 
cii'cle an<l its radiu.s. 'The iinjMH-tant proiswitions proved by 
Zenodorus and Pappus inclutle the following: (1) 0/ aU 
reijiiXtir ludijijonx of etjUid jierimder, that is the. (jreatest in 
urea vhich han the )iiost aufjles. (2) A circle is (jreuter than 
any regular jKdygnn, of equal contour. (3) Of all polygom of 
the saim number of sides and equal /mrimeter the equilateral 
and equiangular jsdygoii is the greatest in area. Pappus 
added the further proiK)sition that Of aU segments of a circle 
having the, same circumference the semicircle is the greatest in 

* ProcluB on Eucl. I, p. 403. .'•sq. ” Tliuc. vi. 1. 

’ Polybius, ix. 21. Pliny, Hist. mt. vi. 208. 

’ Pappus, V, p. 308 sq. 
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area. Zenodorus’s treatise was not confined to propositions 
about plane figures, but gave also the theorem that Of all 
solid figures the surfaces of which are equal, the sphere is the 
greatest in solid content. 

We will briefly indicate Zenodorus’s method of proof. To 
begin with (1) ; let ABC, DEF be equilateral and equiangular 
polygons of the same pei'imeter, DEF liaving more angles 
than ABC. Let G, H be the centres of the circumscribing 
circles, QK, HL the perpendiculars from G, II to tlie sides 
AB, DE, so that K, L bisect those sides. 




Since the perimeters are ecjual, AB > DE, and AK > DL. 
Make KM equal to DL and join GM. 

Since AB is the same fraction of the periimder that the 
angle AGB is of four right angles, and DE is the same fraction 
of the same perimeter that the angle DUE is of four light 
Angles, it follows that 

AB : DE = Z AGB : Z DUE, 
that is, AK : MK= lAGK-.l DHL 

But AK : MK > I AGK : I MGK 

(this is easily proved in a lemma following by the usual 
method of drawing an arc of a circle with G as centre and GM 
as radius cutting GA and GK produced. The proposition is of 
course equivalent to tana/ tan /3 > a//3, where ^rr > a > j8). 

Therefore LMGK > /.DHL, 

and •consequently Z GMK < Z IIDL. 

Make the angle NMK equal to the angle IfDL, so that MK 
meets KG produced in iV. 


ZENODORUS 


209 


Tlie triangles NMK, HDL are now equal in all respects, and 
NK is equal to IlL, so that QK < HL. 

But the area of the polygon ABC is half the rectangle 
contained by GK and the perimeter, while the area of the 
polygon DEF is lialf the rectangle contained by HL and 
the same perimeter. Therefore th(^ area of the polygon DEF 
is tlie greater. 

(2) The proof that a circle is greater tlian any regular 
polygon with the same perimeter is deduced immediately from 
ArchinuMles’s proposition that the area of a circle is equal 
to the right-angled triangle with perpendicular side equal to 
the radius and base e(jual to the perimeter of the circle; 
Zimo<l()rus insi‘rts a proof in exteuso of Archimede8\s pro- 
position, with preliminary lemma. The perpendicular from 
th(^ centre of the circle circumscribing the polygon is easily 
j)roved to b(‘ less than the radius of the given circle with 
perini(diU’ t‘qual to that of the polygon : whence the proposition 
follows. 

(3) Th(‘ proof of this proposition depends on some pre- 
liminary lt‘niinas. Tlu^ first proves that, if there be two 
triangles on the same base and with the 
same p('rim(‘t(‘r, one being isosceles and 
the other scalene, the isosceles triangle 
has tla^ greater area. (Given the scalene 
triangle BD(’ on the base B(\ it is easy to 
draw on BC an base the isosceles triangle 
having the sjime perimeter. We have 
only to take BI/ equal to 1{BD-^ DC), 
bisect liC at E, and erect at E the per- 
pendicular AE such that AP^^ = BH^ — 

Produce BA to F so that BA == A F, and join AD, DF. 

Then BD^DF> BF, i.e. BA +A(\ i.e. BD + DC, by hypo- 
thesis; therefore DF > DC, whence in the triangles FAD, 
CAD the angle t^AD > the angle CAD. 

Therefore Z f'A D > \ L FA ( - 

> LBCA, 

Make the angle P^AG equal to the angle BCA or ABC, so 
that AG is parallel toDG; let BD produced meet AG in G, 
and join GC. 

15SI.S P 


F 
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Then AABG=£^GBC 

> A. DBG. 

The second lemma is to the effect that, given two isosceles 
triangles not similar to one another, if we construct on tlie 
same bases two triangles similar to one another such tliat the 
sum of their perimotei’s is equal to the sum of the perimeters 
of the first two triangles, then the sum of tlie areas of the 
similar triangles is greater than the sum of the areas of 
the non-similar triangles. (The easy construction of the 
similar triangles is given in a separate lemma.) 

Let the bases of the isosceles triangles, EB, BG, be place* I in 
one straight line, BG being greater than I'JB. 



Let ABG, DEB be the similar Isosceles triangles, and FBG, 
GEB the non-similar, the triangles b(;ing such that 

RA + AC -p ED + DB = BF+ FG+ EG -I- GB. 

Produce AF, GD to meet the bases in E, L. Then clearly 
AK, GL bisect BG, EB at right angles at K, L. 

Produce GL to H, making LH equal to GL. 

Join HB and produce it to A'; join HF. 

Now, since the triangles ABG, DEB are .similar, the angle 
ABG is equal to the angle DEB or DBE. 

Therefore Z NBG ( = Z UBE = Z GBE) > Z DBE or I ABG; 

therefore the angle ABH, and a fortiori the angle FBH, is 
less than two right angles, and HF meets BK in some point M. 
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Now, by hypothesis, DB + BA = CfB-^-BF: 
therefore DB + BA = HB + BF > HF. 

By ail easy lemma, since the triangles DKB, A BC are similar, 
(DB + BAf = (DL + AlCf + {BL + BKf 
= {DL-^AKf + LK\ 

Therefore (DL + AKf + :> II F'^ 

> {GL + FKf+LK^ 

whence DL + AK > GL + FK, 

ami it follows that AF > GD. 

But BK > BL] thercfoiv AF.BK > GD.BL. 

Hence the ‘ hollow-angle<l (tiguiv) ’ (KoiXoydyiov) ABFC is 
greater than tlu* hollow-angled (figure) GEDB. 

Adding A DEB + A BFC to each, we have 

A DEB + A ABG> A GEB + A FB( 

The above is the only case taken by Z(*nodorus. The proof 
still bolds if EB == BC, so that BK = BL. But it fails in the 
cas»‘ in which EB > BC and the vertex (/ of the triangle EB 
belonging to the non-similar pair is still above D and not 
below it (as F is below A in the prectsling case). This was 
no <loubt the reason why Pappus gavi* a prcnif intended to 
apply to all the cases without distinction. This proof is the 
same as the above ])r<K)f by Zmiodorus up to the point whei'e 
it is proved that 

DL + AK > GL + FK, 

but there diverges, rnfortunately the text is bad, and gives 
no .sutHcient indication of the cour.se of the proof ; but it W'ould 
.seem that Pappus used the relations 

DL : GL = A DEB : A GEB, 

A K : FK = A ABC: A FBC, 
and AK^ : DE^= A ABC: A DEB, 

combined of course with the fact that GB + BF= DB + BA, 
in order to prove the proposition that, 

according as DL -f- AK > or < GL + FK, 

A DEB + A ABC > or < A GEB + A FBC. 

p 2 
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The proof of his proposition, whatever it was, Pappus 
indicates that lie will give later ; hut in the text as we have it 
the promise is not fulfilled. 

Then follows the proof that the maximum polygon of given 

perimeter is both equilateral and 
equiangular. 

(1) It is e<)uilateral. 

F()i% if not, let two .side.s of the 
maximum polyjjjon, as AB. B(', be 
unequal. Join A(\ and on AC as 
ba.se draw the i.so.se(‘le.s trianj>;le AFC 
.such that AF^- FC = AB + B(\ The 
area of the triangle AF(' is then 
greater than the area of the trianghi AB(\ and the area of 
the whole polygon has been increa.sed by the construc- 
tion: which is impossible, as by hypothesis the ar«‘a is a 
maximum. 

Similarly it can be proved that no other side is unequal 
to any other. 

(2) It is also equiangular. 

For, if po.ssible, let the maximum polygon ABCDE (which 

we have proved to be equilati'ral) 
have the anj^le at B greater than 
the angle at I). Then RAC, I)K('tin' 
non-similar isosceles triangles. On 
AC, ('E as bases de.scribe the two 
iso.scele.s triangles FAC, GE(' .similar 
to one another which have the sum 
of their perimeters equal to tin' 
sum of the perimeters of RAC, 
DEG, Then the sum of the areas of the two similar isosceh's 
triangles is greater than the .sum of the areas of the triangles 
RAC, DEC] the area of the polygon is therefore increased, 
which is contrary to the hypothesis. 

Hence no two angles of the polygon can be unequal. 

The maximum polygon of given perimeter is therefore l»oth 
eqxiilateral and equiangular. 

Dealing with the sphere in relation to other solids having 
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tlioir surfaces eciual to that of the sphere, Zeno^lorus confined 
himself to provinjf (1) that the sphere is greater if the other 
solid with surface e(|ual to that of tlie sphere is a solid formed 
hy the . revolution of a regular polygon alxjut a diameter 
bisecting it as in Archimedes, On the Sphere ami (Jyliiuler, 
Book I, an<l (2) that the sphere is greater than any of 
the regular scjlids having its surface e(|ual to that of the 
sphere. 

Pappus’s treatment of the .subject is more complete in that 
he proves that the sphere is greater than the cone or cylinder 
the sxirfact' of which is eijual t<j that of the sphere, and further 
that of the five regular soli<ls which have the same surface 
that which has more faces is the greater.* 

Hyi’siclks (second half of sccoml century B.c.) hits alrea<ly 
been mentioned (vol. i, pp. 419 20) as the author of the con- 
tinuation of tho hJloiienttf known as Book XIV. He is (juoted 
by Diophantus as having given a definition of a polygonal 
number as follows: 

‘If there aw as many nnmhers as we pleas(‘ hegiiming from 
1 aial increasing hy the same common difterence, tlieii, when 
the common (litierenei^ is 1, the sum of all the nnmhers is 
a triangular numhcr ; when 2,as<juai c: when 3, a pentagonal 
numher [and so on]. And the numher of angles is called 
after the numher wliicli exceeds the common difierence by 2, 
ami the side after the numher of terms including 1/ 

This definition amounts to saying that the /(th a-gonal num- 
her (1 counting as the tirst) is la ; 2 -f {n— 1 ) (a — 2) 1 . If, as is 
prohahle, Hypsicles wrote a treatise on polygonal numbers, it 
has not surNdve<l. On the other hand, the Ai/acpopiKo^ {Ascea- 
•siinies) known hy his Jiainc has survived in Greek as well as in 
Arabic, and has lu^en edited with translation.* True, the 
treatise (if it really he hy Hypsicles, and not a clumsy eftbrt 
hy a heginner working from an original by Hypsicles) 
does no credit to its autlior; but it is in some respects 
interesting, and in particular because it is the first Greek 

' Pappus, V, Props. 19, f38~5(). 

® Manitius, I)rs Ilf/psi/dea Schrt/t Anaphoi'ikoSy Dresden, Lehmannsche 
Buchdruekerei, 1888. 
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work in which we find the division of the ecliptic circle into 
360 ‘ parts ’ or degrees. The author says, after the preliminary 
propositions, 

‘ The circle of the zodiac having been divided into 360 etjual 
circumferences (arcs), let each of the latter be called a degree 
in apace {fioipa roniKij, ‘ local ’ or ‘ spatial part ’). And simi- 
larly, supposing that the time in which the zodiac circle 
returns to any position it has left is divided into 360 equal 
times, let each of these be called a degree in time {poipa 
XpoviK-fj).' 

From the word KaXtCadoa (‘ let it be called ’) we may perhaps 
infer that the terms were new in Greece. This brings us to 
the question of the origin of the division (1) of the circh; of 
the zodiac, (2) of the circle in general, into 360 parts. On this 
(luestion innumerable suggestions liave been made. With 
reference to (1) it was suggested as long ago 5is 1788 (by For- 
maleoni) that the division was meant to correspond to the 
number of days in the year. Another suggestion is that it 
would early be discovered that, in the case of any circle the 
inscribed hexagon dividing the circumference into six parts 
has each of its sides ecjual to the radius, and that this would 
naturally lead to the circle being rcgiilarly dividcKl into six 
parts ; after this, the very ancient sexagesimal .system would 
naturally come into operation and each of the parts would be 
divided into 60 .subdivisions, giving 360 of the.se for the whole 
circle. Again, there is an explanation which is not even 
geometrical, namely that in the Bahylonian numeral system, 
which combined the use of 6 and 10 as bases, the numbers 6, 
60, 360, 3600 were fundamental round numbers, and the.se 
numbers were tramsferred from ai’ithmetic to the heavens. 
The obvious objection to the first of these explanations 
(referring the 360 to the numljer of days in tlu! solar year) is 
that the Babylonians were well acquainted, as far back as the 
monuments go, with 365-2 as the number of days in the year. 
A variant of the hexagon-theory is the suggestion .that a 
natural angle to be discovered, and to serve as a measure of 
others, is the angle of an equilateral triangle, found by draw- 
ing a star ♦ like a six-spoked wheel without any circle. If 
the base of a sundial was so divided into six angles, it would be 
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natural to divide eacli of the sixth parts into either 10 or 60 
parts; the former division would account for the attested 
division of the day into 60 hours, while the latter division on 
the sexagesimal system would give the 360 time-degrees (each 
of 4 minutes) making up the day of 24 hours. The purely 
arithmetical explanation is defective in that the series of 
numbers for which the Babylonians had special names is not 
60, 360, 3600 but 60 (Soss), 600 (Ner), and 3600 or 60* (Sar). 
On the whole, after all that has been said, I know of no 
better suggestion tlian that of Tannery.* It is certain that 
botli the divi.sion of the ecliptic into 360 degrees and that of 
the uvxOrjiifpov into 360 time-degrees were adopted l)y the 
Greeks fTOin Babylon. Now the earlie.st division of the 
ecliptic was into 12 parts, the signs, and the {|uestion is, how 
were the signs subdivided? Tannery observes that, accord- 
ing to the cuneifoi’m inscriptions, as well as the testimony of 
Greek authors, the sign wivs divided into parts one of which 
{(lanjatu) was double of the other (mtimut), the former being 
l/30th, the otlier (called stadium by Maniliu-s) l/60th, of the 
sign ; the former division wouhl give 360 parts, the latter 720 
parts for the whole circle. The latter division was more 
natural, in view of the long-established system of sexagesimal 
fractions; it also had the advantage of corresponding toler- 
ably closely to the apparent diameter of the .sun in comparison 
with the circumference of the sun’s apparent circle. But, on 
the other hand, the double fraction, the l/30th, was contained 
in the circle of the zcwliac approximately the same number of 
times as there arc days in the year, and consecjuently corre- 
.sponded nearly to the <li.stance described by the .sun along the 
zodiac in one day. It M'ouhl secm that this advantage wj»s 
sufficient to turn the scale in favour of dividing each sign of 
the zodiac into 30 parts, giving 360 parts for the whole 
circle. While the Chaldaeans thus divided the ecliptic into 
360 parts, it does not appear that they applied the sjime divi- 
sion to the equator or any other circle. They measui'ed angles 
in general by ells, an ell representing 2°, so that the complete 
circle contained 180, not 360, parts, which they called ells. 
The explanation may perhaps be that the Chaldkeans divided 

' Tannery. ‘ La coudec aatronomique et lea nnciennes divisions du 
ccrcle ’ (Memohrs srient\flqnes, ii, pp. 256-68). 
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the dw/meteT of the circle into 60 ells in accordance with their 
usual sexagesimal division, and then came to divide the cir- 
cumference into 180 such ells on the ground that the circum- 
ference is roughly three times the diameter. The measure- 
ment in Ms and dactyli (of which there were 24 to the ell) 
survives in Hipparchus {On the Fhaeiunnena of Eudoxus and 
Aratus), and some measurements in terms of the same units 
are given by Ptolemy. It was Hipparchus who first divided 
the circle in general into 360 parts or degrees, and the 
introduction of this division coincides with his invention of 
trigonometry. 

The contents of Hypsicles’s tract need not detain us long. 
The problem is : If we know the ratio which the length of the 
longest day bears to the length of the; shortest day at any 
given place, to find how many time-degrees it takes any given 
sign to rLse ; and, after this has been found, the author finds 
what length of time it takes any given degree in any sign to 
rise, i.e. the interval between the rising of one degree-point on 
the ecliptic and that of the next following. It is explained 
that the longest day is the time during which one half of the 
zodiac (Cancer, Leo, Virgo, Libra, Scorpio, Sagittarius) rises, 
and the shortest day the time during which the other half 
(Capricornus, Aquarius, Pisces, Aries, Taurus, Gemini) ri.ses. 
Now at Alexandria the longest day is to the shortest as 7 
to 6; the longest therefore conhiins 210 ‘time-degrees’, the 
shortest 160 . The two quadrants Cancer-Virgo .and Lihra- 
Sagittarius take the same time to rise, namely 105 time- 
degrees, and the two quadrants Capricornus -Pisces and Aries- 
Gemini each take the same time, namelj'’ 75 tiine-dcgrccs. 
It is further assumed that the times taken by Virgo, Leo, 
Cancer, Gemini, Taurus, Aries are in descending arithmetical 
progre.s8ion, while the times taken by Libra, Scorpio, Sagit- 
tarius, Capricornus, Aquarius, Pisces continue the same de- 
scending arithmetical series. The following lemmas are used 
and proved : 

I. If tti, + ... is a de.scending arithmeti- 

cal progression of 2?i terms with 5 (= ai— aj = ttg— a 3 = ..,) 
as common difference. 


+ ••• ■l'®n~’(®n+l + ®»+2+ ••• +®2n) = 
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II. If «i, «2 ajji-i is a descending arithmetical pro- 

gression of 2 a— 1 terms with 8 as common difference and a„ 
is the middle term, then 

«, + « 2 + ... +« 2 «-i = (2a — l)a^. 

III. If aj, «n+i‘’'®an descending arithmetical 

progression of 2 a terms, then 

ai-t-«2+-” +«2n = ’i(«i + «2h) = n{a.^ + a2„-i)- ... 

= n ((tn + ®n+i)* 

Now let B, (-' he the *l(‘scending series the sum of which 
is 105, and D, E, F the next three terms in the same series 
the .sum of which is 75, the common ditference being 3; we 
then liave, by (1), 

A + /i + ('-(/; + A’+F) = 93 , or .30 = 93 , 
and 3 = .3-j . 

Nc.\t, by (II), d + /<-!- f' = .3il, or ZB- 105, ami i? = 35 : 

therefore A, B, (', l>, E, F tiro ccjual to 38-J, 35, 31|, 28^-, 25, 
21§ time-degrees respectively, which the. author of the tract 
expresses in time-degrees and minutes as 38^20', 35*, 3P40', 
28' 20', 25', 2l' 10'. We have, now to carry tlu’ough the same 
procedure for each degree in each sign. If the difference 
between the times taken to rise by one sign and the next 
is 3' 20', what is the <lirterencc for each of the 30 degrees in 
the signl Wc have here 30 terms followed by 30 other terms 
of the same descending arithmetical progres.sion, and the 
formula (I) gives 3' . 20'= (30)‘-'(/, where <1 is the common 
difference ; thei’cforc d = aoo x 3' . 20'= O' O' 13" 20'". Lastly, 
take the sign corre.sponding to 2l' 40'. This is the sum of 
a descending arithmetical progi-e.s.sion of 30 terms </j, 
with common difference 0'0'13"20'". Therefore, by (III), 
21' 40'= 15 (uj-i-aao), whence + l' 26' 40". Now, 
since there are 30 terms Oj, « 2 ... we have 

aj-a3o = 29d = O' 6' 26" 40"'. 

It follows that (t .,0 = o' 40' 6" 40"' and = O' 46' 33" 20'", 



218 SUCCESSORS OF THE GREAT GEOMETERS 

and' from these and the common difference 0* 0^13^^ 20^^^ all 
the times corresponding to all the degrees in the circle can be 
found. 

The procedure was probably, as Tannery thinks, taken 
direct from the Babylonians, who would no doubt use it for 
the purpose of enabling the time to be determined at any 
hour of the night. Another view is that the object was 
astrological rather than astronomical (Manitius). In either 
case the method was exceedingly rough, and the assumed 
increases and decreases in the times of the risings of the signs 
in arithmetical progression are not in accordance with the 
facts. The book could only have been written before the in- 
vention of trigonometry by Hipparchus, for the problem of 
finding the times of rising of the signs is really one of 
spherical trigonometry, and these times were actually cal- 
culated by Hipparchus and Ptolemy by means of tables of 
chords. 

Dionysodobus is known in the first place as the author of 
a solution of the cubic equation subsidiary to the problem of 
Archimede.s, 0)i the Uphere and Cylinder, II. 4, To cut a given 
sphere by a plane so that the volumes of the segments have to 
one another a given ratio (.see above, p. 46). Up to recently 
this Dionysodorus was .supposed to be Dionysodorus of Amisene 
in Pontus, whom Suidas describes as ‘ a mathematician worthy 
of mention in the field of education’. But we now learn from 
a fragment of the Herculaneum Roll, No. 1044, that ‘ Philonides 
was a pupil, first of Eudemus, and afterwards of Dionysodorus, 
the son of Dionysodorus the (Jaunian ’. Now Eudemus is 
evidently Eudemus of Pergamum to whom Apollonius dedi- 
cated the first two Books of his Conics, and Apollonius actually 
asks him to show Book II to Philonides. In another frag- 
ment Philonides is said to have published some lectures by 
Dionysodorus. Hence our Diony.sodorus may be Dionysodorus 
of Caunus and a contemporary of Apollonius, or very litthj 
later.’ A Dionysodorus is also mentioned by Heron * a.s the 
author of a tract On the Spire (or tore) in which he proved 
that, if d be the diameter of the revolving circle wbieh 

* W. Schmidt in BiUiotheca mathematica, ivj, pp. 321-5. 

* Heron, Metrica, ii. 13, p. 128. 3. 
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generates the tore, and c the distance of its centre from the 
axis of revolution, 

(volume of tore) : ttc^ . d = : |cci, 

that is, (volume of tore) =\it^ . 

which is of course the pi'oduct of the area of the generating 
circle and the length of the path of its centre of gravity. The 
form in which the result is stated, namely that the tore is to 
the cylinder with height d and radius c as the generating 
circle of the tore is to half the parallelogram cd, indicates 
(juite clearly that Dionysodorus proved his result by the same 
procedure as that employed by Archimedes in the Method and 
in the book On Cotioids and Spheroids', and indeed the proof 
on Archimedean lines is not difficult. 

Before passing to the mathematicians who are identified 
with the di.scovery and development of trigonometry, it will 
be convenient, I think, to di.spose of two more mathematicians 
belonging to the last century b.c'., although this involves 
a .slight departure, from chronological order; I mean Posidonius 
and Geminus. 

Posidonius, a Stoic, the teacher of Cicero, is known as 
Posidonius of Apamea (when*, he was born) or of Rhodes 
(where he tauglit) ; his <late may be taken as approximately 
1.3.'5-51 K.o. In pure mathematics he is mainly (juoted as the 
author of certain definitions, or for views on teclmical terms, 
e.g. ‘ th»H)rem ’ and ‘problem’, and subjects belonging to ele- 
mentary geometry. More important were his contributions 
to mathematical geography amd astronomy. He gave his 
great work on geography the title On the Ocean, using the 
word which had always had such a fascination for the Greeks ; 
its contents are, known to us through the copious quotations 
from it in Strabo ; it dealt with physical as well as mathe- 
matical geography, the zones, the tides and their connexion 
with the moon, ethnography and all sorts of observations made 
during extensive travels. His astronomical book lx)re the 
title Meteoi'oloijica or Trept fifTewpoty, -and, while Geminus 
wrote a commentary on or exposition of this work, we may 
assign to it a number of views quoted from Posidonius in 
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Cleomedes’s work De motu drculari corpamm, cadestium. 
Posidonius also wrote a separate tract on the size of the sun. 

The two things which az’e sufficiently important to deserve 
mention here are (1) Posidonius’s measui'ement of the circum- 
ference of the earth, (2) his hypothesis as to the distance and 
size of the sun. 

(1) He estimated the circumference of tlie earth in this 
way. He assumed (according to Clcomedes ’) that, whereas 
the star Canopus, invisible in Greece, was just seen to graze the 
horizon at Rhodes, rising and setting again immediately, the 
meridian altitude of the same star at Alexandria was ‘ a fourtli 
part of a sign, that is, one forty-eighth part of the zodiac 
circle’ (= 7^°) ; and he observed that the distance between 
the two places (supposed to lie on the same meridian) ‘ wa.s 
considered to be 5,000 stades’. The circnmfei’ence of the 
earth was thus made out to be 240,000 stades. Unfortunately 
the estimate of the difference of latitude, 7\°, wjis very far 
from correct, the true difference being only ; moreover 
the estimate of 5,000 stades for the distance was incorrect, 
being only the maximum estimate put upon it by mariners, 
while some put it at 4,000 and Eratosthenes, by observations 
of the shadows of gnomons, found it to be 3,750 stades only. 
Strabo, on the other hand, says that Posidonius favoured ‘ the 
latest of the measurements which gave the smallest dimen- 
sions to the earth, namely alxzut 180,000 stades This is 
evidently 48 times 3,750, so that Posidonius combined Erato- 
sthenes’s figure of 3,750 stades with the incorrect estimate 
of 7\° for the difference of latitude, although Eratosthenes 
presumably obtained the figure of 3,750 stades from his own 
estimate (250,000 or 252,000) of the circumference of the earth 
combined with an estimate of the difference of latitude whicli 
was about 5§° and therefore near the truth. 

(2) Cleomedes'* tells us that Posidonius supposed the circle 
in which the sun apparently moves round the earth to be 
1 0,000 times the size of a circular section of the earth through 
its centre, and that with this assumption he combined the 

* Cleomedes, De motu drculari, i. 10, pp. 92-4. 

* Strabo, ii. c. 95. 

* Cleomedes, op. eit. ii. 1, pp. 144-6, p. 98. 1-5. 
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statement of Eratosthenes (based apparently upon hearsay) 
that at Syene, which is under tlie summer tropic, and 
throufjhout a circhi round it of 300 stades in diameter, the 
upright gnomon throws no shadow at noon. It follows from 
this that the diameter of the sun occupies a portion of the 
sun’s circle 3,000,000 stades in length ; in other words, the 
diameter of the sun is 3,000,000 stades. The assumption that 
the sun’s circle is 10,000 times jis large sis a great circle of the 
earth was presumably taken from Archimetles, who had proved 
in the Sand-rechnier that the diameter of the sun’s orbit is 
Zes8 than 10,000 times that of the earth ; Positlonius in fact 
took the maximum value to be the true value ; but his esti- 
mate of the. sun’s size is far nearer the truth than the estimates 
of Aristai'clms, Hipparchus, and Pkdemy. Expres.sed in terms 
of the mean diameter of the earth, the (‘.stimates of these 
astrononiei's give for the diameter of the sun the figures 6-|, 
12^, and Oj respectively; Posidonius’s estimate gives 39^, the 
true figui'e being 1 08-9. 

In elementary geometry Po.sidonius is credited by Proclus 
with certain detinitions. He defined ‘ figure ’ as ‘ confining 
limit’ {iTipas (TvyK\iiQvy and ‘parallels’ as ‘those lines which, 
being in one plane, neither converge nor diverge, but have all 
the perpendiculars ecpial which are drawn from the points of 
one line to the other’.- (Both these definitions are included 
in the Dejinilionn of Heron.) He also distinguished seven 
species of <|uadrilateral.s, and had views on the distinction 
between theorem and problem. Another indication of his 
interest in the fundamentals of elementary geometry is the 
fact"* that he wrote a separate work in refutation of the 
Epicurean Zeno of Sidon, who had objected to the very begin- 
nings of the Elements on the ground that they contained un- 
proved assumptions. Thus, said Zeno, even Eucl.1. 1 reijuires it 
to b»‘ admitted that ‘ two straight lines cannot have a common 
segment ’ ; and, as rcgai'ds the ‘ pi’oof ’ of this fact deduced 
from the bisection of a circle by its diameter, he would object 
that it has to be assumed that two ares of circles cannot have 
a common part. Zeno argued generally that, even if we 
admit the fundamental principles of geometry, the deductions 

' Proclus on Eucl. I, p. 143. 8. • Ib., p. 176. 6-10. 

’ lb., pp. 199. 14-200. 3. 
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from them cannot be proved without the admission of some- 
thing else as well which has not been included in the said 
principles, and he intended by means of these criticisms to 
destroy the whole of geometry^ We can understand, there- 
fore, that the tract of Posidonius was a serious work. 

A definition of the centre of gravity by one ‘ Posidonius a 
Stoic ’ is quoted in Heron’s Mechanics, but, as the writer goes 
on to say that Archimedes introduced a further distinction, we 
may fairly assume that the Posidonius in question is not 
Posidonius of Rhodes, but another, perhaps Posidonius of 
Alexandria, a pupil of Zeno of Cittium in the third cen- 
tury B.C. 

We now come to Gkminus, a very important authority on 
many questions belonging to the history of mathematics, as is 
shown by tlie numerous quotations from him in Proclus’s 
Commentai'y on Euclid, Book I. His date and birthplace are 
uncertain, and the discussions on the subject now form a whole 
literature for which reference must be made to Manitius’s 
edition of the so-called Qemini elementa astronoviiae (Teubner, 
1898) and the article ‘Geminus’ in Pauly-Wissowa’s Re<d- 
Encyclopddie. The doubts begin with his name. Petau, who 
included the treatise mentioned in his Uranologion (Paris, 
1630), took it to be the Latin Geminus. Manitius, the latest 
editor, satisfied himself that it was Geminus, a Greek name, 
judging from the fa<it that it consistently appears with the 
properispomenon accent in Greek {re/iipos), while it is also 
found in inscriptions with the spelling rffxupos', Manitius 
derivation from ye/x, as ’Effyivos from kpy, and 
from ; he compares also the unmistakably 
Greek names ’IktTvos, Kpartvos. Now, however, we are told 
(by Tittel) that the name is, after all, the Latin Gdminus, 
that Tepuvoi came to be so written through false analogy 
with &c., and that rei/ijeti'oy, if the reading is 

correct, is also wrongly formed on the model of ’Avrayeipos, 
Aypiirirdva. The occurrence of a Latin name in a centre 
of Greek culture need not surprise us, since Romans settled in 
such centres in large numbers during the last century b.c. 
Geminus, however, in spite of his name, was thoroughly Greek. 

* Proclus on Eucl. I, pp. 214. 18 21?). 13, p. 216. 19-19, p. 217. 10-2.3. 
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An upper limit for his date is furnished by the fact that he 
wrote a coitimentary on or exposition of Posidonius’s work 
rrept pereaJpfflv ; on the other hand, Alexander Aphrodisiensis 
(about A.D. 210) quotes an important passage from an ‘epitome’ 
of this (^qyr}ari 9 by Geminus. The view most generally 
accepted is that he was a Stoic philosopher, born probably 
in the island of Kho<les, and a pupil of Posidonius, and that 
he wi'ote about 73-67 U.c. 

Of Geminus’s woi'ks that which has most interest for us 
is a comprehensive work on mathematics. Proclus, though 
he makes great use of it, does not mention its title, unless 
indeed, in the passage where, after quoting from Geminus 
a classification of lines which never meet, he says ‘ these 
remarks I have .selected from the <f>i\oKdKia of Geminus’,^ 
the word ^iXoKaXia is a title or an alternative title. Tappus, 
however, (juotes a work of Geminus ‘ on the classification of 
the mathematics’ («r t 5 Trfpt rfjs rwy ixaBrjuaTOiv Ta^ea>p), 
while Eutocius quotes from ‘ the sixth book of the doctrine of 
the mathematics ’ («r t(o (Krm rfji Tmv fia6rjfidTa>u deapta^). 
The former tiths correspond.s well enough to the long extract 
on the <livi.sion of the mathematical .sciences into arithmetic, 
geometry, mechanics, astronomy, optics, geodesy, canonic 
(musical harmony) and logistic which Proclus gives in his 
first prologue, and also to the fragments contained in the 
Anonymi vorute roUedioues published by Hultsch in his 
edition of Heron: but it d<x'S not suit most of the other 
passages borrowed by Proclus. The correct title was most 
probably that given by Eutocius, T/te Doctrine, or Theory, 
of the Malhcmatice', and Pappus prol>ably I’efers to one 
particular section of the work, say the first Book. If the 
sixth Book ti’oated of conics, as we may conclude from 
Eutocius’s refenmcc, there must have t)een more Books to 
follow; for Proclus has preserved us details about higher 
curves, which must have come later. If again Geminus 
finished his work and wrote with the same fullness about the 
other branches of mathematics as he did al)out geometry, 
there must have Ixjen a considerable number of Books 
altogether. It seems to have been designed to give a com- 
plete view of the whole science of mathematics, and in fact 
* Proclus on Eucl. I, p. 177. 24. 
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to have been a sort of encyclopaedia of the subject. The 
quotations of Proclus from Geminus’s work do not stand 
alone; we have other collections of extracts, some more and 
some less extensive, and showing varieties of tradition accord- 
ing to the channel through which they came down. The 
scholia to Euclid’s Elements, Book I, contain a considei’able 
part of the commentary on the Definitions of Book I, and are 
valuable in that they give Geminus pure and simple, whereas 
Proclus includes extracts from other authors. Extracts from 
Gemimis of considerable length are included in the Arabic 
commentaxy by an-Nairizi (about A.D. 900) who got them 
through the medium of Greek commentaries on Euclid) 
especially that of Simplicius. It does not appear to be 
doubted any longer that ‘Aganis’ in an-Nairizi is really 
Geminus; this is inferred from the close agreement between 
an-Nairizi’s quotations from ‘Aganis’ and the coi'respond- 
ing passages in Proclus; the difficulty caused by the fact 
that Simplicius calls Aganis ‘socius noster’ is met by the 
suggestion that the particular word socius is either the 
result of the double translation from the Greek or means 
nothing more, in the mouth of Simplicius, than ‘ colleague ’ 
in the sense of a worker in the same field, or ‘ authority ’. 
A few extracts again are included in the Anonymi variae 
coUectiones in Hultsch’s Hcrov. Nos. 5-14 give definitions of 
geometry, logistic, geodesy and their subject-matter, remarks 
on bodies as continuous magnitudes, the three dimensions as 
‘ principles ’ of geometry, the purpose of geometiy, and lastly 
on optics, with its subdivisions, optics proper, Cattyptrim and 
(rKr]voypa<f>iKy, scene-painting (a sort of perspective), with sonui 
fundamental principles of optics, e.g. that all light travels 
along straight lines (which are broken in the cases of refiection 
and refraction), and the division between optics and natural 
philosophy (the theory of light), it being the province of the 
latter to investigate (what is a matter of indifference to optics) 
whether (l) visual rays issue from the eye, (2) images proceed 
from the object and impinge on the eye, or (3) the intervening 
air is aligned or compacted with the beam-like breath or 
emanation from the eye. 

Nos. 80-6 again in the same collection give the Peripatetic 
explanation of the name mathematics, adding that the term 
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was applied by the early Pythagoreans more particularly 
to geometry and arithmetic, sciences which deal with the pure, 
the eternal and the unchangeable, but was extended by later 
wribirs to cover what we call ‘ mixed ’ or applied mathematics, 
which, though theoretical, has to do with sensible objects, c.g. 
astronomy and optics. Other extracts from Oeminus are found 
in extant manuscripts in connexion with Damianus’s treatise 
on optics (published by R. Schbne, Berlin, 1897). The defini- 
tions of logistic and gciometry also appear, but with decided 
difFerences, in the .scholia to Plato’s (.fiarmtdes 165 E. La.stly, 
isolated (ixtracts appear in Eutocius, (1) a remark reproduced 
in th«‘ commentary on Archiimsles’s Plane Equilibriums to 
the effect that Archimetlcs in that work gave the name of 
po.stulates to what are, really axioms, (2) the .statement that 
befon; Apollonius’s time the conics were produced by cutting 
different cones (riglit-angled, acute-angleil, and obtuse-angled) 
by sections perpendicular in each case to a generator.^ 

T'he object of Geminus’s work was evid(*ntly the examina- 
tion of the first princi])l('s, the logical building up of mathe- 
matics on the basis of tho.se. admitted principles, and the 
defence of the whole structure against the critici.sms of 
the enemies of th»‘ .scienc»?, the Epicureans and Sceptics, some 
of whom f|ue.stioned the unproved principles, and othei’s the 
logical validity of the deductions from them. Thus in 
geometry Geminus dealt first with the principles or hypotheses 
{dpxai, biroOiaeis) and then with the logical deductions, the 
theorems and problems (to. fierd ray dpya^). The distinction 
is b(‘twe(!n the things which must be taken for granted Imt 
are incapable of pr<K)f and the things which must not be 
assumed but are matter for demonstmtion. The principles 
consisting of definitions, postulates, and axioms, Geminus 
subjected them severally to a critical examination from this 
point of view, distinguishing carefully between postulates and 
axioms, and discussing the legitimacy or otherwise of those 
formulated by Eiielid in each clas.s. In his notes on the defini- 
tions Geminus treated them historically, giving .the various 
alternative definitions which had been suggested for each 
fundamental concept such as ‘ line ’, ‘ .surface ’, ‘ figure ’, ‘body ’, 
‘ angle ’, &c., and frccjuently adtling instructive classifications 

' Eutocius, Comm, on Apollonius's Conics, ad inif. 
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of the different species of the thing defined. Thus in the 
case of ‘lines’ (which include curves) he distinguishes, first, 
the composite (e.g. a broken line forming an angle) and the 
incomposite. The incomposite are subdivided into those 
‘ forming a figure ’ (axT}fiaTorroiov<rai) or determinate (e.g. 
circle, ellipse, cisk»id) and those not forming a figure, inde- 
terminate and extending without limit (e.g. straight line, 
parabola, hyperbola, conchoid). In a second classification 
incomposite lines are divided into (1) ‘ simple ’, namely the circle 
and straight line, the one ‘ making a figure ’, the other extend- 
ing without limit, and (2) ‘ mixed ’. ‘ Mixed ’ lines again are 

divided into (a) ‘ lines in planes ’, one kind being a line meet- 
ing itself (e.g. the cissoid) and another a line extending 
without limit, and (b) ‘ lines on solids subdivided into lines 
formed by sections (e.g. conic sections, spiric curves) and 
‘lines round solids’ (e.g. a helix round a cylinder, sphere, or 
cone, the first of which is uniform, homoeomeric, alike in all 
its parts, while the others are non-uniform). Geminus gave 
a corresponding division of surfaces into simple and mixed, 
the former being plane surfaces and spheres, while examples 
of the latter are the tore or anchor-ring (though formed by 
the revolution of a circle about an axis) and the conicoids of 
revolution (the right-angled conoid, the obtuse-angled conoid, 
and the two spheroids, formed by tlie revolution of a para- 
bola, a hyperbola, and an ellipse respectively about their 
axes). He observes that, while there are three homoeomeric 
or uniform ‘lines’ (the stx’aight line, the circle, and the 
cylindrical helix), there are only two homoeomeric surfaces, 
the plane and the sphere. Other classifications are those of 
‘ angles ’ (according to the nature of the two lines or curves 
which form them) and of figures and plane figures. 

When Proclus gives definitions, &c., by Posidonius, it is 
evident that he obtained them from Geminus’s work. Such 
are Posidonius’s definitions of ‘ figure ’ and ‘ parallels ’, and his 
division of quadrilaterals into seven kinds. We may assume 
further that, even where Geminus did not mention the name 
of Posidonius, he was, at all events so far as the philosophy of 
mathematics was concerned, expressing views which were 
mainly those of his master. 
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Attempt to prove the Parallel-Postulate. 

Geniinus devoted much attention to the distinction between 
postulates and axioms, giving the views of earlier philoso- 
phers and mathematicians (Aristotle, Archimedes, Euclid, 
Apollonius, the Stoics) on the subject as well as his own. It 
was important in view of the attacks of the Epicureans and 
Sceptics on mathematics, for (as Geminus says) it is as futile 
to attempt to prove the indemonstrable (as Apollonius did 
when he tried to prove the axioms) as it is incorrect to assume 
what really recjuires proof, ‘ as Euclid did in the fourth postu- 
late [that all right angles are ecjual] and in the fifth postulate 
[the parallel-postulate] 

The fifth postulate was the special stumbling-block. 
Ginninus obst^rved that the converse is actually proved by 
Euclid in 1. 17; also that it is conclusively proved that an 
angle ecpial to a right angle is not necessarily itself a right 
angle (e.g. the ' angle ' between the circumferences of two semi- 
circles on two LHpnd straight lines with a common extremity 
and at right angles to one another) ; we cannot therefore admit 
that the converses are incapable of demonstration.^ And 

' we have learned from the very pioneers of this science not to 
have, regard to meni plausible imaginings when it is a ques- 
tion of the reasonings to be included in our geometrical 
doctrine. As Aristotle says, it is as justifiable to^sk scien- 
tific proofs from a rhetorician as to accept mere plausibilities 
from a geometer. . . So in this case (tl)at of the parallel- 
postulate) the fact that, when the right angles are lessened, the 
straight lines converges is true and necessary ; but the state- 
ment that, since they converge more and more as they are 
produced, they will sometime meet is plausible but not neces- 
sary, in the absence of some argument showing that this is 
trin^ in the case of straight lines. For the fact that some lines 
exist which approach indefiniti'ly but yet remain non-secant 
{dcTvpTTTCdTOL), althougli it seems im])rol)able and paradoxical, 
is nev(U’theless true and fully ascertained with reference to 
other species of lines [the hyperbola and its asymptote and 
the conchoid and its asymptote, as Geminus says elsewhere]. 
May not then the same thing be possible in the case of 

» Proclus on End. I, pp. 178-82. 4> 183. 14-184. 10. 

» /6., pp. 183. 26-184. 5. 

Q 2 
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straight lines which happens in the case of the lines referred 
to ? Indeed, until the statement in the postulate is clinched 
by proof, the facts shown in the case of the other lines may 
direct our imagination the opposite way. And, though the 
controversial arguments against the meeting of the straight 
lines should contain much that is surprising, is there not all 
the more reason why we shouhl expel from our body of 
doctrine this mei*ely plausible and uni'easoned (hypothesis) ? 
It is clear from this'that we must seek a proof of the present 
theorem, and that it is alien to the special character of 
postulates.’ ’ 

Much of this might have been written by a modern 
geometer. Geminus’s attempted remedy was to substitute* 
a definition of parallels like that of Posidonius, based on the 
notion of equidistance. An-NairizI gives the definition as 
follows: ‘Parallel straight lines are .straight lines situated in 
the same plane and such that the distance between tbem, if 
they are produced without limit in both directions at the same 
time, is everywhere the same’, to which Geminus adds the 
statement that the said distance is the shorte.st straight lino 
that can be drawn between them. Starting from this, 
Geminus proved to his own satisfaction the propositions of 
Euclid regarding parallels and finally the parallel-postulate. 
He first gave the propositions (1) that the ‘distance ’ between 
the two lines as Refined is perpendicular to both, and (2) that, 
if a straight line is perpendicular to each of two straight lines 
and meets both, the two straight lines are parallel, and the 
‘ distance’ is the intercept on the perpendicular (proved by 
reductio ad absurdum). Next comp (3) Euclid’s propositions 
I. 27, 28 that, if two lines are parallel, the alternate angles 
made by any transversal ai'e efiual, Ac. (easily proved by 
drawing the two equal ‘distances’ through the points of 
intersection with the transversal), and (4) Enel. I. 29, the con- 
verse of I. 28, which is proved by reductio ad absurdum, by 
means of (2) and (3). Geminus still needs Eucl. I. 30, 31 
(about parallels) and I. 33, 34 (tbe first two propositions 
relating to parallelograms) for his final proof of the postulate, 
which is to the following effect. 

Let AB, CD be two straight lines met by the straight line 


* Proclus on Eucl. I, pp. 192. 5-193. 3. 
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EF, and lei the interior angles BEF, EFD be together less 
than two right angles. 

Take any point 11 on FIJ and draw HK parallel to AB 
meeting EF in K. Then, if we bisect EF at L, LF M, MF 
at N, and so on, we shall at last have a length, Jis FN, less 



than F/v . Draw FL!, .N'Oi’ puj’allel to AB. Produce FO toQ, 
and let F(J be, tin; same multiph! of F(J that FE is of FA"; 
then shall AB, (U) meet in Q. 

Let >S' be the middle point of Fi^ and li the middle point of 
FB. DraAV through li, B, Q I'espectively tlu* straight lines 
BFd, BTU, QV parallel to EF. Join MR, LB and produce 
thi'in to T, V. Produce FG to F. 

Then, in the triaingles F()N, ROP, two angles are equal 
respectively, the vertically opposite angles FOX, ROP and 
tlie alternate angles XF(}, PRO ', and FO = OR ] therefore 
RP = FX. 

And FX, PG in the parallelogram FXPG are ecjual ; there- 
fore RG = 2 FX = FM (wlu'iice M R is parallel to FG or AB) 

Similarly we prove that SU = 2FM = FL, and LB is 
parallel b) FG or AB. 

Lastly, by the triangles FLB, QVB, in which the sides FB, 
BQ are equal and two angles are respectively equal, QV — FL. 

Therefore QV = LE. 

Since then EL, QV are equal and parallel, so are EQ, LV, 
and (says Ooininus) it follows that AB passes through Q. 
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What follows is actually that both EQ and AB (or EB) 
are parallel to LV, and Geminus assumes that EQ, AB 
are coincident (in other words, that through a given point 
only one parallel can be drawn to a given straight line, an 
assumption known as Playfair’s Axiom, though it is actually 
stated in Proclus on Eucl. I. 31). 

The proof therefore, apparently ingenious as it is, breaks 
down. Indeed the method is unsound from the beginning, 
since (as Saccheri pointed out), before even the definition of 
parallels by Geminus can be used, it has to be proved that 
‘ the geometx'ical locus of points equidistant fi*om a straight 
line is a straight line and this cannot be proved without a 
postulate. But the attempt is interesting as the first which 
has come down to us, although there must have been many 
others by geometers earlier than Geminus. 

Coming now to the things which follow from the principles 
{rh fi(Th rhs dp^ds), we gather from Proclus that Geminus 
carefully discussed such generalities as the nature of elements, 
the different views which had been' held of the distinction 
between theorems and problems, the nature and significance 
of SiopiarpoL (conditions and limits of possibility), the meaning 
of ‘ porism ’ in the sense in which Euclid used the word in his 
Porisms as distinct from its other meaning of ‘ corollary the 
different sorts of problems and theorems, the two varieties of 
converses (complete and pai'tial), to 2 Hcal or ^ocws-theorems, 
with the classification of loci. He discussed also philosophical 
questions, e.g. the question whether a line is made up of 
indivisible parts (e^ dpepcov), which came up in connexion 
with Eucl. I. 10 (the bisection of a straight line). 

The book was evidently not less exhaustive as regards 
higher geometry. Not only did Geminus mention the 
curves, conchoids and cissoids in his classification of curves ; 
he showed how they were obtained, and gave proofs, presum- 
ably of their principal properties. Similarly he gave the 
proof that there are three homoeomeric or uniform lines or 
curves, the straight line, the circle and the cylindrical helix. 
The proof of ‘ uniformity ’ (the property that any portion of 
the line or. curve will coincide with any other portion of the 
same length) was preceded by a proof that, if two straight 
lines be drawn from any point to meet a uniform line or curve 
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and make equal angles with it, the straight lines are equal.* 
As Apollonius wrote on the cylindrical helix and proved the 
fact of its uniformity, we may fairly assume that Geminus 
was here drawing upon Apollonius. 

Enough has been said to show how invaluable a source of 
information Geminus’s work furnished to Proclus and all 
writers on the history of mathematics who had access to it. 

In astronomy we know that Geminus wrote an of 

Posidonius’s work, the Meteorologica or rrepi /xeTeapcov. This 
is the source of the famous extract made from Geminus by 
Alexander Aphrodisicnsis, and reproduced by Simplicius in 
his commentary on the Physics of Aristotle,* on which Schia- 
parelli relied in his attempt to show that it was Heraclides of 
Pontus, not Aristarchus of Samos, who first put forward the 
heliocentric hypothesis. The extract is on the distinction 
between physical and astronomical in(iuiry as applied to the 
heavens. It is the business of the physicist to consider the 
substance of the heaven and stars, their force and quality, 
their coming into being and decay, and lie is in a position to 
prove the facts about their size, shape, and aiTangement; 
lustrononiy, on the other hand, ignores the physical side, 
proving the arrangement of the heavenly bodies by considera- 
tions based on the view that the heaven is a real Koapo?, and, 
M'hen it tells us of the shapes, sizes and distances of the earth, 
sun and moon, of eclipses and conjunctions, and of the quality 
and extent of the movements of the heavenly bodies, it is 
connected with the mathematical investigation of quantity, 
size, form, or shape, and uses arithmetic and geometry to 
prove its conclusions. Astronomy deals, pot with causes, but 
with facts; hence it often proceeds by hypotheses, stating 
certain expedients by which the phenomena may be saved. 
For example, why do the sun, the moon and the planets 
appear to move irregularly ? To explain the observed facts 
we may assume, for instance, that the orbits are eccentric 
circles or that the stars describe epicycles on a carrying 
circle; and then we have to go farther and examine other 
ways in which it is possible for the phenomena to be brought 
about. ‘ Hence we actually find a certain j^erson [Heraclides 

* Proclus on Eucl. I, pp. 112. 22-113. 8, p. 251. 3-11. 

’ Simpl. in Phy»., pp. 291-2, ed. Diels. 
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of Pontus] coming forward and saying that, even on the 
asawniption that the earth moves in a certain way, while 
the sun is in a certain way at rest, the apparent irregularity 
with reference to the sun may be saved.’ Pliilological con- 
siderations as well as the other notices which we possess 
about Heraclides make it practically certain that ‘ Heraelides 
of Pontus’ is an interpolation and that Geminus said ns 
simply, ‘a certain person’, witliout any name, though he 
doubtleas meant Aristarchus of Samos.^ 

Simplicius says that Alexander quoted this extract from 
the epitome of the k^yygais by Geminus. As the original 
work was apparently made the subject of an abridgement, we 
gather that it must have been of considerable scope. It is 
a question whether k^yygaLS means ‘ commentary ’ or ‘ ex- 
position ’ ; I am inclined to think that the latter interpretation 
is the correct one, and that Geminus reproduced Posidonius’s 
work in its entirety with elucidations and comments; this 
seems to me to be suggested by the words added by Simplicius 
immediately after the extract ‘this is the account given by 
Geminus, or Posidonius in Geminus, oi the ditierence between 
physics and astronomy ’, which seems to imply that Geminus 
in our passage reproduced Posidonius textually. 

'Introduction to the Phaenomena’ attributed to Geminus. 

There remains the treatise, purporting to be by Geminus, 
which has come down to us under the title P^pivov eiaaycoyh 
els ra ^aivopeva.^ What, if any, is the relation of this work 
to the exposition of Posidonius’s Meleoralagica or tlic epitome 
of it just mentioned ? One view is that the original Isagoge 
of Geminus and the k^rjyrj<ris of Posidonius were one and the 
same work, though the Isagoge as we have it is not by 
Geminus, but by an unknown compiler. The objections to 
this are, first, that it does not contain the extract given by 
Simplicius, which would have come in usefully at the begin- 
ning of an Introduction to Astronomy, nor the other extract 
given by Alexander from Geminus and relating to the rainbow 
which seems likewise to have come from the k^gyytns^', 

* Cf. AHstarchm of Samos, pp. 275-83. 

* Edited by Manitius (Teubner, 1898). 

* Alex. Aphr. on Aristotle’s Meteotvlogica, iii. 4, 9 (Ideler, ii, p. 128; 
p. 152. 10, Hayduck). 
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secondly, that it docs not anywhere mention tlie name of 
Posidonius (not, pcrliaps, an insuperable objection) ; and, 
thirdly, that there are views expressed in it which are not 
those held by Posidonius but contrary to them. Again, tlie 
writer knows how to give a sound judgement as between 
divergent views, writes in good style on the whole, and can 
hardly have been the mere compiler of extracts from Posi- 
<lonius which the view in (juestion assumes him to be. It 
seems in any case safer to assume that the hagoge and the 
were separate works. At the same time, the hagoge, 
as we have it, contains errors which we cannot attribute to 
Geminus. The choice, therefore, seems to lie between two 
alternatives ; either the book is by Geminus in the main, but 
has in the course of centuries suffered deterioration by inter- 
polations, mistakes of copyists, and so on, or it is a compilation 
of extracts from an original Isagoge by Geminus with foreign 
and inferior elements introduced either by the compiler him- 
self or by other prentice hands. The result is a tolerable ele- 
mentary treatise ilhitable for teaching purposes and containing 
the most important doctrines of Greek astronomy repre.sented 
from the standpoint of Hipparchus. Cliapter 1 treats of the 
zodiac, the solar year, the irregularity of the sun’s motion, 
which is explained by the eccentric position' of the sun’s orbit 
relatively to the zodiac, the oi’der and the periods of revolution 
of the planets and the moon. In § 23 we are told that all 
the fixed stars do not lie on one spherical surface, but some 
are farther away than others — a doctrine due to the Stoics. 
Chapter 2, again, treats of the twelve signs of the zodiac, 
chapter 3 of the constellations, chapter 4 of the axis of 
the universe and the poles, chapter 5 of the circles on the 
sphere (the e<juator and the parallel circles, arctic, summer- 
tropical, winter-tropical, antai-ctic, the colure-circles, the zodiac 
or ecliptic, the horizon, the meridian, and the Milky Way), 
chapter 6 of Day and Night, their relative lengths in different 
latitudes, their lengthening and shortening, chapter 7 of 
the times which the twelve signs bike to rise. Chapter 8 
is a Clear, interesting and valuable chapter on the calendar, 
the length of months and years and the various cycles, the 
octaeteris, the 16-ycars and 160-years cycles, the lO-ycars 
cycle of Euctemon (and Meton), and the cycle of Callippus 
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(76 years). Chapter 9 deals with the moon’s phases, chaptera 
10, 11 with eclipses of the sun and moon, chapter 12 with the 
problem of accounting for the motions of the sun, moon and 
planets, chapter 13 with Risings and Settings and the various 
technical terms connected therewith, chapter 14 with the 
circles described by the fixed stars, chapters 15 and 16 with 
mathematical and physical geography, the zones, &c. (Geminus 
follows Eratosthenes’s evaluation of the circumference of the 
earth, not that of Posidonius). Chapter 17, on weather indica- 
tions, denies the popular theory that changes of atmospheric 
conditions depend on the rising and setting of certain stars, 
and states that the predictions of weather {(Triarjfiaa-iai.) in 
calendars {naparr^yfiaTa) are only derived from experience 
and observation, and have no scientific value. Chapter 18 is 
on the €^eAty/i6f, the shortest period which contains an integral 
number of synodic months, of days, and of anomalistic revolu- 
tions of the moon ; this period is three times the Chaldaean 
period of 223 lunations used for predicting eclipses. The end 
of the chapter deals with the maximum, mean, and minimum 
daily motion of the moon. The chapter as a Avhole does not 
correspond to the rest of the book ; it deals with more difficult 
matters, and is thought by Manitius to be a fragment only of 
a discussion to which the compiler did not feel himself e(iual. 
At the end of the work is a calendar (Parupetjma) giving the 
number of days taken by the sun to traverse each sign of 
the zodiac, the risings and settings of various stars and the 
weather indications noted by various astronomers, Democritus, 
Eudoxus, Dositheus, Euctcmon, Melon, Callippus ; this calendar 
is unconnected with the rest of the book and the contents 
are in several respects inconsistent with it, especially the 
division of the year into quarters which follows Callippus 
rather than Hipparchus. Hence it has been, since Boeckh’s 
time, generally considered not to be the work of Geminus. 
Tittel, however, suggests that it is not impossible that Geminus 
may have reproduced an older Parapegma of Callippus. 



XVI 

SOME HANDBOOKS 

The description- of the handbook on the elements of 
astronomy entitled the Introduction to the Phaenomerut and 
attributed to Gemiiius might properly have been reserved 
for this chapter. It wius, however, convenient to deal with 
Geminus in close connexion with Posidonius; for Geminus 
wrote an exposition of Posidonius’s Meteorologica related to the 
original work in such a way that Simplicius, in quoting a long 
passage from an epitome of this work, could attribute the 
passage to either Geminus or ‘ Posidonius in Geminus ’ ; and it 
is evident that, in other subjects too, Geminus drew from, and 
was influenced by, Posidonius. 

The small work De motu circular i corpoi'uni caelestium by 
Cleomedes (KX^ofjLrjSous KVKXiKfj 6(<opLa) in two Books is the 
production of a much less competent person, but is much more 
largely based on Posidonius. This is proved by several refer- 
ences to Posidonius by name, but it is specially true of the 
very long tirst chapter of Book II (nearly half of the Book) 
which seems for the most part to be copied bodily from 
Posidonius, in accordance with the author’s remark at the 
end of Book I that, in giving the refutation of the Epicurean 
assertion that the sun is Just as large as it looks, namely one 
foot in diameter, he will give so much as suffices for such an 
introduction of the particular arguments used by ‘ certain 
authors who have written whole treatises on this one topic 
(i. e. the size of the sun), among whom is Posidonius The 
interest of the book then lies mainly in what is quoted from 
Posidonius ; its mathematical interest is almost nil. 

The date of Cleomedes is not certainly ascertained, but, as 
he mentions no author later than Posidonius, it is permissible 
to suppose, with Hultsch, that wrote about the middle of 
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the first century B.c. As he seems to know nothing of the 
works of Ptolemy, he can hardly, in any case, have lived 
later than the beginning of the second century A. D. 

Book I begins with a chapter the object of which is to 
prove that- the universe, which has the shape of a sphere, 
is limited and surrounded by void extending without limit in 
all directions, and to refute objections to this view. Then 
follow chapters on the five parallel circles in the heaven and 
the zones, habitable and uninhabitable (chap. 2) ; on the 
motion of the fixed stars and the independent {irpoaipeTiKai) 
movements of the planets including the sun and moon 
(chap. 3); on the zodiac and the effect of the sun’s motion in 
it (chap. 4) ; on the inclination of the axis of the universe and 
its efiects on the lengths of days and nights at different places 
(chap. 5); on the inequality in the rate of increase in the 
lengths of the days and nights according to the time of year, 
the different lengths of the seasons due to the motion of the 
sun in an eccentric circle, the difference between a day-and- 
night and an exact revolution of the universe owing to the 
separate motion of the sun (chap. 6) ; on the habitable regions 
of the globe including Britain and the ‘ island of Thule ’, said 
to have been visited by Pytheas, where, when the sun is in 
Cancer and visible, the day is a month long ; and so on (chap, 7). 
Chap. 8 purports to prove that the universe is a sphere by 
proving first that the earth is a sphere, and then tliat tlie air 
about it, and the ether about that, must necessarily make up 
larger spheres. The earth is proved to be a sphere by the 
method of exclusion ; it is assumed that the only possibilities 
are that it is [a) flat and plane, or (6) hollow and deep, or 
(c) square, or {d) pyramidal, or (e) spherical, and, the first four 
hypotheses being successively disposed of, only the fifth 
remains. Chap. 9 maintains that the earth is in the centre of 
the universe ; chap. 10, on the size of the earth, contains the 
interesting reproduction of the details of the measurements of 
the earth by Posidonius and Eratosthenes respectively which 
have been given above in their proper places (p. 220, pp. 1 06-7) ; 
chap. 1 1 argues that the earth is in the relation of a point to, 
i. e. is negligible in size in comparison with, the universe or 
even the sun’s circle, but not the moon’s circle (cf. p. 3 above). 

Book II, chap. 1, is evidently the puce de riaiatance, con- 
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sisting of an elaborate refutation of Epicurus and his followers, 
who held that the sun is just as large as it looks, and further 
asserted (according to Cleomedes) that the stars are lit up as 
they rise and extinguished as they set. The chapter seems to 
bo almost wholly taken from Posidonius; it ends*with some 
pag<is of merely vulgar abuse, comparing Epicurus with Ther- 
sites, with more of the same sort. The value of the chapter 
lies in certain historical traditions mentioned in it, and in the 
account of Posidonius's speculation as to the size and distance 
of the sun, which does, as a matter of fact, give results much 
nearer the truth than those obtained by Aristarchus, Hippar- 
chus, and Ptolemy. Cleomedes observes (1) that by means of 
water-clocks it is found that the apparent diameter of the sun 
is 1 / 750th of the sun’s circle, and that this method of 
measuring it is said t(j have been first invented by the 
Egyptians; (2) that Hipparchus is said to have found that 
the sun is 1,050 times the size of the earth, though, as I’egards 
this, we have the better authority of Adrastus (in Theon of 
Smyrna) and of Chalcidius, according to whom Hipparchus 
made the sun nearly 1,880 times the size of the eax’th (both 
figures refer of course to the solid content). We have ah’eady 
described Posidonius’s method of arriving at the size and 
distance of the sun (pp. 220-1). After he has given this, Cleo- 
medes, apparently deserting his guide, adds a calculation of 
his own relating to the sizes and distances of the moon and 
the sun which shows how little he was capable of any scien- 
tific imjuiry.^ Chap. 2 purports to prove that the sun is 

' He says (pp. 146. 17-148. 27) that in an eclipse the breadth of the 
earth’s shadow is state*! to be two moon-breadths ; hence, he says, it 
seems credible (mduviiv) that the earth is twice the size of the moon (this 
practically assumes that the brea<lth of the earth’s shadow is equal to 
the diameter of the earth, or that the cone of the earth’s shadow is 
a cylinder !). Since then the circumference of the earth, according to 
Eratosthenes, is 2.')(),000 stades, and its diameter therefore ‘ more than 

80.000 ’ (ho evidently takes ■n = S), the diameter of the moon will be 

40.000 stades. Now, the moon’s circle being 750 times the moon’s 
diameter, the radius of the moon’s circle, i.e. the distsvnee of the moon 
from the earth, will be Jth of this (i.e. tt = 3) or 125 moon-diameters; 
therefore the moon’s distance is 5,000,000 stades (which is much too 
great). Again, since the moon traverses its orbit 13 times to the sun’s 
once, he assumes that the sun’s orbit is 13 times as large as the moon’s, 
and consequently that the diameter of the sun is 13 times that of the 
moon, or 520,000 stades and its distance 13 times 5,000,000 or 65,000,000 
stades ! 
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larger than the earth ; and the remaining chapters deal with 
the size of the moon and the stars (chap. 3), the illuminati 9 n 
of the moon by the sun (chap. 4), the phases of the moon and 
its conjunctions with the sun (chap. 5), the eclipses of the 
moon (chap. 6), the maximum deviation in latitude of the five 
planets (given as 5° for Venus, 4° for Mercury, 2^° for Mars 
and Jupiter, 1° for Saturn), the maximum elongations of 
Mercury and Venus from the sun (20° and 60° respectively), 
and the synodic periods of the planets (Mercury 116 days, 
Venus 584 days. Mars 780 days, Jupiter 398 days, Saturn 
378 days) (chap. 7). 

There is only one other item of sufficient interest to be 
mentioned here. In Book II, chap. 6, Cleomedes mentions 
that there were stories of extraordinary eclipses which ‘ the 
more ancient of the mathematicians had vainly tried to ex- 
plain ’ ; the supposed ‘ paradoxical ’ case was that in which, 
while the sun seems to be still above the horizon, the exlipsed 
moon rises in the east. The passage has been cited above 
(vol. i, pp. 6-7), where I have also shown that Cleomedes him- 
self gives the true explanation of .the phenomenon, namely 
that it is due to atmospheric refraction. 

The first and second centuries of the Christian era saw 
a continuation of the work of writing manuals or introduc- 
tions to the different mathematical subjects. About A. D. 100 
came Nicomachus, who wrote an I iitroductioti to Arithmetic. 
and an Introduction to Harmony, if we may judge by a 
remark of his own,^ he would appear to have written an intro- 
duction to geometry also. The Arithmetical Introduction has 
been sufficiently de.scribed above (vol. i, pp. 97-112). 

There is yet another handbook which needs to be mentioned 
separately, although we have had occasion to quote from it 
several times already. This is the book by Theon of Smykna 
which goes by the title Expositio rerum mathematicarum ad 
legendum Platonem utilium. There are two main divisions 
of this work, contained in two Venice manuscripts respec- 
tively. The first was edited by Bullialdus (Paris, 1644), the 
second by T. H. Martin (Paris, 1849); the whole has been 


* Nicom. AHth. ii. 6. 1. 
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edited by E. Hiller (Teubner, 1878) and finally, with a French 
translation, by J. Dupuis (Paris, 1892). 

Theon’s date is approximately fixed by two considerations. 
He is clearly the pej'son whom Theon of Alexandria called 
‘the old Theon’, rby iraXaiov &€(ova,^ and there is no reason 
to doubt tliat he is the ‘ Theon the mathematician ’ (6 fiadrj- 
fiariKos) who is credited by Ptolemy with four observations 
of the planets Mercury and Venus made in a.d. 127, 129, 130 
and 132.^ The latest writers whom Tlieon liimself mentions 
are Thrasyllus, who lived in the reign of Tilierius, and 
Adrastus the Peripatetic, who belongs to the middle of the 
second century A.D. Theon’s work itself is a curious medley, 
valuable, not intrinsically, but for the numerous historical 
notices which it contains. The title, which claims that the 
book contains things useful for the study of Plato, must not 
be tivken too seriously. It was no doubt an elementary 
introduction or vade-mecum for students of philosophy, but 
there is little in it which has special reference to the mathe- 
matical questions raised in Plato. The connexion consists 
mostly in the long proem quoting the views of Plato on the 
paramount importance of mathematics in the training of 
the philosopher, and the mutual relation of the five different 
branches, arithmetic, geometry, stereometry, astronomy and 
music. The want of care shown by Theon in the quotations 
fi’om particular dialogues of Plato prepares us for the patch- 
work character of the whole book. 

In the first chapter he promises to give the mathematical 
theorems most neces-sary for tin*, student of Plato to know, 
in arithmetic, music, and geometry, with its application to 
stereometry and astronomy.-* But the promise is by no means 
kept as regards geometry and stereometry : indeed, in a 
later passage Theon seems to excuse himself fi-om including 
theoretical geometry in his plan, on the ground that all those 
who are likely to read his work or the writings of Plato may 
be assumed to have gone through an elemeubiry course of 
theoretical geometiy.'* But he writes at length on figured 

' Theon of Alexandria, Comm, on Ptolemy's Syntaxis, Basel edition, 
pp. 390, 395, 396. 

* Ptolemy, Syntaxis, ix. 9, x. 1, 2. 

• 'I'heon of Smyrna, ed. Hiller, p. 1. 10-17. 

‘ fb., p. 16. 17-20. 
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numbers, plane and solid, which are of course analogous to 
the corresponding geometrical figures, and he may have con- 
sidered that he was in this way sufficiently fulfilling his 
promise with regard to geometry and stereometry. Cei’tain 
geometrical definitions, of point, line, straight line, the three 
dimensions, rectilinear plane and solid figures, especially 
parallelograms and parallelepipedal figures including cubes, 
plinthides (square bricks) and SoKiSes (beams), and scalene 
figures with sides unequal every way (= ^oafiiaKoi in the 
classification of solid numbers), are dragged in later (chaps. 
53-5 of the section on music)^ in the middle of the discus.sion 
of proportions and means; if this passage is not an inter- 
polation, it confirms the supposition that Theon included in 
his work only this limited amount of geometry and stereo- 
metry. 

Section I is on Arithmetic in the same sense as Nicomachus’s 
Introduction. At the beginning Theon observes that arith- 
metic will be followed by music. Of music in its three 
aspects, music in insti'uments {tv opydvoLsi), music in numbers, 
i.e. musical intervals expi'essed in numbers or pure theoi’etical 
music, and the music or harmony in tlie universe, the first 
kind (instrumental music) is not exactly essential, but the other 
two must be discussed immediately after arithmetic.’^ The con- 
tents of the arithmetical section have been sufficiently indicated 
in the chapter on Pythagorean arithmetic (vol. i, pp. 112-13) ; 
it deals with the classification of numbers, odd, even, and 
their subdivisions, prime numbers, composite numbers with 
equal or unequal factors, plane numbers subdivided into 
square, oblong, triangular and polygonal numbers, with their 
respective ‘gnomons’ and their properties as the sum of 
successive terms of arithmetical progressions beginning with 
1 as the first term, circular and spherical numbers, solid num- 
bers with three factors, pyramidal numbers and truncated 
pyramidal numbers, perfect numbers with their correlatives, 
the over-perfect and the deficient; this is practically what 
we find in Nicomachus. But the special value of Theon’s 
exposition lies in the fact that it contains an account of the 
famous ‘ side- ’ and ‘ diameter- ’ numbers of the Pythagoreans.’* 

‘ Theon of Smyrna, ed. Hiller, pp. 111-13. ® lb., pp. 16. 24-17. 11. 

’ lb., pp. 42. 10-45. 9. Cf. vol. i, pp. 91-3. 
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In the Section on Music Theon says he will first speak of 
the two kinds of music, the audible or instrumental, and the 
intelligible or theoretical subsisting in numbers, after which 
he promises to deal lastly with ratio as predicable of mathe- 
matical entities in general and the ratio constituting the 
harmony in the universe, ‘ not scrupling to set out once again 
the things discovered by our predecessors, just as we have 
given the things hand<Ml down in former times by the Pytha- 
goreans, with a view to making them better known, without 
ourselves claiming to have discovered any of them’.^ Then 
follows a discussion of audible music, the intervals which 
give harmonies, &c., including substantial quotations from 
Thrasyllus and Adrastus, and references to views of Aris- 
toxenus, Hippasus, Archytas, Eudoxus and Plato. With 
chap. 17 (p. 72) begins the account of the ‘harmony in 
numbers’, which turns into a general discussion of ratios, 
propoidiions and means, with more quotations from Plato, 
Eratosthenes and Thrasyllus, followed by Thrasyllus’s divisio 
cawniis, chaps. 35, 36 (pp. 87-93). After a promise to apply 
the latter division to the sphere of the universe, Theon 
purports to I’eturn to the subject of proportion and means. 
This, however, does not occur till chap. 50 (p. 106), the 
intervening chapters being taken up with a discussion of 
the SfKds and T^rpaKTv^ (with eleven applications of the 
latter) and the mystic or curious pi’operties of the numbers 
from 2 to 1 0 ; here we have a part of the thecloguniena of 
arithmetic. The discussion of proportions and the different 
kinds of means after Eratosthenes and Adrastus is again 
internipted by the insertion of the geometrical definitions 
already referred to (chaps. 53-5, pp. 111-13), after which 
Theon resumes the question of means for ‘more precise’ 
treatment. 

The Section on Astronomy begins on p. 120 of Hiller’s 
edition. Here again Theon is mainly dependent u^on 
Adrastus, from whom he makes long quotations. Thus, on 
the sphericity of the earth, he says that for the neces- 
sary conspectus of the arguments it will be sufficient to 
refer to the grounds stated summarily by Adrastus. In 
explaining (p. 124) that the unevennesses in the surface of 

* Theon of Smyrna, ed. Hiller, pp. 46. 20-47. 14. 
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the earth, represented e.g. by mountains, are negligible in 
comparison with the size of the whole, ho quotes Eratosthenes 
and Dicaearchus as claiming to have discovered that the 
perpendicular height of the highest mountain above the normal 
level of the land is no more than 10 stades; and to obtain the 
diameter of the earth he uses Eratosthenes's figure of approxi- 
mately 252,000 stades for the circumference of the earth, 
which, with the Archimedean value of for tt, gives a 
diameter of about 80,182 stades. The principal astronomical 
circles in the heaven are next described (chaps. 5-12, pp. 
129-36) ; then (chap. 12) the assumed maximum deviations in 
latitude are given, that of the sun being put at 1°, that of the 
moon and Venus at 12°, and those of the planets Mercury, 
Mars, Jupiter and Saturn at 8°, 5°, 6° and 3° respectively; the 
obliquity of the ecliptic is given as the side of a regular polygon 
of 16 sides described in a circle, i.e. as 24° (chap. 23, p. 151). 
Next the order of the orbits of the sun, moon and planets is ex- 
plained (the system is of course geocentric) ; we are told (p.l38) 
that ‘some of the Pythagoreans' made the order (reckoning 
outwards from the earth) to be moon. Mercury, Venus, sun. 
Mars, Jupiter, Saturn, whereas (p. 142) Eratosthenes put the 
sun next to the moon, and the mathematicians, agreeing with 
Eratosthenes in this, differed only in the order in which they 
placed Venus and Mercury after the sun, some putting Mercury 
next and some Venus (p. 143). The order adopted by ‘some 
of the Pythagoreans ' is the Chaldaean order, which was not 
followed by any Gi’eek before Diogenes of Babylon (second 
century B.O.); ‘some of the Pythagoreans' are therefore the 
later Pythagoreans (of whom Nicomachus was one) ; the other 
order, moon, sun, Venus, Mercury, Mars, Jupiter, Saturn, was 
that of Plato and the early Pythagoreans. In chap. 15 
(p. 138 sq.) Theon quotes verses of Alexander ‘the Aetolian’ 
(not really the ‘ Aetolian but Alexander of Ephesus, a con- 
temporary of Cicero, or possibly Alexander of Miletus, as 
Chalcidius calls him) assigning to each of the planets (includ- 
ing the earth, though stationary) with the sun and moon and 
the sphere of the fixed stars one note, the intervals between 
the notes being so arranged as to bring the nine into an 
octave, whereas with Eratosthenes and Plato the earth was 
excluded, and the eight notes of the octachord were assigned 
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to the seven lieavenly bodies and the sphere of the fixed stars. 
The whole of this passage (chaps. 15 to 16 ,‘ pp. 138 - 47 ) is no 
doubt intended as the promised account of the ‘harmony in 
the universe although at the very end of the work Theon 
implies that this has still to l>e explained on the basis of 
Thrasyllus’s exposition combined with what he has already 
given himself. 

The next chapters deal with the forward movements, the 
stationary points, and the retrogradations, as they respectively 
appear to us, of the five planets, and the ‘ saving of the pheno- 
mena ’ by the alternative hypotheses of eccentric circles and 
epicycles (chaps. 17 - 30 , pp. 147 - 78 ). These hypotheses are 
explained, and the identity of the motion pi’oduced by the 
two is shown by Adrastus in the case of the sun (chaps. 26 , 27 , 
pp. 166 - 72 ). The proof is introduced with the interesting 
remark that ‘ Hipparchus says it is worthy of investigation 
by mathematicians why, on two hypotheses so different from 
one another, that of eccentric circles and that of concentric 
circles with epicycles, the same results appear to follow ’. It 
is not to be supposed that the proof of the identity could be 
other than ea.sy to a mathematician like Hipparchus; the 
remark perliaps merely suggests that the two hypotheses were 
discovered quite independently, and it was not till later that 
the eftect was *liscovered to l)e the same, when of course the 
fact would seem to be curious and a matliematical proof would 
immediately be sought. Another passage (p. 188 ) says that 
Hipparchus preferred the hypothesis of the epicycle, as being 
his own. If this means that Hipparchus claimed to have 
discovered the epicycle-hypothesis, it must be a misapprehen- 
sion; for Apollonius already understood the theory of epi- 
cycles in all its generality. According to Theon, the epicycle- 
hypothesis is more ‘ according to nature ’ ; but it was presum- 
ably preferi’ed because it was applicable to all the planets, 
whereas the eccentric-hypothesis, when originally suggested, 
applied only to the three superior planets ; in order to make 
it apply to the inferior planets it is necessary to suppose the 
circle described by the centre of the eccentric to be greater 
than the eccentric circle itself, which extension of the hypo- 
thesis, though known to Hipparchus, does not seem to have 
occurred to Apollonius. 

R 2 
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We next have (chap. 31, p. 178) an allusion to the systems 
of Eudoxus, Callippus and Aristotle, and a description 
(p. 180 sq.) of a system in which the ‘carrying’ spheres 
(called ‘ hollow ’) have between them ‘ solid spheres which by 
their own motion will roll (dveXi^ova-i) the carrying spheres in 
the opposite direction, being in contact with them These 
‘solid’ spheres (which carry the planet fixed at a point on 
their surface) act in practically the same way as epicycles. 
In connexion with this description Theon (i.e. Adrastus) 
speaks (chap. 33, pp. 186-7) of two alternative hypotheses in 
which, by comparison with Chalcidius,* we recognize (after 
eliminating epicycles erroneously imported into both systems) 
the hypotheses of Plato and Heraclides respectively. It is 
this passage which enables us to conclude for certain that 
Heraclides made Venus and Mercury revolve in circles about 
the sun, like satellites, while the sun in its turn revolves in 
a circle about the earth as centre. Theon (p. 187) gives the 
maximum ares separating Mercury and Venus respectively 
from the sun as 20° and 50°, these figures being the same as 
those given by Cleomedes. 

The last chapters (chaps. 37-40), quoted from Adrastus, deal 
with conjunctions, transits, occultations and eclipses. The 
book concludes with a considerable extract from Dercyllides, 
a Platonist with Pythagorean leanings, who wrote (before the 
time of Tiberius and perhaps even before Varro) a book on 
Plato’s philosophy. It is here (p. 198. 14) that we have the 
passage so often quoted from Eudemus : 

‘ Eudemus relates in his Astronomy that it was Oenopides 
who first discovered the girdling of the zodiac and the I'evolu- 
tion (or cycle) of the Great Year, that Thales was the first to 
discover the eclipse of the sun and the fact that the sun’s 
period with respect to the solstices is not always the same, 
that Anaximander discovered that the earth is (suspended) on 
high and lies (substituting Keirai for the reading of the manu- 
scripts, KivuTui, moves) about the centre of the \iniverse, and 
that Anaximenes said that the moon has its light from the 
sun and (explained) how its eclipses come about’ (Anaxi- 
menes is here apparently a mistake for Anaxagoras). 

* Chalcidius, Comm, on Timaeus, c. 110. Cf. Aristarchus of Samos, 
pp. 256—8. 
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TRIGONOMETRY: HIPPARCHUS, MENELAUS, 

PTOLEMY 

We have seen that SphaeriCy the geometry of the sphere, 
was very early studied, because it was required so soon as 
astronomy became mathematical ; with the Pythagoreans the 
word aphaericy applied to one of the subjects of the quadrivium, 
actually meant astronomy. The subject was so far advanced 
before Euclid’s time that there was in existence a regular 
textbook containing the principal propositions about great 
and small circles on the sphere, from which both Autolycus 
and Euclid (juoted the propositions as genei’ally known. 
These propositions, with others of purely astronomical in- 
terest, were collected afterwards in a work entitled Uphaericay 
in three Books, by Theodosius. 

Suidas has a notice, s. v, OeoSocrio?, which evidently con- 
fuses the author of the t^phaerica with another Theodosius, 
a Sceptic philosopher, since it calls him ‘ Theodosius, a philoso- 
pher ’, and attributes to him, besides the mathematical works, 
‘ Sceptic chapters ’ and a commentary on the chapters of 
Theudas. Now the commentator on Theudas must have 
belonged, at the earliest, to the second half of the second 
century a.d., whereas our Theodosius was earlier than Mene- 
laus (ji. about a.d. 100), who quotes him by name. The next 
notice by Suidas is of yet another Theodosius, a poet, who 
came from Tripolis. Hence it was at one time supposed that 
our Theodosius was of Tripolis. But Vitruvius^ mentions a 
Theodosius who invented a sundial ‘for any climate’; and 
Strabo, in speaking of certain Bithynians distinguished in 
their particular sciences, refers to ‘ Hipparchus, Theodosius 
and his sons, mathematicians ’ ^ We conclude that our Theo- 

‘ De architectura ix. 9. “ Strabo, xii. 4, 9, p. 566. 
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dosius was of Bithynia and not later in date than Vitruvius 
(say 20 B.c.) ; but the order in which Strabo gives the 
names makes it not unlikely that he was contemporary with 
Hipparchus, while the character of his Sphaerica suggests a 
date even earlier rather than later. 

Works by Theodosius. 

Two other works of Theodosius besides the Sphaerica, 
namely On habitations and On Days and Nights, seem to 
have been included in the ‘ Little Astronomy ’ {jiiKphi darpo- 
popodpevos, sc. tottos). These two treatises need not detain us 
long. They are extant in Greek (in the great MS. Vaticanus 
Graecus 204 and others), but the Greek text has not appar- 
ently yet been published. In the first, On habitations, in 12 
propositions, Theodosius explains the different phenomena due 
to the daily rotation of the earth, and the particular portions 
of the whole system which are visible to inhabitants of the 
different zones. In the second, O n Days and Nights, contain- 
ing 13 and 19 propositions in the two Books respectively, 
Theodosius considers the arc of the ecliptic described by the 
sun each day, with a view to determining the conditions to be 
satisfied in order that the solstice may occur in the meridian 
at a given place, and in order that the day and the night may 
really be equal at the equinoxes; he shows also that the 
variations in the day and night must recur exactly after 
a certain time, if the length of the solar year is commen- 
surable with that of the day, while on the contrary assump- 
tion they will not recur so exactly. 

In addition to the works bearing on astronomy, Tlieodosius 
is said ^ to have written a commentary, now lost, on the (^68iop 
or Method of Archimedes (see above, pp. 27-34). 

Contents of the Sphaerica. 

We come now to the Sphaerica, which deserves a short 
description from the point of view of this chapter. A text- 
book on the geometry of the sphere was wanted as a supple- 
ment to the Elements of Euclid. In the Elements themselves 


* Suidas, loc. cit. 
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(Books XII and XIII) Euclid included no general properties 
of the sphere except the theorem proved in XII. 16-18, that 
the volumes of two spheres are in the triplicate ratio of their 
diameters ; apart from this, the sphere is only introduced in 
the propositions about the regular solids, where it is proved 
that they are severally inseribable in a sphere, and it was doubt- 
less with a view to his proofs of this property in each case that 
he gave a new definition of a sphere as the figure described by 
the revolution of a semicircle about its diameter, instead of 
the more usual definition (after the manner of the definition 
of a circle) as the locus of all points (in space instead of in 
a plane) which are equidistant from a fixed point (the centre). 
No doubt the exclusion of the geometry of the sphere from 
the Elements was due to the fact that it was regarded as 
belonging to astronomy rather than pure geometry. 

Theodosius defines the sphere as ‘ a solid figure contained 
by one surface such that all the straight lines falling upon it 
from one point among those lying within the figure are equal 
to one another ’, which is exactly Euclid’s definition of a circle 
with ‘ solid ’ inserted before ‘ figure ’ and ‘ suid’ace ’ substituted 
for ‘ line ’. The early part of the work is then generally 
developed on the lines of Euclid’s Book III on the circle. 
Any plane section of a sphei'e is a circle (Prop. 1). The 
straight line tVoiu the centre of the sphere to the centre of 
a circular section is perpendicular to the plane of that section 
(1, Por. 2 ; cf. 7, 23); thus a plane section sei*ves for finding 
the centre of the sphere just as a chord does for finding that 
of a circle (Prop. 2). The propositions about tangent planes 
(3-6) and the relation between the sizes of circular sections 
and their distances from the centre (5, 6) correspond to 
Euclid III. 16-19 and 15; as the small circle corresponds to 
any chord, the great Circle (‘ greatest circle ’ in Greek) corre- 
sponds to the diameter. The poles of a circular section 
coiTespond to the extremities of the diameter bisecting 
a chord of a circle at right angles (Props. 8-10). Great 
circles bisecting one another (Props. 11-12) correspond to 
chords which bisect one another (diameters), and great circles 
bisecting small circles at right angles and passing through 
their poles (Props. 13-15) correspond to diameters bisecting 
chords at right angles. The distance of any point of a great 
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circle from its pole is equal to the side of a square inscribed 
in the great circle and conversely (Props. 16, 17). Next come 
certain problems : To find a straight line equal to the diameter 
of any circular section or of the sphere itself (Props. 18, 19) ; 
to draw the great circle through any two given points on 
the surface (Prop. 20); to find the pole of any given circu- 
lar section (Prop. 21). Prop. 22 applies Eucl. III. 3 to the 
sphere. 

Book II begins with a definition of circles on a sphere 
which touch one another ; this happens ‘ when the common 
section of the planes (of the circles) touches both circles ’. 
Another series of px'opositions follows, corresponding again 
to propositions in Eucl., Book III, for the circle. Parallel 
circular sections have the same poles, and conversely (Props. 
1, 2). Props. 3-6 relate to circles on the sphere touching 
one another and therefore having their poles on a great 
circle which also passes through the point of contact (cf. 
Eucl. III. 11, [12] about circles touching one another). If 
a great circle touches a small circle, it also touches another 
small circle equal and parallel to it (Props. 6, 7), and if a 
great circle be obliquely inclined to another circular section, 
it touches each of two equal circles parallel to that section 
(Prop. 8). If two circles on a sphere cut one another, the 
great circle drawn through their poles bisects the intercepted 
segments of the circles (Prop. 9). If there are any number of 
parallel circles on a sphere, and any number of great circles 
drawn through their poles, the arcs of the parallel circles 
intercepted between any two of the great circles are similai’ 
and the arcs of the great circles intercepted between any two 
of the parallel circles are -equal (Prop. 10). 

The last proposition forms a sort of transition to the portion 
of the treatise (II. 11-23 and Book III) which contains pro- 
positions of purely astronomical interest, though expressed as 
propositions in pure geometry without any specific reference 
to the various circles in the heavenly sphere. The proposi- 
tions are long and complicated, and it would neither be easj 
nor worth while to attempt an enumeration. They deal witl 
circles or parts of circles (arcs intercepted on one circle bj 
series of other circles and the like). We have no difficulty ir 
recognizing particular circles which come into many proposi- 
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tions. A particular small circle is the circle which is the 
limit of the stars which do not set, as seen by an observer at 
a particular place on the earth’s surface ; the pole of this 
circle is the pole in the heaven. A great circle which touches 
this cii’cle and is obliquely inclined to the ‘ parallel circles ’ is the 
circle of the horizon ; the parallel circles of course represent 
the apparent motion of the fixed stars in the diurnal rotation, 
and have the pole of the heaven as pole. A second great 
circle obliquely inclined to the pai'allel circles is of course the 
circle of the zodiac or ecliptic. The greatest of the ‘ parallel 
circles ’ is naturally the equator. All that need be said of the 
various propositions (except two which will be mentioned 
separately) is that the sort of result proved is like that of 
Props. 12 and 13 of Euclid’s Phaenoinena to the effect that in 
the half of the zodiac circle beginning with Cancer (or Capri- 
cornus) equal arcs set (or rise) in unequal times ; those which 
are nearer the tropic circle take a longer time, those further 
from it a shorter; those which take the shortest time are 
those adjacent to the ecpiiiioctial points ; tliose which arc equi- 
distant from the equator rise and set in o<iual times. In like 
manner Theodosius (III. 8) in effect takes equal and con- 
tiguous arcs of the ecliptic all on one side of the equator, 
draws through their extremities great circles touching the 
cii'cumpolar ‘ parallel ’ circle, and proves that the correspond- 
ing arcs of the equator intercepted between the latter great 
circles are unequal and that, of the said arcs, that correspond- 
ing to the arc of the ecliptic which is nearer the tropic circle 
is the greater. The successive great circles touching the 
circumpolar circle are of course successive positions of the 
horizon as the earth revolves about its axis, that is to say, 
the same length of arc on the ecliptic takes a longer or shorter 
time to rise according as it is nearer to or farther from the 
tropic, in other woi’ds, farther from or nearer to the equinoctial 
points. 

It is, however, obvious that investigations of this kind, 
which only prove that certain arcs are gi'eater than others, 
and do not give the tictual numerical ratios between them, are 
useless for any practical purpose such as that of telling the 
hour of the night by the stars, which was one of the funda- 
mental nroblems in Greek astronomv : and in order to find 
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the required numerical ratios a new method had to be invented, 
namely trigonometry. 

No actual trigonometry in Theodosius. 

It is perhaps hardly correct to say that spherical triangles 
are nowhei’e referred to in Theodosius, for in III. 3 the con- 
gruence-theorem for spherical triangles corresponding to Eucl. 
I. 4 is practically proved; but there is nothing in the book 
that can be called trigonometrical. The nearest approach is 
in III. 11, 12, where ratios between certain straight lines are 
compared with ratios between arcs. AGc (Prop. 11) is a great 
circle through the poles A, A'; CDc, G'D arc two other great 
circles, both of which are at right angles to the plane of AG' c, 
but GDc is perpendicular to AA', while G'D is inclined to it at 
an acute angle. Let any other great circle AB'BA' through 


A 



AA' cut GD in any point B between G and D, and G'D in B'. 
Let the ‘ parallel ’ circle EB'e be drawn through B', and let 
G'c' be the diameter of the ‘ parallel ’ circle touching the great 
circle G'D. Let L, K be tlie centres of the ‘ parallel ’ circles, 
and let R, p be the radii of the ‘ parallel ’ circles GDc, G' c' 
respectively. It is required to prove that 

2R:2p> (arc GB) : (arc G'B'). 

Let G' 0, Ee meet in N, and join NB'. 

Then B'N, being the intersection of two planes perpendicu- 
lar to the plane of AG'CA', is perpendicular to that plane and 
therefore to both Ee and G'O. 
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Now, the triangle NLO being right-angled' at L, NO > NL. 

Measure NT along NO equal to NL, and join TR. 

Then in the triangles B'NT, RNL two sides RN, NT are 
equal to two sides RN, NL, and the included angles (both 
being right) are equal ; therefore the triangles are equal in all 
i-espects, and lNLB'= ANTB'. 

Now 2B:2p — 00': G'K 

= ON.NL 
= ON:NT 

\ = tan NTB'.Um NOB'] 

> LNTR-.lNGR 

> LNLB'-.LNOR- 

> LGOB.LNOR 

> (arc BG) : (arc B'G '). 

If a', h', c' are the sides of the spherical triangle AB'G', this 
result is equivalent (since the angle GOB subtended by the arc 
GB is equal to A) to 

1 : sin 6'= tan A : tan a' 

> a : a', 

where a — BG, the side opposite A in the triangle ABG. 

The proof is based on the fact (proved in Euclid’s 02>tics 
and assumed as known by Aristarchus of Samos and Archi- 
medes) that, if Oi, 8 angles such that ^ir > <x > 
tan a . /tan /9 > a./ 8- 

While, therefore, Theodosius proves the eiiuivalent of the 
formula, applicable in the, solution of a spherical triangle 
I’ight-angled at G, that tana = sin 6 tan A, he is unable, for 
want of trigonometry, to find the actual value of a /a', and 
can only find a limit for it. He is exactly in the same position 
as Aristarchus, who can only approximate to the values of the 
trigonometrical ratios which he needs, e.g. sin 1°, cos 1°, sin 3°, 
by bringing them within upper and lower limits with the aid 
of the inequalities 

tan 0£ a sin a 
tan sin^’ 


whote It TT > a > /3. 
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We may contrast with this proposition of Theodosius the 
correspon^ng proposition in Menelaus’s Sphaerica (III. 16) 
dealing with the more general case in which C', instead of 
being the tropical point on the ecliptic, is, like B', any point 
between the tropical point and D. If R, p have the same 
meaning as above and r^, are the radii of the parallel circles 
through B' and the new C", Menelaus proves that 

sin a _ Rp 
sin a' 

which, of course, with the aid of Tables, gives the means 
of finding the actual values of a or a' when the other elements 
are given. 

The proposition III. 12 of Theodosius proves a result similar 
to that of III. 11 for the case where the great circles AB'B, 
AG'G, instead of being great circles tlirough the poles, arc 
great circles touching ‘ the circle of the always-visible stars ', 
i. e. different positions of the horizon, and the points G', B' are 
any points on the arc of the oblique circle between the tropical 
and the equinoctial points ; in this case, with the same notation, 
4R : 2 p > (arc BG) : (arc B'G'}. 

It is evident that Theodosius was simply a laborious com- 
piler, and that there was practically nothing original in his 
work. It has been proved, by .means of propositions ((uoted 
verbatim or assumed as known by Autolycus in his Moving 
Sphere and by Euclid in his PJtaenomend, that the following 
propositions in Theodosius are pre-Euclidcan, 1. 1, 6 a, 7, 8, 11, 
12, 18, 16, 20 ; II. 1, 2, 3, 6, 8, 0, 10 a, 13, 16, 17, 18, 18, 20, 22 ; 
III. lb, 2, 3, 7, 8, those shown in thick type being (juoted 
word for word. 

The beginnings of trigonometry. 

But this is not all. In Menelaus’s S^yhaerica, III. 15, there 
is a reference to the proposition (III. 11) of Theodosius proved 
above, and in Gherard of Cremona’s translation from the 
Arabic, as well as in Halley’s translation from the Hebrew 
of Jacob b. Machir, there is an addition to the effect that this 
proposition was used by Apollonius in a book the title of 
which is given in the two translations in the altcniative 



BEGINNINGS OF TRIGONOMETRY 258 

forms ‘liher aggregativus’ and ‘liber de principiis univorsa- 
libus’. Each of these expressions may well mean the work 
of Apollonius which Marinus refers to as the ‘General 
Treatise’ KadoXov irpayfiareia). There is no apparent 
reason to doubt that the remark in question was really 
contained in Menelaus’s original work ; and, even if it is an 
Arabian interpolation, it is not likely to have been made 
without some definite authority. If then Apollonius was the 
discoverer of the proposition, the fact affords some ground for 
thinking that the beginnings of trigonometry go as far back, 
at least, as Apollonius. Tannery^ indeed suggested that not 
only Apollonius but Archimedes before liim may have com- 
piled a ‘ table of chords or at least shown the way to such 
a compilation, Archimedes in the work of which we possess 
only a fragment in the Measurement of a Circle, and Apollonius 
in the ^kvtokiov, where he gave an approximation to the value 
of TT closer than that obtained by Archimedes; Tannery 
compares the Indian Table of Sines in the Sut'ya-Siddhdnta, 
where the angles go by 24ths of a right angle (1/24^1=3° 45', 
2/24ths=7° 30', &c.), as possibly showing Greek influence. 
This is, however, in tlie region of conjecture ; the first person 
to make systematic use of trigonometry is, so far as we know, 
Hipparchus. 

Hipparchus, the gi'eatest astronomer of antiquity, was 
born at Nicaea in Bithynia. The period of his activity is 
indicated by references in Ptolemy to observations made by 
him the limits of which arc from 161 B.C. to 126 B.c. Ptolemy 
further says that from Hipparchus’s time to the beginning of 
the reign of Antoninus Pius (a.d. 138) was 265 years.* The 
best and most important observations made by Hipparchus 
were made at Rhodes, though an observation of the vernal 
equinox at Alexandria on March 24, 146 B.c., recorded by him 
may have been his own. His main contributions to theoretical 
and practical astronomy can here only be indicated in the 
briefest manner. 

* Tannery, EechercJies sur Vhist. de Vasimiomie ancieitne, p. 64. 

Ptolemy, Syntaxis, vii. 2 (vol. ii, p. 15). 
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The work of Hipparchus. 

Discovery of 'precession. 

1. The greatest is perhaps his discovery of the precession 
of the equinoxes. Hipparchus found that the bright star 
Spica was, at the time of his observation of it, 6° distant 
from the autumnal equinoctial point, whereas he deduced from 
observations recorded by Timocliaris that Timocharis had 
made the distance 8°. Consequently the motion had amounted 
to 2° in the period between Timocharis’s observations, made in 
283 or 295 B.C., and 129/8 B.C., a period, that is, of 154 or 
166 years ; this gives about 46*8" or 43-4''' a year, as compared 
with the true value of 50-3757". 

Calculation of 'mean lunar 'month. 

2. The same discovery is presupposed in his work On the 
length of the Year, in which, by comparing an observation 
of the summer solstice by Aristarchus in 281/0 b.c. with his 
own in 136/ 5 B.c., he found that after 145 years (the interval 
between the two dates) the summer solstice occurred half 
a day-and-night earlier than it should on the assumption of 
exactly 365|: days to the year; hence he concluded that the 
tropical year contained about ^g^th of a day-and-night less 
than 365 J days. This agrees very nearly with Censorinus’s 
statement that Hipparchus’s cycle was 304 years, four times 
the 76 years of Callippus, but with 111,035 days in it 
instead of 111,036 ( = 27,759x4). Counting in the 304 years 
12 X 304 -f- 112 (intercalary) months, or 3,760 months in all, 
Hipparchus made the mean lunar month 29 days 12' hrs. 
44 min. 2^ sec., which is less than a second out in comparison 
with the present accepted .figure of 29-53059 days! 

3. Hipparchus attempted a new determination of the sun’s 
motion by means of exact equinoctial and solstitial obser- 
vations; he reckoned the eccentricity of the sun’s course 
and fixed the apogee at the point 5° 30' of Qe'mini. More 
remarkable still was his investigation of the moon’s 
course. He determined the eccentricity and the inclination 
of the orbit to the ecliptic, and by means of records of 
observations of eclipses determined the moon’s period with 
extraordinary accuracy (as remarked above). We now learn 
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that the lengths of the mean synodic, the sidereal, the 
anomalistic and the draconitic month obtained by Hipparchus 
agree exactly with Babylonian cuneiform tables of date not 
later than Hipparchus, and it is clear that Hipparchus was 
in full possession of all the results established by Babylonian 
astronomy. 

Jmiyroved adimatea of sizes ami distances of sun 
and moon. 

4. Hipparchus improved on Aristarchus’s calculations of the 
sizes and distances of the sun and moon, determining the 
apparent diameters more exactly and noting the changes in 
them ; he made the mean distance of the sun l,245i), the mean 
distance of the moon 3.3f D, the diametei’s of the sun and 
moon 12| D and ^ D respectively, where D is the mean 
diameter of the earth. 

Epicycles and eccentrics. 

5. Hipparchus, in investigating the motions of the sun, moon 
and planets, proceeded on the alternative hypotheses of epi- 
cycles and eccentrics ; he did not invent these hypotheses, 
which were already fully understood and discussed by 
Apollonius. While the motions of the sun and moon could 
with difficulty be accounted for by the simple epicycle and 
eccentric hypotheses, Hipparchus found that for the planets it 
was necessary to combine the two, i.e. to supenidd epicycles to 
motion in eccentric circles. 

(!at(dogue of .d<irs. 

6. He compiled a catalogue of fixed stars including 850 or 
more such stars; apparently he was the first to shite their 
positions in terms of cooixlinates in relation to the ecliptic 
(latitude and longitude), and his table distinguished the 
apparent sizes of the staro. His work was continued by 
Ptolemy, who produced a catalogue of 1,022 stars which, 
owing to an error in his solar tables affecting all his longi- 
tudes, has by many erroneously been supposed to be a more 
reproduction of Hipparchus’s catalogue. That Ptolemy took 
many observations himself seems cex’tain,^ 

* See two papers by Dr. J. L. K. Dreyer in’ the Monthly Notices of the 
Boyal Astronomical Society, 1917, pp. 528-39, and 1918, pp. 343-9. 
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Improved Imtrumenta. 

7. He made great improvements in the instruments used for 
observations. Among those which he used were an improved 
dioptra, a ‘ meridian-instrument ’ designed for observations in 
the meridian only, and a universal instrument {darpoXa^oy 
6pyavov) for more general use. He also made a globe on 
which he showed the positions of the fixed stars as determined 
by him ; it appears that he showed a larger number of stars 
on his globe than in his catalogue. 


Geography. 

In geography Hipparchus wrote a criticism of Eratosthenes, 
in great part unfair. He checked Eratosthenes’s data by 
means of a sort of triangulation ; he insisted on the necessity 
of applying astronomy to geography, of fixing the position of 
places by latitude and longitude, and of determining longitudes 
by observations of lunar eclipses. 

Outside the domain of astronomy and geography, Hipparchus 
wrote a book On, things home dovm hy their weight from 
which Simplicius (on Aristotle’s De eaelo, p. 264 sq.) quotes 
two propositions. It is possible, however, that even in this 
work Hipparchus may have applied his doctrine to the case of 
the heavenly bodies. 

In pure mathematics he is said to have considered a problem 
in permutations and combinations, the problem of finding the 
number of different possible combinations of 10 axioms or 
assumptions, which he made to be 103,049 {v.l. 101,049) 
or 310,952 according as the axioms were affirmed or denied ' ; 
it seems impossible to make anything of these figures. When 
the Fihrist attributes to him works ‘ On the art of algebra, 
known by the title of the Rules ’ and ‘ On the division of num- 
bers ’, we have no confirmation : Suter suspects some confusion, 
in view of the fact that the article immediately following in 
the Fihrist is on Diophantus, who also ‘ wrote on the art of 
algebra’. 

* Platarcfa, Qtiaest. Conviv. viii. 9. 3, 732 F, De Stoieorum repugn. 29. 
1047 D. 
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First systematic use of Trigonometry. 

We come now to what is the most important from the 
point of view of this work, Hipparchus’s share in the develop- 
ment of trigonometry. Even if he did not invent it, 
Hipparchus is the first person of whose systematic use of 
trigonometry we have documentary evidence. (1) Theon 
of ’Alexandria says on the SytUaxis of Ptolemy, ^ piopos of 
Ptolemy’s Table of Chords in a circle (equivalent to sines), 
that Hipparchus, too, wrote a treatise in twelve books on 
straight lines (i.e. chords) in a circle, while another in six 
books was written by Menelaus.^ In the Syntaxia I. 10 
Ptolemy gives the necessary explanations as to the notation 
used in his Table. The circumference of the circle is divided 
into 360 pai-ts or degrees ; the diameter is also divided into 
120 parts, and one of such parts is the unit of length in terms 
of which the length of each chord is expressed; each part, 
whether of the circumference or diameter, is divided into 60 
parts, each of these again into 60, and so on, according to the 
system of sexagesimal fractions. Ptolemy then sets out the 
minimum number of propositions in plane geometry upon 
which the calculation of the chords in the Table is based {Sia 
Trjs iK t5>v ypayfimv yedoSiKfji avT&u avardafOis). The pro- 
positions are famous, and it cannot be doubted that Hippar- 
chus used a set of propositions of the same kind, though his 
exposition probably ran to much greater length. As Ptolemy 
definitely set himself to give the necessary propositions in the 
shortest form possible, it will be better to give them under 
Ptolemy rather than here. (2) Pappus, in speaking of Euclid’s 
propositions about the inequality of the times which equal arcs 
of the zodiac take to rise, observes that ‘ Hipparchus in his book 
On the rising of the twelve signs of the zodiac shows by means 
of numerical calculations (Si dpiOfixv) that equal arcs of the 
semicircle beginning with Cancer which set in times having 
a certain relation to one another do not everywhere show the 
same relation between the times in which they rise ’,^ and so 
on. We have seen that Euclid, Autolycus, and even Theo- 
dosius could only prove that the said times are greater or less 

’ Theon, Comm, on Syntaxis, p. 110, ed. Halma. 

* Pappus, vi, p. 600. 9-13. 

8 
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in relation to one another ; they could not calculate the actual 
times. As Hipparchus proved corresponding propositions by 
means of numbers, we can only conclude that he used proposi- 
tions in spherical trigonometry, calculating arcs from others 
which are given, by means of tables, (3) In the only work 
of his which survives, the Commentary on the Phaenomena 
of Eudoxus and Aratus (an early work anterior to the 
discovery of the precession of the equinoxes), Hipparclms 
states that (presumably in the latitude of Rhodes) a star which 
lies 27^° north of the equator describes above the horizon an 
arc containing 3 minutes less than 16/24ths of the whole 
circle^; then, after some more inferences, he says, ‘ For each 
of the aforesaid facts is proved by means of lines ray 
ypanfi&v) in the general treatises on these matters compiled 
by me In other places ^ of the Commentary he alludes to 
a work On simultaneous risings (rh irept r&v (rvvavaToX&v), 
and in II. 4. 2 he says he will state summarily, about each of 
the fixed stars, along with what sign of the zodiac it rises and 
sets and from which degree to which degree of each sign it 
rises or sets in the regions about Greece or wherever the 
longest day is 14^ equinoctial hours, adding that ho has given 
special proofs in another work designed so that it is possible 
in practically every place in the inhabited earth to follow 
the differences between the concurrent risings and settings." 
Where Hipparchus speaks of proofs ‘ by means of lines he 
does not mean a merely graphical method, by construction 
only, but theoretical determination by geometry, followed by 
calculation, just as Ptolemy uses the expression Ik ray ypap- 
pcoy of his calculation of chords and the expressions <T<f)aipiKal 
Sei^eis and ypappiKal Sei^eis of the fundamental proposition 
in spherical trigonometry (Menelaus’s theorem applied to the 
sphere) and its various applications to particular cases. It 
is significant that in the Syntaxis VIII. 5, where Ptolemy 
applies the proposition to the very problem of finding the 
times of concurrent rising, culmination and setting of the 
fixed stars, he says that the times can be obtained ‘ by lines 
only ’ {8ih. p6v(ay rSay ypappcoy).* Hence we may be certain 
that, in the other books of his own to which Hipparchus refers 

* Ed. Manitius, pp. 148-50. ® Ib., pp. 128. 5, 148. 20. 

* lb., pp. 182, 19-184, 5. * Syntaxis, vol. ii, p. 193. 
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in his Commentai'y, he used the formulae of spherical trigono- 
metry to get his results. In the particular case where it is 
required to find the time in which a star of 27^° northern 
declination describes, in the latitude of Rhodes, the portion of 
its arc above the horizon, Hipparchus must have used the 
equivalent of the formula in the solution of a right-angled 
spherical triangle, tan b = cos A tan c, where (J is the right 
angle. Whether, like Ptolemy, Hipparchus obtained the 
formulae, such as this one, which he used from different 
applications of the one general theorem (Menelaus’s theorem) 
it is not possible to say. There was of course no difficulty 
in calculating the tangent or other trigonometrical function 
of an angle if only a table of sines was given ; for Hippar- 
chus and Ptolemy were both aware of the fact expressed by 
sin® <x + cos® a = 1 or, as they would have written it, 

(crd. 20 £)®-f {crd. (180°-2a)j® = 4r®, 

where (crd. 2 a) means the chord subtending an arc 2 a, and r 
is the radius, of the circle of reference. 


Table of Chords. 


We have no details of Hipparchus’s Table of Chords suffi- 
cient to enable us to compare it with Ptolemy’s, which goes 
by half-degrce.s, beginning with angles of 1 °, 1 ^°, and so 
on. But Heron’ in his Metrica says that ‘it is proved in the 
books about chords in a circle ’ that, if Wg and a„ are the sides 
of a regular enneagon (9-8ided figure) and hendecagon (ll-sided 
figure) inscribed in a cii*cle of diameter d, then ( 1 ) = ^d, 
( 2 ) a„ = ^-gd very nearly, which means that sin 20 ° was 
taken as equal to 0.3333 ... (Ptolemy’s table makes it 

^(20 + 0 “^ + 60^}, approximation is • 3 ), and 


sin . 180° or sin 16° 21' 49" was made equal to 0-28 (this cor- 
responds to the chord subtending an angle of 32° 43' 38", nearly 
half-way between 32^° and 33°, and the mean between the two 


chords subtending the latter angles gives + 0 q + gQa) 


the required sine, while which only differs 


’ Heron, Metrica, i. 22, 24, pp. 58. 19 and 62. 17. 
s 2 
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by from or Heron’s figure). There is little doubt 
that it is to Hipparchus’s work that Heron refers, though the 
author is not mentioned. 

While for our knowledge of Hipparchus’s trigonometry we 
have to rely for the most part upon what we can infer from 
Ptolemy, we fortunately possess an original source of infor- 
mation about Greek trigonometry in its highest development 
in the Sphaerica of Menelaus. 

The. date of Menkt.aus of Alexandria is roughly indi- 
cated by the fact that Ptolemy quotes an observation of 
his made in the first year of Trajan’s reign (a.d. 98 ). He 
was therefore a contemporary of Plutarch, who in fact 
represents him as being present at the dialogue De facie in 
orbe lunae, where (chap. 17) Lucius apologizes to Menelaus ‘the 
mathematician’ for questioning the fundamental proposition 
in optics that the angles of incidence and reflection are equal. 

He wrote a variety of treatises other than the Sphaerica. 
We have seen that Theon mentions his work on Chm'ds in a 
Circle in six Books. Pappus says that he wrote a treatise 
(irpayfiareia) on the setting (or perhaps only rising) of 
different arcs of the zodiac.^ Proclus quotes an alternative 
proof by him of Eucl. I. 25, which is direct instead of by 
reductio ad ahsnrdum? and he would seem to have avoided 
the latter kind of proof throughout. Again, Pappus, speaking 
of the many complicated curves ‘ discovered by Demetrius of 
Alexandria (in his “ Linear considerations ”) and by Philon 
of Tyana as the result of interweaving plectoids and other 
surfaces of all kinds ’, says that one curve in particular was 
investigated by Menelaus and called by him ‘ paradoxical ’ 
{napdSo^o^)^', the nature of this curve can only be conjectured 
(see below). 

But Arabian tradition refers to other works by Menelaus, 
(l) Elemmta of Geometo'y, edited by Thabit b, Qurra, in three 
Books, (2) a Book on triangles, and (3) a work the title of 
which is translated by Wenrich de cognitione quantitatis 
discretae corporum permixtornm. Light is thrown on this 
last title by one al-Chazini who (about a.d. 1121) wrote a 

* Pappus, vi, pp. 600-2. 

* Proclus on' Eucl, I, pp. 345. 14-346. 11. 

® Pappus, iv, p. 270. 25, 
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treatise about the hydrostatic balance, i.e. about the deter- 
mination of the specific gravity of homogeneous or mixed 
bodies, in the course of which he mentions Archimedes and 
Menelaus (among others) as authorities on the subject ; hence 
the treatise (3) must have been a book on hydrostatics dis- 
cussing such problems as that of the crown solved by Archi- 
medes. The alternative proof of Eucl. I. 26 quoted by 
Proclus might have come either from the Elements of Geometry 
or the Book on triangles. With regard to the geometry, the 
‘ liber trium fratrum ’ (written by three sons of Musa b. Shakir 
in the ninth century) says that it contained a solution of the 
duplication of the cube, which is none other than that of 
Archytas. The solution of Archytas having employed the 
intersection of a tore and a cylinder (with a cone as well), 
there would, on the assumption that Menelaus reproduced the 
solution, be a certain appropriateness in the suggestion of 
Tannery^ that the curve which Menelaus called the irapdSo^os 
ypayyq was in reality the curve of double curvature, known 
by the name of Viviani, which is the intersection of a sphere 
with a cylinder touching it internally and having for its 
diameter the radius of the sphere. This curve is a particular 
case of Eudoxus’s hippopede, and it has the property that the 
portion left outside the curve of the surface of the hemisphere 
on which it lies is equal to the scjuare on the diameter of the 
sphere; the fact of the said area being squareable would 
justify the application of the word rrapdiSo^os to the curve, 
and the quadratui'e itself would not probably be beyond the 
powers of the Greek mathematicians, as witness Pappus’s 
determination of the area cut off between a complete turn of 
a certain spiral on a sphere and the great circle touching it at 
the origin.® 


The Sphaerica of Menelaus. 

This treatise in three Books is fortunately preserved in 
the Arabic, and although the extant versions differ con- 
siderably in form, the substance is beyond doubt genuine; 
the original translator was apparently Ishaq b. jEIunain 
(died A.D. 910). There have been two editions, (1) a Latin 


’ Tannery, Mdmoifes scientijiques, ii, p. 17. 


* Pappus, iv, pp. 264-8. 
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translation by Maurolycus (Messina, 1668) and (2) Halley’s 
edition (Oxford, 1768). The former is unserviceable because 
Maurolycus’s manuscript was very imperfect, and, besides 
trying to correct and restore the propositions, he added 
several of his own. Halley seems to have made a free 
translation of the Hebrew version of the work by Jacob b. 
Machir (about 1273), although he consulted Arabic manuscripts 
to some extent, following them, e.g., in dividing the work into 
three Books instead of two. But an earlier version direct 
from the Arabic is available in manuscripts of the thirteenth 
to fifteenth centuries at Paris and elsewhere ; this version is 
without doubt that made by the famous translator Gherard 
of Cremona (1114-87). With the help of Halley’s edition, 
Gherard’s translation, and a Leyden manuscript (930) of 
the redaction of the work by Abu-Nasr-Mansur made in 
A.D. 1007-8, Bjornbo has succeeded in presenting an adequate 
reproduction of the contents of the S‘phaerica} 

Book I. 

In this Book for the first time we have the conception and 
definition of a spherical triangle. Menelaus does not trouble 
to give the usual definitions of points and circles related to 
the sphere, e.g. pole, great circle, small circle, but begins with 
that of a spherical triangle as ‘ the area included by arcs of 
great circles on the surface of a sphere ’, subject to the restric- 
tion (Def. 2) that each of the sides or legs of the triangle is an 
arc less than a semicircle. The angles of the triangle are the 
angles contained by the arcs of gi-eat circles on the sphere 
(Def. 3), and one such angle is equal to or greater than another 
according as the planes containing the arcs forming the first 
angle are inclined at the same angle as, or a greater angle 
than, the planes of the arcs forming the other (Dcfs. 4, 5). 
The angle is a right angle if the planes of the arcs are at right 
angles (Def. 6). Pappus tells us that Menelaus in his Sphaerica 
calls the figure in question (the spherical triangle) a ‘ three- 
side ’ (rpiirXevpory; the word triangle {rpiyavov) was of course 

* BjOmbo, Studim Uber Menelaos’ SpMrik (Abbandlungen zur Geech. d. 
math. Wissenschaften, Heft ziv. 1902). 

* Pappas, vi, p. 476. 16. 
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already appropriated for the plane triangle. We should gather 
from this, as well as from the restriction of the definitions to 
the spherical triangle and its parts, that the discussion of the 
spherical triangle as such was probably new ; and if the pre- 
face in the Arabic version addressed to a prince and beginning 
with the words, ‘O prince! I have discovered an excellent 
method of proof . . . ’ is genuine, we have confirmatory evidence 
in the writer’s own claim. 

Mcnelaus’s object, so far as Book I is concerned, seems to 
have been to give the main propositions about spherical 
triangles corresponding to Euclid’s propositions about plane 
triangles. At the same time he does not restrict himself to 
Euclid’s methods of proof even where they could be adapted 
to the case of the sphere; he avoids the form of proof by 
reductio ad ahmrduvi, but, subject to this, he prefers the 
easiest proofs. In some respects his treatment is more com- 
plete than Euclid’s treatment of the analogous plane cases. 
In the congruence-theorems, for example, we have I. 4 a 
corresponding to Eucl. I. 4, I. 4b to Eucl. I. 8, I. 14, 16 to 
Eucl. I. 26 a, b; but Menelaus includes (I. 13) what we know 
as the ‘ ambiguous case ’, which is enunciated on the lines of 
Eucl. VI. 7. I. 12 is a particular case of I. 16. Menelaus 
includes also the further case which has no analogue in plane 
triangles, that in which the three angles of one triangle are 
severally equal to the three angles of the other (1.17). He 
makes, moreover, no distinction between the congruent and 
the symmetrical, regarding both as covered by congruent. 1. 1 
is a, problem, to construct a spherical angle equal to a given 
spherical angle, introduced only as a lemma because required 
in later propositions. I. 2, 3 are the propositions about 
isosceles triangles corresponding to Eucl. I. 6, 6 ; Eucl. 1. 18, 19 
(greater side opposite greater angle and vice versa) have their 
analogues in I. 7, 9, and Eucl. I. 24, 25 (two sides respectively 
equal and included angle, or third side, in one triangle greater 
than included angle, or third side, in the other) in I. 8. I. 5 
(two sides of a triangle together greater than the third) corre- 
sponds to Eucl. I. 20. There is yet a further group of proposi- 
tions comparing parts of spherical triangles, I. 6, 18, 19, where 
I. 6 (corresponding to Eucl. I. 21) is deduced from I. 6, just as 
the first part of Eucl. I. 21 is deduced from Eucl. I. 20. 
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Eucl. I. 16, 32 are not true of spherical triangles, and 
Menelaus has therefore the corresponding but different pro- 
positions. 1. 10 proves that, with the usual notation a, 6, c, 
A, B, G, for the sides and opposite angles of a spherical 
triangle, the exterior angle at G, or 180°— (7, < = or >A 
according as c + a > = or < 180°, and vice versa. The proof 
of this and the next proposition shall be given as specimens. 

In the triangle ABG suppose that c + a > = or < 180° ; let 
D be the pole opposite to A. 

Then, according as c + a > = or < 180°, BG > = or < BD 
(since AD = 180°), 

and therefore ID >— ov < ABGD{= 180°— G), [I. 9] 

i.e. (since ZD = AA) 180° — (7 < = or > J.. 

Menelaus takes the converse for granted. 

As a consequence of this, I. 1 1 proves that A + D + (7 > 1 80°. 

Take the same triangle ABG, with the pole D opposite 



to A, and from B draw the great circle BE such that 
IDBE ^ IBDE. 

Then GE+EB = GD < 180°, so that, by the preceding 
proposition, the exterior angle AGB to the triangle BGE is 
greater than LG BE, 

i.e. G> LGBE. 

Add A or D (= LEBD) to the unequals; 
therefore (7+A > LGBD, 

whence A+B + G > LGBD + B ov 180°. 

After two lemmas I. 21, 22 we have some propositions intro- 
ducing M, N, P the middle points of a, b, c respectively. I. 23 
proves, e.g., that the arc ME of a great circle >|-c, and I. 20 
that AM < = or >|a according as A > = or < {B + G). .The 
last group of propositions, 26-36, relate to the figure formed 
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by the triangle ABG witt great circles drawn through B to 
meet AC (between A and O) in D, E respectively, and the 
case where D and E coincide, and they prove different results 
arising from diffei’ent relations between a and c (a>c), com- 
bined with the equality of AD and EG (or DC), of the angles 
ABD and EBG (or DBG), or of a + c and BD + BE (or 2BD) 
respectively, according as a + c< = or > 180°. 

Book II has practically no interest for us. The object of it 
is to establish certain propositions, of astronomical interest 
only, which are nothing more than generalizations or exten- 
sions of propositions in Theodosius’s Bphaerica, Book III. 
Thus Theodosius III. 5,6, 9 are included in Menelaus II. 10, 
Theodosius III. 7-8 in Menelaus II. 12, while Menelaus II. 11 
is an extension of Theodosius III. 13. The proofs are quite 
different from those of Theodosius, which are generally verj’’ 
long-winded. 


Book III. Trigonometry. 


It will have been noticed that, while Book I of Menelaus 
gives the geometry of the spherical triangle, neither Book I 
nor Book II contains any trigonometry. This is reserved for 
Book III. As I shall throughout express the various results 
obtained in terms of the trigonometrical ratios, sine, cosine, 
tangent, it is nece-ssary to explain once for all that the Greeks 
did not use this terminology, but, instead of sines, they used 
the chords subtended by ai’cs of a 


- - - Aa' 


circle. In the accompanying figure P 

let the arc AD of a circle subtend an 

angle oc at the centre 0. Draw AM ® / \ 

perpendicular to OD, and produce it y V* 

to meet the circle again in A'. Then I j 

sin a = AM /AO, and AM is ^AA' \ J 

or half the chord subtended by an \ y/ 

angle 2ot at the centre, which may 

shortly be denoted by ^(crd. 2o£). 

Since Ptolemy expresses the chords as so many 120th parts of 
the diameter of the circle, while AM / AO = AA'/2A0, it 
follows that sin a and ■|(crd. 2a) are equivalent. Cos a is 
of course sin (90°— a) and is therefore equivalent to J crd. 
(180°-2a). 
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(a) 'Menelaus’s theorem' for the sphere. 

The first proposition of Book III is the famous ‘ Menelaus’s 
theorem ’ with reference to a spherical triangle and any trans- 
versal (great circle) cutting the sides of a triangle, produced 
if necessary. Menelaus does not, however, use a spherical 
triangle in his enunciation, but enunciates the proposition in 
terms of intersecting great circles. ‘ Between two arcs ADB, 
AEG of great circles are two other arcs of great circles DFC 
and BFE which intersect them and also intersect each other 
in F. All the arcs are less than a semicircle. It is required 
to prove that 

sin CE _ sin G F sin DB , 

sin EA ~ sin FB sin BA 

It appears that Menelaus gave three or four cases, sufficient 
to prove the theorem completely. The proof depends on two 
simple propositions which Menelaus assumes without proof; 
the proof of them is given by Ptolemy. 

(1) In the figure on the last page, if OJ) be a radius cutting 
a chord AB in G, then 

AG:GB = sin AI): sin I)B. 

For draw AAf, BN perpendicular to OD. Then 
AG:GB = AM-.BN 

= ^(crd. 2AZ)):^(crd. 2DB) 

= sin AD : sin DB. 

(2) If AB meet the radius OG produced in T, then 

AT : BT — sin AG : sin BG. 
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For, if AM, BN are perpendicular to 00, we have, as before, 
AT:TB = AM.BN 

= ^(crd. 2A6'):|(crd. 2 BO) 

= sin AO : sin BO. 

Now let the arcs of great circles ABB, AEO be cut by the 
arcs of great circles DFO, BFE which themselves meet in F. 

Let G be the centre of the sphere and join GB, GF, GE, AD. 

Then the straight lines AD, GB, being in one plane, are 
either parallel or not parallel. If they are not parallel, they 
will meet either in the direction of D, B or of A, G. 

Let AD, GB meet in T. 

Draw the straight lines AKC, DLO meeting GE, GF in K, L 
respectively. 

Then K, L, T must lie on a straight line, namely the straight 
line which is the section of the planes determined by the arc 
EFB and by the triangle AOD.^ 


A 



Thus wc have two straight lines AO, AT cut by the two 
straight lines OD, TK which themselves intersect in L. 

Therefore, by Menelaus’s proposition in plane geometry, 

OK DT 

KA ~ LD'TA 

* So Ptolemy. In other words, since the straight lines GB, GE, GF, 
which are in one plane, respectively intersect the straight lines AD, AC, 
CD which are also in one plane, the points of intersection T, K, L are in 
both planes, and therefore lie on the straight line in which the planes 
intersect. 
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But, by the propositions proved above, 

OK sin CE CL _ sin GF , J)T _ sin Dli ^ 
KA~ sin E a' LD~ smFD* TA sinBA’ 

therefore, by substitution, we have 

sin GE _ sin C'i?’ sin DB ^ 
sin EA ~ sin FD sin BA 

Menelaus apparently also gave the proof for the cases in 
which AD, GB meet towards A, G, and in which AD, GB are 
parallel respectively, and also proved that in like manner, in 
the above figure, 

sin GA _ sin GD sin FB 
sin AE~ sin DF' sin BE 

(the triangle cut by the transversal being here GFE instead of 
ADG). Ptolemy^ gives the proof of the above case only, and 
dismisses the last-mentioned result with a ‘ similarly 

(/3) Deductions from Menelaus' s Theorem. 

III. 2 proves, by means of I. 14, 10 and III. 1, that, if ABG, 
A'B'C' be two spherical triangles in which A z=. A' , and G, G' 
are either equal or supplementary, sin c/sin a — sinic'/sin a' 
and conversely. The particular case in which G, G' are right 
angles gives what was afterwards known as the ‘ regula 
quattuor quantitatum ’ and was fundamental in Arabian 
trigonometry.® A similar association attaches to the re.sult of 
III. 3, which is the so-called ‘ tangent ’ or ‘ shadow-rule ’ of the 
Arabs. If ABG, A'B'G' be triangles right-angled at A, A', and 
G, G' are equal and both either > or < 90°, and if F, P' bo 
the poles of AG, A'G', then 

sin AB _ sin A'B' sin BP 
SiTAG “ sin A'G' * sin B'P' ' 

Apply the triangles so that (J falls on G, G'B' on GB as GE, 
and G'A' on GA as GD ; then the result follows directly from 
III. 1. Since sin BP = cos AB, and sin B'P' — cos A'B', the 
result becomes 

sinGA _ tanAR 
sin G'A' tan A'R'’ 

which is the ‘ tangent-rule ’ of the Arabs.® 

^ Ptolemy, Syntaxts, i. 13, vol. i, p. 76. 

* See Braunmtthl, Gesch. der Trig, i, pp. 17, 47, 58-60, 127-9/ 

‘ Gf. Braunmiihl. o». cit. i. nn. 17-18. 58. 67-9. &c. 
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It follows at once (Prop. 4) that, if AM, A*M' are great 
circles drawn perpendicular to the bases BO, B'C' of two 
spherical triangles A BG, A'B'G' in which B = B', G = G', 


sinilM 
sin B'M' 


sin MG 
ainM'C' 


^since both are equal to 


III. 5 proves that, if there are two spherical triangles ABG, 



A'B'G' right-angled at A, A' and such that 0=0', while b 
and b' are less tliaii 90°, 

sin (a + b) _ sin («' + h') 
sin {a — b) ~ sin {a' — b')* 

from which wo may deduce^ the formula 

sin (a + b) 1 -f cos G 
sin (a — b)~ 1 — cos G ’ 

which is equivalent to tan b = tan a cos C. 


(y) Aiiliarmonic imrpeHy of four great circles through 

om point. 

But more important than the above result is the fact that 
the proof aasumes as known the anhar- 
monic property of four great circles 
drawn from a point on a sphere in rela- 
tion to any great circle intersecting them 
all, viz. that, if ABGD, A'B'G'l/ be two a' 
transversals, 

sin AD sin PC sinA'D' sin B'G' 
sin DG ' sin AB ~ sin I/G' ' sin A'B ' ' 

' Braunmiihl, op. cU. i, p. 18; BjOrnbo, p. 96. 
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It follows that this proposition was known before Mene- 
laus’s time. It is most easily proved by means of ‘ Menelaus’s 
Theorem’, III. 1, or alternatively it may be deduced for the 
sphere from the corresponding proposition in plane geometry, 
just as Menelaus’s theorem is transferred by him from the 
plane to the sphere in III. 1. We may therefore fairly con- 
clude that both the* anharmonic property and Menelaus’s 
theorem with reference to the sphere were already included 
in some earlier text-book ; and, as Ptolemy, who built so much 
upon Hipparchus, deduces many of the trigonometrical 
formulae which he uses from the one theorem (III. 1) of 
Menelaus, it seems probable enough that both theorems were 
known to Hipparchus. The corresponding plane theorems 
appear in Pappus among his lemmas to Euclid’s Porisms^ and 
there is therefore every probability that they were a.S8uraed 
by Euclid as known. 

(8) Proportions analogous to EucL VI. 3. 

Two theorems following, III. 6, 8, have their analogy in 
Eucl. VI. 3. In III. 6 the vertical angle of a spherical 
triangle is bisected by an arc of a great circle meeting BC in 

D, and it is proved that sin BD/ sin DC = sin BA/ sin AC; 
in III. 8 we have the vertical angle bisected both internally 
and externally by arcs of great circles meeting BC in D and 

E, and the proposition proves the harmonic property 

sin BE _ sin BD 
sin EC ~ sin DC 

III. 7 is to the effect that, if arcs of great circles be drawn 
through B to meet the opposite side J.C' of a spherical triangle 
in D, E so that / ABD = Z EBC, then 

sin EA . sin AD _ sin® .47? 
sinDC .sin CE ~~ sinVBC 

As this is analogous to plane propositions given by Pappus as 
lemmas to different works included in the Treasury of 
Analysis, it is clear that these works were familiar to 
Menelaus. 


* Pappua, vii, pp. 870-2, 874. 
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III. 9 and III. 10 show, for a spherical triangle, that (1) the 
great circles bisecting the three angles, (2) the great circles 
through the angular points meeting the opposite sides at 
right angles meet in a point. 

The remaining propositions, III. 11-15, return to the same 
sort of astronomical problem as those dealt with in Euclid’s 
Phaenomeoa, Theodosius’s ISpfuiei'ica and Book II of Mene- 
laus’s own work. Props. 11-14 amount to theorems in 
spherical trigonometry .such as the following. 

Given arcs cXj, 0(2, «;.» ®4> fiz) At* i®4> 

90° ^ (Xj XX2 XX3 > 0(4, 

90 °>^i>^ 2 >^ 3 >^ 4. 
and also <x^ > oc^ > oc., > ^3, o^^ > 


(1) If sin (Xj : sin 1X2 : sin sin 0(4 = sin ) 3 j : sin/S2 ^sin/Sg : s,va.p^, 


then 


«i -«2 > AjuA. 

a3-«4 


(9\ Tf 

sin(a^-A) 


Hin ^ocg- 


then 
(3) If 
then 


« l -«2 ^ A -/^2 . 
a3-a4 A-^4* 

sinfat-o t.^) ^ .sin(^j-^2) 
sin(cx3-(X4) sin(/33-^4l 

~ ® 2 ^ ^2 

®3 ®4 ^3 ^4 


Sin ( <X4 + j84) 
sin 


Again, given tliree series > 

90° > yj > 72 > 7;$, 


of tliree arcs such that 


0(4 > 0(3 > 0(3, ^ ^2 ^ ^3* 

and sin ((X^ - y^) : sin (0(2—72) : sin (0C3— 7;,) 

= sin (/8j - yi) : sin (jSg - Y2) ’ sin (^3 - Ys) 

= sin 74 : sin 72: sir 
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(1) If ai>/Si>2yi, 
then 

(2) If 
then 


«l-“2 > and 

^2 ^ ®2 y2> ^3 ®3 ^ ys’ 

®2 ~ *^3 ^2 ^3 


III, 16, the last proposition, is in four parts. The first part 
is the proposition corresponding to Theodosius III. 11 above 
alluded to. Let BA, BG he two quadrants of great circles 
(in which we easily recognize the equator and the ecliptic). 
P the pole of the former, PA^, PA^ quadrants of great circles 
meeting the other quadrants in Ai, A^ and (7,, 0^ respectively. 
Let B be the radius of the sphere, r, r, , r., the radii of the 
‘parallel circles’ (with pole P) through C, C^, C.^ respectively. 


Then shall 


sin AjA^ _ Rr 
sin CjGg ~ i\r^ 


p 



In the triangles PCG^, BA^C.^ the angles at 0, A^ are right, 
and the angles at equal ; therefore (III. 2) 

sin PG sin BA., 
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But, by III. 1 applied to the triangle BC^A^ cut by the 
transversal PG^A.^, 

sin A^A^ _ sin C^G.^ sin PA, 
sin BA^ sin BG^ sin PC\ ’ 

sin A, A., _ sin PA, sin PA., _ sin PA, sin PC 
sinCjOa ~ sinPC’, * sin BG^ ~ sinPP, ’ sin PO,’ 

from above, 

_ Rr 
~ n’s’ 

Part 2 of the proposition proves that, if PC^A^ be drawn 
such that sin® PC.^ = sin PA 2 . sin PC, or = Rr (where is 
the radius of the parallel circle through C^), BC^—BA^ is a 
maximum, while Parts 3, 4 discuss the limits to the value of 
the ratio between the arcs AjAj and 

Nothing is known of the life of Cl.\udius Ptolkmy except 
that he was of Alexandria, made observations between the 
years a.d. 125 and 141 or perhaps 151, and therefore presum- 
ably wrote his great work aliout the middle of the reign of 
Antoninus Pius (a.d. 138-61). A tradition handed down by 
the Byzantine scholar Thcodoi'us Mcliteniota (about 1361) 
states that he was born, not at Alexandria, but at Ptolemais 

'Epiifiov. Arabian traditions, going back probably to 
Hunain b. Ishacj, say that he lived to the age of 78, and giv'e 
a number of personal detjiils to which too much weight must 
not be attached. 


The MaOrj/xaTiK^ a-vura^is (Arab. Ahmujest). 

Ptolemy’s great work, the definitive achievement of Greek 
astronomy, bore the title MaOijfiariK^s Swra^ecos /StjSAm ty, 
the Mathematical Collection in thirteen Books. By the time 
of the commentators who distinguished the lesser treatises on 
astronomy forming an introduction to Ptolemy’s work as 
fiiKphi darpovofioijpeuos (toitos), the ‘ Little Astronomy ’, the 
book came to be called the ‘ Great Collection ’, /ieydXr] aiv- 
ra^is. Later still the Arabs, combining the article A1 with 
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the superlative niyiaros, made up a word Al-majisti, which 
became Almagest ; and it has been known by this name ever 
since. The complicated character of the system expounded 
by Ptolemy is no doubt responsible for the fact that it 
speedily became the subject of elaborate commentaries. 

Commentaries on the Syntaxis. 

Pappus* cites a passage from his own commentary on. 
Book I of the Mathematica, which evidently means Ptolemy’s 
work. Part of Pappus’s commentary on Book V, as well as 
his commentary on Book VI, are actually extant in the 
original. Theon of Alexandria, who wrote a commentary on 
the Syntaxis in eleven Books, incorporated as much as was 
available of Pappus’s commentary on Book V with full 
acknowledgement, though not in Pappus’s exact words. In 
his commentary on Book VI Theon made much more partial 
quotations from Pappus ; indeed the greater part of the com- 
mentary on this Book is Theon’s own or taken from other 
sources. Pappus’s commentaries are called scholia, Theon’s 
{iirofip^liara. Passages in Pappus’s commentary on Book V 
allude to ‘ the scholia preceding this one ’ (in the plural), and 
in particular to the scholium on Book IV. It is therefore all 
but certain that lie wrote on all the Books from I to VI at 
least. The text of the eleven Books of Theon’s commentai’y 
was published at Basel by Joachim Camerarius in 1638 , but 
it is rare and, owing to the way in which it is printed, with 
insufficient punctuation marks, gaps in places, and any number 
of misprints, almost unusable ; accordingly little attention has 
so far been paid to it except as regards the first two Books, 
which were included, in a more readable form and with a Ltitin 
translation, by Halma in his edition of Ptolemy. 

Translations and editions. 

The Syntaxis was translated into Arabic, first (we are told) 
by translators unnamed at the instance of Yahya b, Khalid b. 
Barmak, then by al-Hajjaj, the translator of Euclid (about 
786-836), and again by the famous translator Ishaq b. Hunain 
(d. 910), whose translation, as improved by Thabit b. Qurra 

* Pappus, viii, p. 1106 . 13 . 
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(died 901), is extant in part, as well as the version by Nasirad- 
din at-Tusi (1201-74). 

The first edition to be published was the Latin translation 
made by Gherard of Cremona from the Arabic, which was 
finished in 1176 but was not published till 1515, when it was 
brought out, without the author’s name, by Peter Liechten- 
stein at Venice. A translation from the Greek had been made 
about 1160 by an unknown writer for a certain Henricus 
Aristippus, Archdeacon of Catania, who, having been sent by 
William I, King of Sicily, on a mission to the Byzantine 
Emperor Manuel I. Comnenus in 1158, brought back with 
him a Greek manuscript of the SytUaxis as a pi’esent; this 
translation, however, exists only in manuscripts in the Vatican 
and at Florence. The first Latin translation from the Greek 
to be published was that made by Georgius ‘ of Trebizond ’ for 
Pope Nicolas V in 1451 ; this was revised and published by 
Lucas Gauricus at V'enice in 1528. The etlitio 'pi'^inceps of the 
Greek text was brought out by Grynaeus at Basel in 1538. 
The next complete edition was that of Halma published 
1813-16, which is now rare. All the more welcome, there- 
fore, is the definitive Greek text of the astronomical works 
of Ptolemy edited by Heiberg (1899-1907), to which is now 
added, so far as the Syiitaxis is concerned, a most valuable 
supplement in the German translation (with notes) by Manitius 
(Teubner, 1912-13). 

Summary of Contents. 

The 8yntaxis is most valuable for the reason that it con- 
tains very full particulars of observations and investigations 
by Hipparchus, as well as of the earlier observations recorded 
by him, e.g. that of a lunar eclipse in 721 b.c. Ptolemy 
based himself very largely upon Hipparchus, e.g. in the 
preparation of a Table of Chords (equivalent to sines), the 
theory of eccentrics and epicycles, &c. ; and it is questionable 
whether he himself contributed anything of great value except 
a definite theory of the motion of the five planets, for which 
Hipparchus had only collected material in the shape of obser- 
vations made by his predecessors and himself. A very short 
indication of the subiects of the different Books is all that can 
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be given here. Book I: Indispensable preliminaries to the 
study of the Ptolemaic system, general explanations of 
the different motions of the heavenly bodies in relation to 
the earth as centre, propositions required for the preparation 
of Tables of Chords, the Table itself, some propositions in 
spherical geometry leading to trigonometrical calculations of 
the relations of arcs of the equator, ecliptic, horizon and 
meridian, a ‘ Table of Obliquity ’, for calculating declinations 
for each degree-point on the ecliptic, and finally a method of 
finding the right ascensions for arcs of the ecliptic equal to 
one-third of a sign or 10°. Book II: The same .subject con- 
tinued, i.e. problems on the sphere, with special reference to 
the differences between various latitudes, the length of the 
longest day at any degree of latitude, and the like. Book III : 
On the length of the year and the motion of the sun on the 
eccentric and epicycle hypothe.ses. Book IV : The length of the 
months and the theory of the moon. Book V : The con.struc- 
tion of the astrolabe, and the theory of the moon continued, 
the diameters of the sun, the moon and the earth’s shadow, 
the distance of the sun and the dimensions of the sun, moon 
and earth. Book VI : Conjunctions and oppositions of sun 
and moon, solar and lunar eclipses and their periods. Books 
VII and VIII are about the fixed stars and the precession of 
the equinoxes, and Books IX-XIII are devoted to the move- 
ments of the planets. 

Trigonometry in Ptolemy. 

What interests the historian of mathematics is the trigono- 
metry in Ptolemy. It is evident that no part of the trigono- 
metry, or of the matter preliminary to it, in Ptolemy was new. 
What he did was to abstract from earlier treatises, and to 
condense into the smallest possible space, the minimum of 
propositions necessary to e.stablish the methods and formulae 
used. Thus at the beginning of the preliminaries to the 
Table of Chords in Book I he says : 

‘ We will first show how we can establish a systematic and 
speedy method of obtaining the lengths of the chords based on 
the uniform use of the__ smallest possible number of proposi- 
tions, so that we may not only have the lengths of the chords 
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set out correctly, but may be in possession of a ready proof of 
our method of obtaining them based on geometrical con- 
siderations.’ ^ 

He explains that he will use the division (1) of the circle into 
360 ecjual parts or degrees and (2) of the diameter into 120 
ec^ual parts, and will express fractions of these parts on the 
sexagesimal system. Then come the geometrical propositions, 
as follows. 


(a) Letii'itui for Jindiiuj sin 18° and sin 36°. 

To find the side of a pentagon and decagon inscribed in 
a circle or, in other words, the chords subtending arcs of 72° 
and 36° respectively. 

Let AH be the diameter of a circle, O the centre, OC the 
radius perpendicular to A H. 

Bisect Oli at D, join DC, and measure 
DE along DA equal to DC. Join EC, 

Then shall OE be the side of the in- 
scribed regular decagon, and EC the side 
of the inscribed regular pentagon. 

For, since OB is bisecte<l at D, 

BE.EO + OD^ = DE^ 

= DC^= DO'^ + OCK 



Tlierefore BE. EO = 0(P = 0B\ 

and BE is tlivided in extreme and mean ratio. 

But (Eucl. XIII. 9) the sides of the regular hexagon and the 
regular decagon inscribed in a circle when placed in a straight 
line with one another form a straight line divided in extreme 
and mean ratio at the point of division. 

Therefore, BO being the side of the hexagon, EO i^the side 
of the decagon. 

Also (by Eucl. XIII. 10) 

(side of pentagon)''* = (side of hexagon)** + (side of decagon)* 

= G0-^ + 0E'^ = EC-^; 

therefore EG is the side of the regular pentagon inscribed 
in the circle. 


* Ptolemy, Syntaacia, i. 10, pp. 31 2. 
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The construction in fact easily leads to the results 

EO = EG = \a^/ {10-2 

where a is the radius of the circle. 

Ptolemy does not however use these radicals, but calculates 
the lengths in terms of ‘ parts ’ of the diameter thus. 

DO = 30, and DO^ = 900 ; OG = 60 and OG^ = 3600 ; 

therefore DE^ = DG^ — 4500, and DE = 67** 4' 55" nearly ; 

therefore side of decagon or (crd. 36°) = /)ii’— Z)0 = 37^'4'56". 

Again = (37/' 4' 55")^^ = 1375 . 4' 15", and 0(7* = 3600; 

therefore (7A’* = 4975 , 4' 16", and GE — 70/' 32' 3" nearly, 

i.e. side of pentagon or (crd. 72°) = 70/' 32' 3". 

The method of extracting the square root is explained by 
Theon in connexion with the first of these cases, V 4500 (see 
above, vol. i, pp. 61-3). 

The chords which are the sides of other regular inscribed 
figures, the hexagon, the square and the equilateral triangle, 
are next given, namely, 

crd. 60° = 60/', 

crd. 90° = V'(2 . 60*) = a/( 7200) = 84/' 51' lO", 
crd. 120° = V{2 . 60*) = ^(10800) = 103/' 55' 23". 

(/3) Equivalent of sin*d + cos*d = 1. 

It is next observed that, if x be any arc, 

(crd. cc)*+ {crd. (180° — a;)}* = (diam.)* = 120*, 

a formula which is of cour.se equivalent to sin*d + co.s*d = 1. 

We c4h therefore, from crd. 72°, derive crd. 108°, from 
crd. 36°, crd. 144°, and so on. 

(y) ‘Ptolemy’s theorem’, giving the equivalent of 
.sin {6 — <f>) = sin 6 cos <p — cos 6 sin 0. , 

The next step is to find a formula which will give us 
crd. (ot—fi) when crd. a and crd. )8 are given. (This for 
instance enables us to find crd. 12° from crd. 72° and crd. 60°.) 



PTOLEMY’S tiYNTAXlti 


279 


The proposition {fiving the required formula depends upon 
a lemma, which is the famous ‘ Ptolemy’s theorem ’. 

Given a quadrilateral A BCD inscribed in a circle, the 
diagonals being AG, BD, to prove that 

AG. BD^AB.DG-\-AD. BG. 

The proof is well known. Draw BE so that the angle ABE 
is equal to the angle DBG, and let BE 
meet AG in E. 

Then the triangles ABE, DBG are 
etjuiangular, and therefore 

AB:AE= BD.DG, 

or AB.DG= AE.BD. (1) 

Again, to each of the equal angles 
ABE, DBG add the angle EBD ; 

then the angle ABD is equal to the angle EBG, and the 
triangles ABD, EBG are ecjuiangular ; 

therefore B(J : GE = BD: DA, 

ur AD.BG=GE.BD. (2) 

By adding (1) and (2), we obtain 

AB . DG+A D . BG = AG. BD. 

Now let AB, AG be two arcs terminating at A, the extremity 
of the iliameter AD of a circle, and let 
AG (= a) be greater than AB (= /8,. 

Suppose that (crd. AG) and (crd. AB) 
are given : it is re<iuired to find 
(crd. BG). 

Join BD, GD. 

Then, by the al)ove theorem, 

AG.BD = BG.AD + AB.GD. 

Now AB, AG are given; therefore BD = crd. (180°— AB) 
and GD = crd. (180°— AG) are known. And AD is known. 
Hence the remaining chord BG (crd. BG) is known. 
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The equation in fact gives the formula, 

{crd. (a-jS)} . (crd. 180°) = (crd. a) . {crd. (180°— /S)} 

- (crd. /3) . { crd. ( 1 80° - a) } , 

which is, of course, equivalent to 

sin {6 — (p) = sin 6 cos 0 — cos 6 sin where a = 2d, /3 = 2(f>. 
By means of this formula Ptolemy obtained 

crd. 12° = crd. (72°-60°) = 12/' 32' 36". 

(8) Equivalent of sin‘-^^d = 4 (^ — cosd). 

But, in order to get the chords of smaller angles still, we 
want a formula for finding the chord of half an arc when the 
chord of the arc is given. This is the subject of Ptolemy’s 
next proposition. 

Let BG be an arc of a circle with diameter AG, and let the 
arc BG be bisected at D. Given (crd. BG), it is I'equired to 
find (crd. DG). 

Draw DF perpendicular to AG, 
and join AB, AD, BD, DG. Measure 
AE along AG equal to AB, and join 
DE. 

Then shall FG be equal to EF, or 
FG shall be half the difference be- 
tween AG and AB. 

For the triangles AED are 

equal in all respects, since two sides 
of the one are equal to two sides of the other and the included 
angles BAD, EAD, standing on equal arcs, are eijual. 

Therefore ED = BD = DG, 

and the right-angled triangles DEB', DGF are equal in all 
respects, whence EB' = FG, or GF = ^{AG—AB). 

Now AG.GF=GD'\ 

whence (crd. GD)^ = }^AG (AG-AB) 

— 5 (crd. 180°).{(crd.l80°) — (crd.l80° — ifO)}. 

This is, of course, equivalent to the formula 

sin*' ^6 = ^(1 — cos 6). 
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By successively applying this formula, Ptolemy obtained 
(crd. 6°), (erd. 3°) and finally (crd. = 12’ 34' 16" and 
(crd. 1°) = OP 47' 8". But we want a table going by half- 
degrees, and hence two more things are necessary ; we have to 
get a value for (crd. 1°) lying between (crd. 1^°) and (crd. I®), 
and we have to obtain an addition formula enabling us when 
(crd. ok) is given to find {crd. (<x + 5 °)}, and so on. 

(e) Equivalent of cos (d + 0) = cos 6 cos 0— sin 6 sin 0. 

T’o find tlie addition formula. Suppose AD is the diameter 
of a circle, and AB, BC two arcs. Given (crd. AB) and 
(crd. BC), to find (crd. AC), Draw the diameter BOE, and 
join CE, CD, DE, BD. 

Now, (crd, AB) being known, 

(crd. BD) is known, and therefore 
also (crd. DE), which is e(iual to 
(crd. AB)] and, (crd. BC) being 
known, (crd. CE) is known. 

And, by Ptolemy’s theorem, 

BD . CE = BC . DE+ BE. Cl). 

The diameter BE and all the chords in this etjuation except 
G/) Ixjing given, we can find CD or crd. (180° — AC'). We have 
in fact 

(crd. 180°) . Icrd. (180° -AG); 

= 1 crd. ( 1 80° — AB)].[ crd. ( 1 80° — BC ) ) — (crd. AB) . (crd. BC) ; 

thus crd. (180° — AG) and therefore (crd. AG) is known. 

If AB =26, BC =20, the result is equivalent to 

cos (0 -1- 0) = cos 6 cos 0 — sin $ sin 0. 

(^) Method of interpolation based on formula 
sin a/sin {where •|7r>a>/3). 

Lastly we have to find (crd. 1°), having given (crd. 1|°) and 
(crd. 1°). 

Ptolemy uses an ingenious method of interpolation based on 
a proposition already assumed as known by Aristarchus. 

If AB, BC be unequal chords in a circle, BC being the 
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greater, then shall the ratio of CB to BA be less than the 
ratio of the arc GB to the arc BA. 

Let Bl) bisect the angle ABC, meeting AC in E and 

the circumference in D. The arcs 
AD, DC are tlien equal, and so are 
the chords AD, DC. Also GE>EA 
(since OB .BA = CE:EA). 

Draw DF perpendicular to AC ; 
then AD >DE >DF, so that the 
circle with centre D and radius DE 
will meet DA in G and DF produced 
in H. 

Now FE: EA = A FED : AAED 



< (sector MED) ; (sector GED) 

< IFDE .IEDA. 

Gomponeibdo, FA : AE < Z FDA : Z ADE. 

Doubling the antecedents, wo have 

GAiAE < IGDA-.IADE, 
and, separando, GE : EA < Z CDE: Z EDA ; 
therefore (since CBiBA = GE:EA) 

GB.BA < ICDB-.LBDA 

< (arc CB) : (arc BA), 

i. e. (crd. CB) : (crd. BA) < (arc GB) ; (arc BA ). 

[This is of course equivalent to sin a : sin fi<oc: fi, where 
|7r>a>^.] 

It follows (1) that (crd. 1°) ; (crd. ^°) < 1 : 

and (2) that (crd. 1^°) ; (crd. 1°) <1^:1. 

That is, I . (crd. |°) > (crd. 1°) > | . (crd. 1^®). 

But (crd. I®) = OP 47' 8", so that |(crd. |®) = IP 2' 60" 
nearly (actually IP 2' 60|"); 

and (crd. 1^®) = IP 34' 16", .so that |(crd. 1^®) = IP 2' 60". 

Since, then, (crd. 1®) is both less and greater than a length 
which only differs inappreciably from 1 p 2' 60", we may say 
that (crd. 1®) = 1 p 2' 60" as nearly as possible. 



PTOLEMY’S SYNTAX IS 


283 


{t]) Table of Chords. 

From this Ptolemy deduces that (crd. ^°) is very nearly 
0/' 31' 25", and by the aid of the above propositions he is in 
a position to complete his Table of Chords for arcs subtending 
angles increasing from to 180° by steps of ; in other 
words, a Table of Sines for angles from 4° to 90° by steps 
of 


( 0 ) Further use of lyi'oporiiotud increase. 

Ptolemy carries further the principle of proportional in- 
crease as a method of finding approximately the chords of 
arcs containing an odd number of minutes between O' and 30'. 
Opposite each chord in the Table he enters in a third column 
tbe excess of that chord over the one before, i.e. the 
chord of the arc containing 30' less than the chord in question. 
For example (crd. 24-°) is stated in the second column of the 
Table as 2>' 37' 4". The excess of (crd. 2|°) over (crd. 2°) in the 
Table is 0/' 31' 24": ^^^th of this is 0?' l' 2" 48'", which is 
therefore the amount entered in the third column opposite 
(crd. 2^°). Accordingly, if we want (crd. 2° 25'), we take 
(crd. 2°) or 2P 5' 40" and add 25 times 0? l'2"48'"; or we 
take (crd. 2^-°) or 2/' 37' 4" and subtract 5 times 0^' l' 2" 48"'. 
Ptolemy adds that if, by \ising the apj^roximation for 1° and 
we gradually Jiccuinulate an error, we can check the calcu- 
lation by comparing the chord with that of other related arcs, 
e.g. the double, or the supplement (the difterence between the 
arc and the semicircle). 

Some particular results obtained from the Table may be 
mentioned. Since (ci'd. 1 °) = 1 J' 2' 50", the whole circumference 
= 360 (U' 2' 50"), nearly, and, the length of the diameter 
being 120^', the value of tt is 3 (1 ■jf'co') = ^ "h 

which is the value used later by Ptolemy and is equivalent to 
3.14166... Again, V' 3 = 2 sin 60° and, 2 (crd. 120°) being 
equal to 2 (103^* 55 23 ), we have 




43 55 23 

‘*‘^‘*’60=*'^ 60“ 


1-7320509, 


which is correct to 6 places of decimals. Speaking generally. 
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the sines obtained from Ptolemy’s Table are correct to 5 
places. 

(i) Plane trigonometry in effect used. 

There are other cases in Ptolemy in which plane trigono- 
metry is in effect used, e.g. in the determination of the 
eccentricity of tlie sun’s orbit.* Suppose that AGBD is 
the eccentric circle with centre 0, 
and AB, GD are chords at right 
angles through E, the centre of the 
earth. To find OE. The arc BG 
is known (= a, say) as also the arc 
GA (=j8). If BF be the chord p 
parallel to GD, and GG the chord 
parallel to AB, and if iV, P be tlie 
middle points of the arcs BF, GG, 

Ptolemy finds (1) the arc BF 
(= a-|-j8 — 180°), then the chord BF, 
crd. (a + — 1 80°), then the half of it, (2) the arc GG 
= arc (a + /3 — 2jS) or arc (a — /S), then the .chord GG, and 
lastly half of it. He then adds the scjuares on the half- 
chords, i.e. he obtains 

OE'^ = { crd. (a + /3 — 1 80) } 2 -H ^ { crd. (a — /S) } 

that is, OE^/r^ = cos'^ f (a + /8) + sin'"* ^ (a — j8). 

He proceeds to obtain the angle OEG from its sine OB / OE, 
which he expresses as a chord of double the angle in the 
circle on OE as diameter in relation to that <liameter. 

Spherical trigonometry: formulae in solution of 
spherical triangles. 

In spherical trigonometry, as alrejidy stated, Ptolemy 
obtains everything that he wants by using the one funda- 
mental proposition known as ‘ Menelaus’s theorem ’ applied 
to the sphere (Menelaus III. 1), of which he gives a proof 
following that given by Menelaus of the first case taken in 
his proposition. Where Ptolemy has occasion for other pro- 
positions of Menelaus’s Sphaerica, e.g. III. 2 and 3, he does 

* Ptolemy, Syntaxits, iii. 4, vol. i, pp. 234-7. 
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not quote those propositions, as he might liave done, but proves 
them afresh by means of Menelaus’s theorem.’ The appli- 
cation of the theorem in other cases gives in effect the 
following different formulae belonging to the solution of 
a spherical triangle ABC right-angled at 6', viz. 

sin a = sin c sin A, 

tan a = .sin h tan A, 

cos c = cos a cos b, 

tan b = tan c cos A. 

One illu.stration of Ptolemy’s procedure will be sufficient.* 
Let IlAir be the horizon, PKZU the meridian circle, EE' 
the equator, ZZ' the ecliptic, F an 
equinoctial point. Let EE', ZZ' 
cut the hoi’izon in A, B. Let P be 
the pole, and let the great circle 
through P, B cut the equator at C. 

Now let it be required to find the 
time which the arc FB of the ecliptic 
takes to rise : this time will be 
measured by the arc FA of the 
ecjuator. (Ptolemy has previously found the length of the 
arcs BC, the declination, and FC. the right ascension, of B, 
1. 14, 16.) 

By Menelaus’s theorem applied to the arcs AE', E'P cut by 
the arcs AH', PC which also intersect one another in B, 

crd. 2 PH ' crd. 2 PB crd. 2 CA 
crd. 2H'E' 



that is. 


sin PB sin CA 
.sin B(' sin AE' 


crd. 2 BC crd. 2 AE'" 

.sinP//' _ 

H'E'~ 

Now sin Pi/' = cos i/'A’', smPB=cosBC, and sin^P'= l: 

therefore cot H'E'= cot BC . sin CA , 

in other words, in the triangle AB(' right-angled at C, 

cot A = cot a sin b, 

tan a = sin b tan A, * 

’ fh/ntaxh, vol. i, p. 169 and pp. 126-7 respectively. 

» Ib., vol. i, pp. 121-2. 


or 
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Thus AG is found, and therefore FC—AG or FA. 

The lengths of BG, FG are found in I. 14, 16 by the same 
method, the four intersecting great circles used in the figure 
being in that case the equator EE', the ecliptic EZ', the great 
circle PBGP' through the poles, and the great circle PKLP' 
passing through the poles of both the ecliptic and the cciuator. 
In this case the two arcs PL, AE' are cut by the intersecting 
great circles PG, FK, and Menelaus’s theorem gives (1) 

sin Pi _ sin OP sin PP 
sin KL ~ sin BG sin FK 

But sin PL = 1, sin KL = sin BFG, sin GP = 1, sin FK = 1, 
and it follows that 

sin BG = sin PPsin BFG, 

corresponding to the formula for a triangle I'ight-angled at G, 

sin a = sin c sin A. 

(2) We have 

sin PK _ sin PB sin GF 
sin KL ~ sin BG sin FL * 

and sin PK = cos KL — cos BFG, sin PB = cos BG, sin FL = 1 , 
so that tan BG = sin 6'Ptan BFG, 

corresponding to the formula 

tan a = sin h tan A. 

While, therefore, Ptolemy’s method implicitly gives the 
formulae for the solution of right-angled triangles above 
quoted, he does not speak of right-angled triangles at all, but 
only of arcs of intersecting great circles. The advantage 
from his point of view is that he works in sines and cosines 
only, avoiding tangents as such, and therefore he requires 
tables of only one trigonometrical ratio, namely the sine (or, 
as he has it, the chord of the double arc). 

The A nalcmma. 

Two other works of Ptolemy should be mentioned here. 
The first is the AnaUmma. The object of this is to explain 
a method of representing on one plane the different points 
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ami arcs of the heavenly sphere by means of orthogonal 
projection upon three planes mutually at right angles, the 
meridian, the horizon, and the ‘ prime vertical The definite 
pi’oblem attacked is that of showing the position of the sun at 
any given time of the day, and the use of the method and 
of the instruments described in the book by Ptolemy was 
connected with the construction of sundials, as we learn from 
Vitruvius.^ There was another dvdXrjfifia besides that of 
Ptolemy ; the author of it was Diodorus of Alexandria, a con- 
temporary of Caesar and Cicero (‘ Diodorus, famed among the 
makers of gnomons, tell me the time !’ says the Anthology *), 
and Pappus wrote a commentary upon it in which, as he tells 
us,'* he used the conchoid in order to trisect an angle, a problem 
evidently required in the Aiudemma in order to divide any 
arc of a circle intfj six etiual parts (hours). The word 
dvdXrffijia evidently means ‘ taking up ’ (‘ Aufnahme ’) in the 
sense of ‘ making a graphic representation ’ of something, in 
this case the representation on a plane of parts of the heavenly 
sphere. Only a few fragments remain of the Greek text of 
the Analemma of Ptolemy; these are contained in a palimpsest 
(Ambros. Gr. L. 99 .sup., now 491) attributed to the seventh 
century but probably earlier. Besides this, we have a trans- 
lation by William of Moerbeke from an Arabic version. 
This Latin translation was edited with a valuable commentary 
by the indefatigable Commandinus (Rome, 1562); but it is 
now available in William of Moerbeke’s own words, Heiberg 
having edited it from Cod. Vaticanus Ottobon. lat. 1860 of the 
thirteenth century (written in William’s own hand), and in- 
cluded it with the Greek fragments (so far as they exist) in 
parallel columns in vol. ii of Ptolemy’s works (Teubner, 1907). 

The figure is referred to three fixed planes (1) the meridian, 
(2) the horizon, (3) the prime vertical; these planes are the 
planes of the three circles APZB, AGB, ZQG I'espectively 
shown in the diagram below. Thi'ee other great circles are 
used, one of which, the equator with pole P, is fixed; the 
other two are movable and were called by special names; 
the first is the circle represented by any position of the circle 
of the horizon as it revolves round GOG' as diameter {GSM in 

’ Vitruvius, De architect, ix. 4. * Anth. Palaf. xiv. 139. 

* Pappus, iv, p. 246. 1. 
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the diagram is one position of it, coinciding with the equator), 
and it was called iKrijfiopoi kiSkXos (‘the circle in six parts’) 
because the highest point of it above the horizon corresponds 
to the lapse of six hours ; the second, called the hour-circle, is 
the circle represented by any position, as BSQA, of the circle 
of the horizon as it revolves round BA as axis. 

The problem is, as above stated, to find the position of the 
sun at a given hour of the day. In order to illustrate 
the method, it is sufficient, with A. v. Braunmuhl,^ to take the 
simplest case where the sun is on the equator, i.e. at one of 
the equinoctial points, so that the hecfemoron circle coincides 
with the equator. 

Let 8 be the position of the sun, lying on the eciuator MSC, 
P the pole, MZA the meridian, BGA the horizon, B8QA the 
hxyiir-drcle, and let the vertical great circle Z8V be drawn 
through 8, and the vertical great circle ZQC through Z the 
zenith and G the east-point. 

We are given the arc 8G = 90° — t, where i is the hobr- 
angle, and the arc MB = 90° — (f>, where (f) is the elevation of 
the pole ; and we have to find the arcs /SF (the sun’s altitude). 


z 



VC, the ‘ascensional difference’, 8Q and QG. Ptolemy, in 
fact, practically determines the position of 8 in terms of 
certain spherical coordinates. 

Draw the perpendiculars', 8F to the plane of the meridian, 
8H to that of the horizon, and 8E to the plane of the prime 

’ Braunmiilil, Geftch. der Triffonometrie, i, pp. 1‘2. 13. 
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vertical ; and draw FG perpendicular to BA, and ET to OZ. 
Join IIG, and we have FG — SII, GH = F8 — ET. 

We now represent SF in a separate figure (for clearness’ 
sake, as Ptolemy uses only one figure), where B'Z'A' corre- 
sponds to BZA, P' to P and O'M' to OM. Set off the arc 
P'S' equal to GS (= 90° — f), and draw S'F' perpendicular 
to O'M'. Then S'M'= 8M, and 8'F'= 8F; it is as if in the 
original figure we had turned the (juadrant MSG round il/0 
till it coincided with the meridian circle. 

Tn the two figures draw IFK, I'F'K' parallel to BA, B'A'. 
and LFG, L'F'G' parallel to OZ. O'Z'. 

Then (1) arc Z! — wcc ZS = arc (90° — »S'F), because if we 
turn the ((uadrant Z8V al)ont ZO till it coincides with the 



meridian, 8 falls on /, and V on B. It follows that the 
re([uired arc 8V = arc B' I' in the second figure. 

(2) To find the arc VG, set off G'X (in the second figure) 
along G'F' e((ual to F8 or F'8', and draw O'X through to 
meet the cii’cle in X'. Then arc Z'X'^arc VG; for it is as if 
we had turned the quadrant BVG ahont BO till it coincided 
with tlu! meridian, when (since G'X = F8=. GH) H would 
coincide with X and V with X'. Therefoi’e BV is also equal 
to B'X'. 

(3) To find QG or ZQ, set oft' along T'F' in the second figure 
'C'Y equal to F'8', and draw O'Y through to Y' on the circle. 

Then arc B'Y'=z arc Qf -'; for it is as if we turned the prime 
vertical ZQG about ZO till it coincided with the meridian, 
when (since T'Y=8'F' = TE) E would fall on Y, the radius 
OEQ on O'YY' and Q on Y'. 

(4) Lastly, arc B8 = arc BL = are B'L', because 8 , L are 

itss.i U 
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both in the plane L8HG at right angles to the meridian; 
therefore arc 8Q = arc L'Z'. 

Hence all four arcs 8V, FO, QG, Q8 are represented in the 
auxiliary figure in one plane. 

So far the procedure amounts to a method of gra^ihicidhj 
constructing the arcs required as parts of an auxiliary circle 
in one plane. But Ptolemy makes it clear that practical 
calculation followed on the basis of the figure.' I’he lines 
used in the construction are 8F = mut (where the radius = 1), 
FT = OFmx^, FG = OFsin (90° — ^), and this was fully 
realized by Ptolemy. Thus he shows how to calculate the 
arc 8Z, the zenith distance (= d, say) or its complement >S'F, 
the height of the .sun (= Ji, say), in the following way. He 
says in effect : Since G is .known, and Z F'O'G' = 90° — <f>, the 
ratios O'F' : F'T and O'F' : (YT are known. 


[In fact 


O'F' _ D 
O'T' ~ crd. (180° -20)’ 


where T) is the diameter 


of the sphere.] 

Next, since the arc M8 or M'8' is known [=f], and there- 
fore the arc P'8' [= 90° — <], the ratio of O'F' to I) is known 
[in fact O'F' / D = {crd. (180 — 2f)}/2i). 

It follows from these two i'e.sults that 


0'T'= 


crd. (180°- 2G 


.crd. (180°- 20)]. 


Lastly, the arc >S'F (= A) being equal to B' I', the angle h is 
equal to the angle O'T"!'' in the triangle 1'0'T'. And in this 
triangle O'F, the radius, is known, while 0"1'' has been found ; 
and we have therefox'e 


O'T' crd.(2/i) crd.(l80°-2f) erd.(18O°-20) . 

Q'j' — j irom above. 

[In other words, sin h — cos t cos 0 ; or, if w = 80 = 90° — /, 
sin h = sin u cos 0, the formula for finding sin h in the right- 
angled spherical triangle »S'F(7.] 

For the azimuth co (arc BV =■ arc B'X'), the figure gives 

XG' 8'F' 8'F' 

O'F' 


tano) = 


, / 
v/rnf — I’*"' ' 


1 

sin 0 ■ 


G'O' ~ F'T' ~ O'F' F"r 

' See Zeiithen in Bibliotheca mathematica, i;,, 1900, pp. 23-7. 
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or tan FC = tan cos /SOF in the right-angled spherical 
triangle SVG. 

Thirdly, 

* S'F' O'F' , , 1 

taji«^=tan21 = tan« . 


that is, > which is Menelaus, Sphaeruta, 

t&nSM amliAl ^ 

III. 3, applied to the right-angled spherical triangles EBQ, 

AfBS with the angle B common. 

Zeuthen points out that later in the same treatise Ptolemy 

finds the arc 2 a dascribed above the horizon by a star of 

given declination 8', by a procedure e<juivalent to the formula 


cos a = tan 5' tan (f>, 


and this is the same formula which, as we have seen, 
Hipparchus must in effect have used in his Comvienta'i'y on 
the Phaenomena of Eudoxus and Aratus. 

Lrfistly, with regard to the calculations of the height h and 
the azimuth o) in the general case where the sun’s declination 
is S', Zeuthen has shown that they may be expressed by the 
formulae 

sin h — (cos F cos t — sin F tan (ft) cos (ft. 


and 


or 


, cos F sin t 

t' I ill CO ^ * 

“ ; + (cos 5' cos f — sin S' tan dt) sin 6 

cos (f r/ r 

cos 5' sin t 

sin F cos (ft + cos F cos t sin (ft 


The statement tlierefore of A. v. BraunmuhF that the 
Indians were the firat to utilize the method of projection 
contained in the Analemnm for actual trigonometrical calcu- 
lations with the help of the Table of Choi'ds or Sines requires 
modification in so far as the Greeks at all events showed the 
way to such use of the figure. Whether the practical applica- 
tion of the method of the Aualemma for what is equivalent 
to the solution of spherical triangles goes back as far as 
Hipparchus is not certain ; but it is quite likely that it does. 


' Braunniiihl, i, pp. 13, 14, 38-41. 
U 2 
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aeeing that Diodorus wrote his Analemmu in the next cen- 
tury. The other alteniative source for Hipparchus’s spherical 
trigonometry is the Menelaus-theorem applied to the sphere, 
on which alone Ptolemy, as we have seen, relies in his 
Syntaxis. In any case the Table of Chords or Sines was in 
full use in Hipparchus’s works, for it is presupposed by either 
method. 


The Planisphaerium. 

With the Atialemma of Ptolemy is associated another 
work of somewhat similar content, the PIani82yhaerium. 
This again has only survived in a Latin translation from an 
Arabic version made by one Maslama b. Ahmad al-Majriti, of 
Cordova (born probably at Madrid, died 1007 / 8 ) ; the transla- 
tion is now found to be, not by Rudolph of Bruges, but by 
‘Hermannus Secundus’, whose pupil Rudolph was; it was 
first published at Basel in 1536 , and again edited, with com- 
mentary, by Commandinus (Venice, 1558 ). It has been 
re-edited from the manuscinpts by Heiberg in vol. ii. of his 
text of Ptolemy. The book is an explanation of the system 
of projection known as stereographic, by which points on the 
heavenly sphere are represented on the plane of the equator 
by projection from one point, a pole ; Ptolemy naturally takes 
the south pole as centre of projection, as it is the northern 
hemisphere which he is concerned to represent on a plane. 
Ptolemy is aware that the projections of all circles on the 
sphere (great circles — other than those through the poles 
which project into straight lines — and small circles either 
parallel or not parallel to the equator) are likewise circles. 
It is curious, however, that he does not give any general 
proof of the fact, but is content to prove it of particular 
circles, such as the ecliptic, the horizon, &c. This is remark- 
able, because it is easy to show that, if a cone be described 
with the pole as vertex and passing through any circle on the 
sphere, i.e. a circular cone, in general oblique, with that circle 
as base, the section of the cone by the plane of the equator 
satisfies the criterion found for the ‘ subcontrary sections ’ by 
Apollonius at the beginning of his Conics, and is therefore a 
circle. The fact that the method qf stereographic projection is 
so easily connected with the property of subcontrary sections 
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of oblique circular cones has led to the conjecture that Apollo- 
nius was the discoverer of the method. But Ptolemy makes no 
mention of Apollonius, and all that we know is that Syuesius 
of Gyrene (a pupil of Hypatia, and born about a.d. 366-370j 
attributes the discovery of the method and its application tc 
Hipparchus ; it is curious that he does not mention Ptolemy’s 
treatise on the subject, but speaks of himself alone as havinji 
perfected the theory. While Ptolemy is fully aware that 
circles on the sphere become circles in the projection, he says 
nothing about the other characteristic of this method of pro- 
jection, namely that the angles on the spliere are represented 
by equal angles on the projection. 

We must content oui-selves with the shortest allusion to 
other works of Ptolemy. There are, in the hi-st place, other 
minor astronomical works as follows : 

(1) <&dqr€ip dirXavwv daripoiv of which only Book II sur- 
vives, (2) 'Tirodia-eis twp TrXavcojiivmv in two Books, tlie first 
of which is extant in Greek, the second in Arabic only, (3) the 
inscription in Canobus, (4) Tlpoxeipcau Kavoptov Sidraais Kal 
yjrr}<po^opia. All these are included in Heiberg’s edition, 
vol. ii. 


Tlie Optics. 

Ptolemy wrote an OjdU-tt in five Books, which was trans- 
lated from an Arabic version into Latin in the twelfth 
century by a certain Admiral Eugenius Siculus^; Book I, 
however, and the end of Book V are wanting. Books I, II 
were physical, and dealt with generalities; in Book III 
Ptolemy takes up the theory of mirrors, Book IV deals with 
concave and composite miiTors, and Book V with refraction. 
The theoretical portion would suggest that the author was 
not very proficient in geometry. Many questions are solved 
incorrectly owing to the assumption of a principle which is 
clearly false, namely that ‘ the image of a point on a mirror is 
at the point of concurrence of two lines, one of wliich is drawn 
from the luminous point to the centre of curvature of the 
mirror, while the other is the line from the eye to the point 

See G. Govi, L'ottica di Claudio Tolomeo di Euyenio Ammiraylio (!*■ 
jSfciWa, ... Torino, 1884; and particulars in G. Loria. he xcienee exalte 
mil' antica Grecia, pp. 570, 571. 
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on the miri’or where the reflection takes place ’ ; Ptolemy uses 
the principle to solve various special cases of the following 
problem (depending in general on a biquadratic equation and 
now known as the problem of Alhazen), ‘ Given a reflecting 
surface, the position of a luminous point, and the position 
of a point through which the reflected ray is required to pass, 
to find the point on the mirror where the reflection will take 
place.’ Book V is the most interesting, because it seems to 
be the first attempt at a theory of refraction. It contains 
many details of experiments with different media, air, glass, 
and water, and gives tables of angles of refraction (r) corre- 
sponding to different angles of incidence (i ) ; these are calcu- 
lated on the supposition that r and i are connected by an 
equation of the following form, 

r = 

where a, b are constants, which is worth noting as the first 
recorded attempt to state a law of refraction. 

The discovery of Ptolemy’s Optics in the Arabic at once 
made it clear that the work De speculis formerly attribute<l 
to Ptolemy is not liis, and it is now practically certain that it 
is, at least in substance, by Heron. This is established partly 
by internal evidence, e.g. the style and certain expressions 
recalling others which are found in the same author’s Auto- 
mata and Dioptra, and partly by a quotation by Daniianus 
(Oib hypotheses in Optics, chap. 14) of a proposition proved by 
‘ the mechanician Heron in his own Catoptrica ’, which appears 
in the work in question, but is not found in Ptolemy’s Optics, 
or in Euclid’s. The proposition in question is to the effect 
that of all broken straight lines from the eye to the mirror 
and from that again to the object, that particular broken line 
is shortest in which the two parts make equal angles with the 
surface of the mirror; the inference is that, as nature does 
nothing in vain, we must assume that, in reflection from a 
mirror, the ray takes the shortest coui’se, i.e. the angles of 
incidence and reflection are equal. Except for the notice in 
Damianus and a fragment in Olympiodorus ^ containing the 
proof of the proposition, nothing remains of the Greek text ; 

^ Olympiodorus on Aristotle, Meteor, iii. 2, ed. Ideler, ii, p. 96, ed. 
Stuve, pp. 212. 5-213. 20. 
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but the translation into Latin (now included in the Teubner 
edition of Heron, ii, 1900, pp. 316-64), which was made by 
William of Moerbeke in 1269, was evidently made from the 
Greek and not from the Arabic, as is shown by Graecisms in 
the translation. 

A mechanical work, Uipl ^o-nmv. 

There are allusions in Simplicius^ and elsewhere to a book 
by Ptolemy of mechanical content, 7rcp2 poir5>p, on balancings 
or turnings of the scale, in which Ptolemy maintained as 
agaimst Aristotle that air or water (e.g.) in their own ‘ place ’ 
have no weight, and, when they are in their own ‘ place ’, either 
remain at rest or rotate simply, the tendency to go up or to 
fall down being due to the desire of things which ai’e not in 
their own places to move to them. Ptolemy went .so far as to 
maintain that a bottle full of air was not only not heavier 
than the same bottle empty (as Aristotle held), but actually 
lighter when inflated than when empty. The same work is 
apparently meant liy the ‘ book on the elements ’ mentioned 
by Simplicius.'^ Suidas attributes to Ptolemy three Books of 
Mevlunbica. 

Simplicius^ also mentions a single book, rrepl Siaardaecos, 
‘On dinxsmion’, i.e. dimensions, in which Ptolemy tried to 
show that the possible number of ilimensions is limited to 
three. 


Attempt to prove the Parallel-Postulate. 

Nor should we omit to notice Ptolemy’s attempt to prove 
the Parallel-Postulate. Ptolemy devoted a tract to this 
subject, and Proclus * has given us the essentials of the argu- 
ment used. Ptolemy gives, first, a proof of Eucl. I. 28, and 
then an attempted proof of I. 29, from which he deduces 
Postulate .5. 


' Simplicius ou Arist. De caelo, p. 710. 14, Heib. (Ptolemy, ed. Heib., 
vol. ii, p. 263). 

* Ib., p. 20. 10 sq. 

^ Ib., p. 9. 21 sq., .(Ptolemy, ed. Heib., vol. ii, p. 265). 

Proclus on Eucl. I, pp. 362. 14 sq., 365. 7-367. 27 (Ptolemy, ed. Heib., 
vol. ii, pp. 266-70). 
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I. To prove I. 28, Ptolemy takes two straight lines AB, CD, 
and a transversal EFGH. We have to prove that, if the sum 



of the angles BFG, FGD is e<]ual to two right angles, the 
straight lines AB, CD are parallel, i.e. non-secant. 

Since AFG is the supplement of BFG, and FGG of FGD, it 
follows that the sum of the angles AFG, FGC is also equal to 
two right angles. 

Now suppose, if possible, that FB, GD, making the sum of 
the angles BFG, FGD ecjual to two right angles, meet at K ; 
then similarly FA, GG making the sum of the angles AFG, 
FGG equal to two right angles must also meet, say at L. 

[Ptolemy would have done better to point out that not 
only are the two sums equal but the angles themselves are 
equal in pairs, i.e. AFG to FGD and FGC to BFG, and we can 
therefore take the triangle KFG and apply it to FG on the other 
side so that the sides FK, GK may lie along G(J, FA respec- 
tively, in which case GG, FA will meet at the i)oint where 
K falls.] 

Consequently the straight lines LABK, LGDK enclose a 
space : which is impossible. 

It follows that AB, GD cannot meet in either cHtection ; 
they are therefore parallel. 

II. To prove I. 29, Ptolemy takes two parallel lines AB, 
GD and the transversal FG, and argues thus. It is reejuired 
to prove that Z AFG -f Z GGF = two right angles. 

For, if the sum is not equal to two right angles, it must be 
either (1) greater or (2) less. 

(1) If it is greater, the sum of the angles on the other side, 
BFG, FGD, which are the supplements of the first pair of 
angles, must be less than two right angles. 

But AF, GG are no more parallel than FB, GD, so that, if 
FG makes one of angles AFG, FGG together greater than 
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two right angles, it mmt also make the other pair BFG, FQD 
together greater than, two right angles. 

But the latter pair of angles were proved less than two 
right angles : which is impossible. 

Therefore the sum of the angles AFG, FGC cannot be 
greater than two right angles. 

(2) Similarly we can show that the sum of the two angles 
AFG, FGC cannot be less than two right angles. 

Therefore Z AFG + Z CGF — two right angles. 

[The fallacy here lies in the inference which I have marked 
by italics. When Ptolemy says that AF, CG are no more 
parallel than FB, GD, he is in efi'ect assuming that through 
any one ijoiut only one parallel ran hedrawn toagiven straight 
line, which is an equivalent for the very Postulate he is 
endeavouring to prove. The alternative Postulate is known 
as ‘ Playfair’s axiom but it is of ancient origin, since it is 
distinctly enunciated in Proclus’s note on Eucl. I. 31.] 

HI. Post. 5 is now deduced, thus. 

Suppose that the straight lines making with a transversal 
angles the sum of which is less than two right angles do not 
meet on the side on which those angles are. 

Then, a fortiori, they will not meet on the other side on 
which ai’c the angles tlie sum of which is greater than two 
right angles. [This is enforced by a supplementary proposi- 
tion showing that, if the lines met on that side, Eucl. I. 16 
would be contradicted.] 

Hence the straight lines cannot meet in either direction : 
they are therefore parallel. 

But in thatr case the angles made with the transversal are 
equal to two right angles : which contradicts the assumption. 

Therefore the straight lines will meet. 
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MENSURATION: HERON OF ALEXANDRIA 

Controversies as to Heron’s date. 

The vexed question of Heron’s date has perhaps called 
forth as much discussion as any doubtful point in the history 
of mathematics. In the early stages of the controversy much 
was made of the supposed relation of Heron to Ctesibius. 
The Bdopoe'ica of Heron has, in the best manuscript, the 
heading "Hpcovos KTr}<rifiiov BeXonouKd, and from this, coupled 
with an expression used by an anonymous Byzantine writer 
of the tenth century, 6 'AaKprivos KTTi<ri/3ios 6 tov 'A\f^av8pim 
"Hpaovos KadrjyifTrji, ‘ Ctesibius of Ascra, the teacher of Heron 
of Alexandria’, it was inferred that Heron was a pupil of 
Ctesibius. The question then was, when did Ctesibius live 1 
Martin took him to be a certain barber of that name who 
lived in the time of Ptolemy Euergetes II, that is, Ptolemy VII, 
called Physcon (died 117b. C.), and who is said to have made 
an improved water-organ ' ; Martin therefore placed Heron at 
the beginning of the first century (say 126-60) B.c. But 
Philon of Byzantium, who repeatedly mentions Ctesibius by 
name, says that the first mechanicians {rexvirai) had the 
great advantage of being under kings who loved fame and 
supported the arts.'** This description applies much better 
to Ptolemy II Philadelphus (285-247) and Ptolemy III Euer- 
getes I (247-222). It is more probable, therefore, that Ctesibius 
was the mechanician Ctesibius who is mentioned by Athenaeus 
as having made an elegant drinking-horn in the time of 
Ptolemy Philadelphus^; a pupil then of Ctesibius would 
probably belong to the end of the third and the beginning of 
the second century b.c. But in truth we cannot safely con- 
clude that Heron was an immediate pupil of Ctesibius. The 
Byzantine writer probably only inferred this from the title 

‘ Athenaeus, Deipno-Soph. iv. c. 75, p. 174 b-e : cf. Vitravius, x. 9, 13. 

* Philon, Meehan Synt., p. 50. 38, ed. SchSne. 

® Athenaeus, xi. c. 97, p. 497 b-e. 
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above quoted; the title, however, in itself need not imply 
more than that Heron’s work was a new edition of a similar 
work by Ctesibius,and the Krriai^iov may even have been added 
by some well-read editor who knew both works and desired to 
indicate that the greater part of the contents of Heron’s work 
was due to Ctesibius. One manuscript has "Hpoavos ’AXe^av- 
Spim BeXonouKci, which corresponds to the titles of the other 
works of Heron and is therefore more likely to be genuine. 

The discovery of the Greek text of the Met i'ica by R. Schone 
in 1896 made it possible to fix with certainty an upper limit. 
In that work there are a number of allusions to Archimedes, 
three I'eferences to the ympiov diroropiq of Apollonius, and 
two to ‘ the (books) about straight lines (chords) in a circle ’ 
(SiSdKTai Se kv Toh irepl t<ou kv kvk\<p evdeimv). Now, although 
the first beginnings of trigonometry may go back as far as 
Apollonius, we know of no work giving an actual Table of 
Chords earlier than that of Hipparchus. We get, therefore, 
at once the date 150 B.o. or thereabouts as the terminun iwst 
queni. A terminus ante quem is furnished by the date of the 
composition of Pappus’s Collection) for Pappus alludes to, and 
draws upon, the works of Heron. As Pappus was writing in 
the reign of Diocletian (a.d. 284-305), it follows that Heron 
could not be much later than, say, A.D. 250. In speaking of 
the solutions by ‘ the old geometers ’ (o/ rraXaiol yecopkrpai) of 
the problem of finding the two mean proportionals, Pappus may 
seem at first sight to include Heron along with Eratosthenes, 
Nicomedes and Philon in that designation, and it has been 
argued, on this basis, that Heron lived long before Pappus. 
But a close examination of the passage^ shows that this is 
by no means necessary. The relevant words are as follows : 

‘ The ancient geometers were not able to solve the problem 
of the two straight lines [the problem of finding two mean 
proportionals to them] by ordinary geometi'ical methods, since 
the problem is by nature '• solid ”... but by attacking it with 
mechanical means they managed, in a wonderful way, to 
reduce the question to a practical and convenient construction, 
as may be seen in the Mesolahon of Eratosthenes and in the 
mechanics of Philon and Heron . . . Nicomedes also solved it 
by means of the cochloid curve, with which he also trisected 
an angle.’ 


' Pappus, iii, pp. 64-6. 
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■ Pappus goes on to say that he will give four solutions, one 
of which is his own ; the first, second, and third he describes 
as those of Eratosthenes, Nicomedes and Heron. But in the 
earlier sentence he mentions Philon along with Heron, and we 
know from Eutocius that Heron's solution is practically the 
same as Philon’s. Hence we may conclude that by the third 
solution Pappus really meant Philon’s, and that he only men- 
tioned Heron’s Mechanics because it was a convenient place in 
which to find the same solution. 

Another argument has been based on the fact that the 
extracts from Heron’s Mechanics given at the end of Pappua’s 
Book VIII, as we have it, are introduced by the author with 
a complaint that the copies of Heron’s works in which he 
found them were in many respects corrupt, having lost both 
beginning and end.' But the extracts appear to have been 
added, not by Pappus, but by some later writer, and the 
argument accordingly falls to the ground. 

The limits of date being then, say, 160 B.o. to A. D. 250, our 
only course is to try to define, as well as possible, the relation 
in time between Heron and the other mathematicians who 
come, roughly, within the same limits. This method has led 
one of the most recent writers on the subject (Tittel^) to 
place Heron pot much later .than 100 B.c., while another,-* 
relying almost entirely on a comparison between passages in 
Ptolemy and Heron, arrives at the very different conclusion 
that Heron was later than Ptolemy ^nd belonged in fact to 
the second century A.D. 

In view' of the difference between these results, it will be 
convenient to summarize the evidence relied on to establish 
the earlier date, and to consider how far it is or is not con- 
clusive against the later. We begin with the relation of 
Heron to Philon. Philon is supposed to come not more than 
a generation later than Ctesibius, because it would appear that 
machines for throwing projectiles constructed by Ctesibius 
and Philon respectively were both available at one time for 
inspection by experts on the subject*; it is inferred that 

' Pappus, viii, p. 1116. 4-7. 

* Art. ‘ Heron von Alexandreia ’ in Pauly-Wissowa’s lieal-Etuydopiidie 
derdass. AUeriumamsaenschaft, vol. 8. 1, 1912. 

® I. Haminer-Jensen in Hermea, vol. 48, 1913, pp. 224-35. 

* Philon, Mech. Synt, iv, pp. 68. 1, 72. 86. 
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Philon's date cannot be later than the end of the second 
century b.c. (If Ctesibius flourished before 247 B.c. the argu- 
ment would apparently suggest rather the beginning than the 
end of the second century.) Next, Heron is supposed to have 
been a younger contemporary of Philon, the grounds being 
the following. (1) Heron mentions a ‘ stationary-automaton ’ 
representation by Philon of the Nauplius-story,^ and this is 
identified by Tittel with a representation of the same story by 
some contemporary of Heron’s (oi KaO' i^/xay*). But a careful 
perusal of the whole passage seems to me rather to suggest 
tliat the latter representation was not Philon’s, and that 
Philon was included by Heron among the ‘ancient’ auto- 
maton-makers, and not amonghis contemporaries.^ (2) Another 
argument adduced to show that Philon was contemporary 

' Heron, Autonu, pp. 404. 11-408. 9. - /&., p. 412. 13. 

^ The relevant remarks of Heron are as follows. (1) He says that he 
has found no arrangements of ‘stationary automata’ better or more 
instructive than those described by Philon of Byzantium (p. 404. 11). 
As an instance he mentions Philon's setting of the Nauplius-story, in 
which he found everything good except two things (ri) the mechanism 
for the appearance of Athene, which was too difficult (fpywSccrrfpor), and 
(/>) the absence of an incident promised by Philon in his description, 
namely the falling of a thunderbolt on Ajax with a sound of thunder 
accompanying it (pp. 404. 15-408. 9). This latter incident Heron could 
not find anywhere in Philon, though he had consulted a great number 
of copies of his work. He continues (p. 408. 9-13) that we are not to 
suppose that he is running down Philon or charging him with not being 
capable of (’arrying out what he promised. On the contrary, the omission 
was probably due to a slip of memory, for it is easy enough to make 
stage-thunder (he proceeds to show how to do it). But the rest of 
Philon’s arrangements seemed to him satisfactory, and this, he says, is 
why he has not ignored Philon’s work : ‘ for I think that my readers will 
get the most benefit if they are shown, first what has been well said by 
the ancients and then, separately from this, what the ancients overlooked 
or what in their work needed improvement ’ (pp. 408. 22-410. 6). (2) The 
next chapter (pp. 410. 7-412. 2) explains generally the sort of thing the 
automaton-picture has to show, and Heron says he will give one example 
which he regards as the best. Then (3), after drawing a contrast between 
the simpler pictures made by ‘ the ancients ’, which involved three different 
movements only, and the contemporary (m KaS^ representations of 
interesting stories by means of more numerous and varied movements 
412. 3 -15), he proceeds to describe a setting of the Nauplius-story. 
This is the representation which Tittel identifies with Philon’s. But it 
is to be observed that the description includes that of the episode of the 
thunderbolt striking Ajax (c. 30, pp. 448. 1-452. 7) which Heron expressly 
says that Philon omitted. Further, the mechanism for the appearance 
of Athene described in c. 29 is clearly not Philon’s ‘more difficult’ 
arrangement, but the simpler device described (pp. 404. 18-408. 5) as 
possible and preferable to Philon’s (cf. Heron, vol. i, ed. Schmidt, pp. 
Ixviii-lxix). 
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with Heron is the fact that Philon has some criticisms of 
details of construction of projectile-throwers winch are found 
in Heron, whence it is inferred that Philon had Heron’s work 
specifically in view. But if Heron’s Bf\o 7 rouKd was based on 
the work of Ctesibius, it is equally possible that Philon may 
be referring to Ctesibius. 

A difficulty in the way of the earlier date is the relation in 
which Heron stands to Posidonius. In Heron’s Mechanics, 
i. 24, there is a ‘definition of ‘ centre of gravity ’ which is 
attributed by Heron to ‘ Posidonius a Stoic ’. But this can 
hardly be Posidonius of Apamea, Cicero’s teacher, because the 
next sentence in Heron, stating a distinction drawn by Archi- 
medes in connexion with this definition, seems to imply that 
the Posidonius referred to lived before Archimedes. But the 
Definitions of Heron do contain definitions of geometrical 
notions which are put down by Proclus to Posidonius of 
Apamea or Rhodes, and, in particular, definitions of ‘ figure ’ 
and of ‘parallels’. Now Posidonius lived from 135 to 51 B.C., 
and the supporters of the earlier date for Heron can only 
suggest that either Posidonius was not the first to give the.se 
definitions, or alternatively, if he was, and if they were 
included in Heron’s Definitions by Heron himself and not by 
some later editor, all that this obliges us to admit is that 
Heron cannot have lived before the first century B. c. 

Again, if Heron lived at the beginning of the first cen- 
tury B.C., it is remarkable that he is nowhere mentioned by 
Vitruvius. The De architectura was apparently brought out 
in 14 B.C. and in the preface to Book VII Vitruvius gives 
a list of authorities on machinationes from whom he made 
extracts. The list contains twelve names and has every 
appearance of being scrupulously complete ; but, while it 
includes Archytas (second), Archimedes (third), Ctesibius 
(fourth), and Philon of Byjcantium (sixth), it does not men- 
tion Heron. Nor is it possible to establish interdependence 
between Heron and Vitruvius ; the diflferences seem, on the 
whole, to be more numerous than the resemblances. A few of 
the differences may be mentioned. Vitruvius uses 3 as the 
value of TT, whereas Heron always uses the Archimedean value 
3^. Both writers make extracts from the Aristotelian 
Mri)(aviKa irpo^Xrj/iaTa, but their selections ai'e different. The 
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machines used by the two for the same purpose frequently 
differ in details; e.g. in Vitruvius’s hodometer a pebble drops 
into a box at the end of each Roman mile,^ while in Heron’s 
the distance completed is marked by a pointer.® It is indeed 
pointed out that the water-organ of Heron is in many respects 
more primitive than that of Vitruvius; but, as the instru- 
ments are altogether different, this can scarcely be said to 
prove anything. 

On the other hand, there are points of contact between 
certain propositions of Heron and of the Roman agrimen- 
sores. Columella, about A. u, 62, gave cerbiin measurements of 
plane figures which agree with the formulae used by Heron, 
notably those for the equilateral triangle, the regular hexagon 
(in this case not only the formula but the actual figures agree 
witli Heron’s) and (jhe segment of a circle which is less than 
a semicircle, the formula in the last case being 

^{s + Ii)h + t<)®, 

where « is the cliord and h the height of the segment. Here 
there might seem to be dependence, one way or the other ; 
but the possibility is not excluded that the two writers may 
merely have drawn from a common .source ; for Heron, in 
giving the formula for tlic area of the segment of a circle, 
.states that it was the formula \ised by ‘ the more accurate 
investigators’ (ot aKpi^faTepov i^rjnjKora).^ 

We have, lastly, to consider the relation l)etween Ptolemy 
and Heron. If Heron lived about 100 B.C., he was 200 years 
earlier than Ptolemy (a.d. 100—178). The argument used to 
prove that Ptolemy came some time after Heron is based on 
a passage of Proclus where Ptolemy is said to have remarked 
on the untrustworthiness of the method in vogue among the 
"more ancient ’ writers of measuring the apparent diameter of 
the sun by means of water-clocks.'* Hipparchus, says Pro- 
clus, used his dioptra for the purpose, and Ptolemy followed 
him. Proclus proceeds : 

‘Let us then set out here not only the observations of 
the anciejits but also the construction of the dioptra of 

* Vitruvius, x. 14. ^ Heron. Dioptra, c. 34. 

* Heron, Metrira, i. 31, p. 74. 21. 

* I’l’oelus, UyiH>ttjpo»is, pp. 120. 0—1.5, 124. 7-26. 
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Hipparchus. And first we will show how we can measure an 
interval of time by means of the regular efflux of water, 
a procedure which was explained by Heron the mechanician 
in his treatise on water-clocks.’ 

Theon of Alexandria has a passage to a similar effect.^ He 
first says that the most ancient mathematicians contrived 
a vessel which would let water flow out uniformly through a 
small aperture at the bottom, and then adds at the end, almost 
in the same words as Proclus uses, that Heron showed hoAv 
this is managed in the first book of his work on wMer- 
clocks. Theon’s account is from Pappus’s Commentary on 
the Syntaxis, and this is also Proclus’s source, as is shown by 
the fact that Proclus' gives a drawing of the water-clock 
which appears to have been lost in Theon’s transcription from 
Pappus, but which Pappus must have reproduced from the 
work of Heron. Tittel infers that Heron must have ranked 
as one of the ‘more ancient’ writers as compared with 
Ptolemy. But this again docs not seem to bo a ncce.ssary 
inference. No doubt Heron’s work was a convenient place to 
refer to for a description of a water-clock, but it does not 
necessarily follow that Ptolemy was referring to Heron’s 
clock rather than some earlier form of the same in.strument. 

An entirely different conclusion from that of Tittel is 
reached in the article ‘ Ptolemaios and Heron ’ already alluded 
to.* The arguments are shortly these. (1) Ptolemy says in 
his Geography (c. 3) that his predecessors had only been able 
to measure the distance between two places (as an arc of a 
great circle on the earth’s circumference) in the case where 
the two places are on the same meridian. He claims that he 
himself invented a way of doing this even in the case where 
the two places are neither on the same meridian nor on the 
same parallel circle, provided that the heights of the pole at' 
the two places respectively, and the angle between the great 
circle passing through both and the meridian circle through 
one of the places, are known. Now Heron in his Dioptra 
de|.ls with the problem of measuring the distance between 
two places by means of the dioptra, and takes as an example 

‘ Theon, Comm, on the. Syntnxia, Basel, 1538, pp. 261 sq. (quoted in 
Proclus, Hypotyposis, ed. Manitius, pp. 309-11). 

* Hammer-Jeosen, op. cit. 



CONTROVERSIES AS TO HERON’S DATE 805 


the distance between Rome anti Alexandria.' Unfortunately 
the text is in places corrupt and deficient, so that the method 
cannot be reconstructed in detail. But it involved the obser- 
vation of the same lunar eclipse at Rome and Alexandria 
respectively and the drawinj^ of the amlenima for Rome'. 
That is to say, the mathematical method which Ptolemy- 
claims to liave invented is spoken of by Heron as a thing 
generally known to experts and not more remarkable than 
other technical matters dealt with in the same book. Conse- 
quently Heron must have been later than Ptolemy. (It is 
right to add that some hold that the chapter of the Dioiytra 
in question is not germane to the subject of the treatise, and 
was probably not written by Heron but interpolated by some 
later editor ; if this is so, the argument based upon it falls to 
the ground.) (2) The <lioptra described in Heron’s work is a 
fine and accurate instrument, very much blotter than anything 
Ptolemy had at his dispo.sal. If Ptolemy had been aware of 
its existence, it is highly unlikely that he would have taken 
the trouble to make his .separate and imperfect ‘ parallactic ’ 
instrument, sinci^ it could easily have been grafted on to 
Heron’s dioptra. Not ojily, therefore, must Heron have been 
later than Ptolemy but, seeing that the techni(iue of instru- 
ment-making ha<l made such .strides in the interval, he must 
have been considerably later. (3) In his work irepi 
Ptolemy, as we have seen, disputed the view of Aristotle that 
air has weight even when .surrounded by air. Aristotle 
•satisfied himself experimentally that a vessel full of air is 
heavier than the .same vessel empty ; Ptolemy, also by ex- 
periment, convinced him.self that the former is actually the 
lighter. Ptolemy then extended his argument to water, and 
held that water with water round it luis no weight, and that 
the diver, however deep he dives, does not feel the weight of 
the water above him. Heron ^ asserts that water has no 
appreciable weight and has no appreciable power of com- 
pressing the ail' in a vessel inverted and forced down into 
the water. In confirmation of this he cites the case of the 
diver, who is not prevented from breathing when far below 

' Heron, Dioptra, c. 35 (vol. iii, pp. 302-6). 

® Simplicius on De caelo, p. 710. 14, Heib. (Ptolemy, vol. ii, p. 263). 

* Heron, Paeumntica, i. Pref. (vol. i, p. 22. 14 sq.). 

11)29.2 X 
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the surface. He then inquires what is the reason why the 
diver is not oppressed ^though he has an unlimited weight of 
water on his back. He accepts, therefore, the view of Ptolemy 
as to the fact, however strange this may seem. But he is not 
satisfied with the explanation given : ‘ Some say ’, he goes on, 

‘ it is because water in itself is uniformly heavy (to-ojSaper airo 
Kad’ airo) ’ — this seems to be equivalent to Ptolemy’s dictum 
that water in water has no weight — ‘ but they give no ex- 
planation whatever why divers . . He himself attempts an 
explanation based on Archimedes. It is suggested, therefore, 
that Heron’s criticism is directed specifically against Ptolemy 
and no one else. (4) It is suggested that the Dionysius to whom 
Heron dedicated his Definitions is a certain Dionysius who 
was 2^'>'0‘6fectu8 urbi at Rome in a,d. 301. The grounds are 
these («) Heron addresses Dionysius as Aiovvaru XafiirporaTf, 
where Xa/iTrporaTopobviously con'e.sponds to tlie I.Atin clurissi- 
mus, a title which in the third centuiy and under Diocletian 
was not yet in common use. Further, this Dionysius was 
curator aquarum and curator operwm publicoruni, so that he 
was the sort of person who would have to do with the 
engineers, architects and craftsmen for whom Heron wrote. 
Lastly, he is mentioned in an inscription commemoi*ating an 
improvement of water supply and dedicated ‘ to Tiberinus, 
father of all waters, and to the ancient inventors of marvel- 
lous constructions’ (repertoribus admirabilium fah'icai'aLm 
prifcis viris), an expression which is not found in any other 
inscription, but which recalls the sort of tribute that Heron 
frequently pays to his predecessors. This identification of the 
two persons named Dionysius is an ingenious conjecture, but 
the evidence is not such as to make it anything more.^ 

The result of the whole investigation just summarized is to 
place Heron in the third century A.D., and perhaps little, if 
anything, earlier than Pappus. Heiberg accepts this conclu- 
sion,^ which may therefore, I sujlpose, be said to hol<l the field 
foV the present. 

* Dionysius was of course a very common name. Diophantus dedicated 
his Arithmetica to a pei'son of this name yriiumraTf pot Aioi'uo'k), whom he 
praised for his ambition to learn the solutions of arithmetical problems. 
This Dionysius must have lived in the second half of the third century 
A.D., and if Heron also belonged to this time, is it not possible that 
Heron's Dionysius was the same person ? 

* Heron, vol. v, p. ix. 
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Heron was known as 6 ’AXe^avSpevs (e,*'. by Pappus) or 
6 itrfxaviKds (mechanicua), to distinguish him from other 
persons of the same name ; Proelus and Damianus use the 
latter title, while Pappus also speaks of oi nepl tov "Hpai/a 
pi]\aviKo(. 


Character of works. 

Heron was an almost encyclopaedic writer on mathematical 
and physical sul>iects. Practical utility rather than theoreti- 
cal completeness was the object aimed at ; his environment in 
Egypt no doubt accounts largely for this. His Metrica begins 
with the old legend of the traditional origin of geometiy in 
Egypt, and in the Dioptra we find one of the very problems 
which geometry was inten<led to solve, namely that of re- 
establishing lx)undaries of lands when the flooding of the 
Nile had destroyed the land-mai*ks: ‘When the lx)undaries 
of an area have become ol>literated to such an extent that 
only two or three marks remain, in addition to a plan of the 
area, to supply afresh the remaining marks.’ * Heron makes 
little or no claim to originality ; he often quotes authorities, 
but, in accordance with Greek practice, he more frequently 
omits to do so, evidently without any idea of misleading any 
one; only when he has made what is in his opinion any 
slight improvement on the methods of his predecessors does 
he trouble to mention the fact, a habit which clearly indi- 
cates that, except in these cases, he is simply giving the best 
traditional methods in the form which seemed to him easiest 
of comprehension anti application. The Metrica seems to be 
richest in definite references to the discoveries of prede- 
cessors ; the names mentioned are Archimedes, Dionysodorus, 
Eudoxus, Plato ; in the Dioptra Eratosthenes is tjuoted, and 
in the introduction to the tUitoptriea Plato and Aristotle are 
mentioned. 

The practical utility of Heron’s manuals being so great, it 
was natural that they should have great vogue, and equally 
natural that the most popular of them at any rate should be 
re-edited, altered and added to by later writers; this was 
inevitable with books which, like the Elements of Euclid, 
were in regular use in Greek, Byzantine, Roman, and Arabian 
* Heron, Dioptra, c. 25, p. 268. 17-19. 

X 'I 
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education for centuries. The geometrical or mensurational 
books in particular gave scope for expansion by multiplication 
of examples, so that it is difficult to disentangle the genuine 
Heron from the rest of the collections which have come down 
to us under his name. Hultsch’s considered criterion is as 
follows: ‘The Heron texts which have come down to our 
time are authentic in so far as they bear the author’s name 
and have kept the original design and form of Heron’s works, 
but are unauthentic in so far as, being constantly in use for 
practical purposes, they were repeatedly re-edited and, in the 
course of re-editing, were rewritten with a view to the 
particular needs of the time.’ 

List of Treatises. 

Such of the works of Heron as have survived have reached 
us in very different ways. Those which have come down in 
the Greek are : 

I. The Metrica, first discovered in 1896 in a manuscript 
of the eleventh (or twelfth) century at Constantinople by 
R. Schbne and edited by his son, H. Schone {Heronis Opera, iii, 
Teubner, 1903). 

II. On the Dio'ptra, edited in an Italian version by Venturi 
in 1814 ; the Greek text was first brought out by A. J. H. 
Vincent* in 1858, and the critical edition of it by H. Sclibne is 
included in the Teubner vol. iii just mentioned. 

III. The Pneumatica, in two Books, which appeared first in 
a Latin translation by Commandinus, published after his 
death in 1575 ; the Greek text was first edited by Th^venot 
in Vete')‘um mathematicoi'um opera Graece et Latiiie edita 
(Paris, 1693), and is now available in Iferonis Opera, i (Teub- 
ner, 1899), by W. Schmidt. 

IV. On the art of constructing automata (irepl avToparo- 
‘iroiijTiKrjs), or The automaton-theatre, first edited in an Italian 
translation by B. Baldi in 1589 ; the Greek text was included 
in Th^venot’s Vet. math., and now forms part of Heroiiis 
Opera, vol. i, by W. Schmidt. 

V. Belopoeica (on the construction of engines of war), edited 

* Notices et extraits des manuscrifs de la Bibliothigue imp4riale, xix, pt. 2, 
pp. 157-337. 
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by B. Baldi (Augsburg, 1616), Th^venot (Vet. math.), Kochly 
and Rustow (1853) and by Wescher {PuLiorcitique dee Grecs, 
1867, the first critical edition). 

VI. The Gheirobalislra (Hfxovos KaraaKfufj 

Kol <rvfifi€Tpia (?)), edited by V. Prou, Notices et extraUs, xxvi. 2 
(Paris, 1877). 

VII. The geometrical works, Defmitiones, Geoinetria, Geo- 
daesia, Stereometrica I and II, Meiisume, Liber Gee'itonicus, 
edited by Hultsch with Varuie collections {Ileroais Al^oa tv- 
dr ini (jeometriourum et stereometricorum reliquiae, 1864). 
This edition will now be replaced by that of Heiberg in the 
Teubner collection (vols. iv, v), which contains much addi- 
tional matter from the Constantinople manuscript referred to, 
but omits the Liber Gee^toicicus (except a few extracts) and the 
Geoilaesia (which contains only a few extracts from the 
Geometry of Heron). 

Only fragments survive of the Greek text of the Mechanics 
in three Books, which, however, is extant in the Ai’abic (now 
edited, with German translation, in llerotus Opera, vol. ii, 
by L. Nix and W. Schmidt, Teubner, 1901). 

A smaller separate mechanical treatise, the BapovXKos, is 
quoted by Pappus.' The object of it was ‘ to move a given 
weight by means of a given force ’, and the machine consisted 
of an arrangement of interacting toothed wheels with difierent 
dianietei's. 

At the end of the Dioptra is a description of a hoilometer for 
measuring distances traversed by a wheeled vehicle, a kind of 
taxameter, likewise made of a combination of toothed wheels. 

A work on Wtder-clochs {nepi iSpicov dtpoaKOTrelcov) is men- 
tioned in the P neunudica as having contained four Books, 
and is also alluded to by Pappus.^ Fragments are preserved 
in Proclus {Hyiwtyposis, chap. 4) and in Pappus’s commentary 
on Book V of Ptolemy’s ISytdaxis reproduced by Theon. 

Of Heron’s Commentary on Etuikis Elements only very 
meagre fragments survive in Greek (Proclus), but a large 
number of extracts are fortunately preserved in the Arabic 
commentary of an-NairlzI, edited (1) in the Latin version of 
Gherard of Cremona by Curtze (Teubner, 1899), and (2) by 

' Pappus, viii, p. 1060. 5# * Ih., p. 1026. 1. 
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Besthorn and Heiberg {Codex Leidemis 399. 1, five parts of 
which had appeared up to 1910). The commentary extended 
as far as Elem. VIII. 27 at least. 

The Gatoptfica. as above remarked under Ptolemy, exists in 
a Latin translation from the Greek, presumed to be by William 
of Moerbeke, and is included in vol. ii of lleronia Opera, 
edited, with introduction, by W. Schmidt. 

Nothing is known of the Camarica (‘on vaultings’) men- 
tioned by Eutocius (on Archimedes, Sphere ami Cyliiuler), the 
Zygia (balancings) associated by Pappus with the Automida} 
or of a work on the use of the astrolabe mentioned in the 
Fihrist. 

We are in this work concerned with the treatises of mathe- 
matical content, and therefoi’e can leave out of account such 
works as the Pneumatica, the Automata, and the Bdopoeica. 
The P'iieumatica and Automata have, however, an interest to 
the historian of physics in so far as they employ the force of 
compressed air, water, or steam. In the Pneumatica the 
reader will find such things as siphons, ‘ Heron’s fountain ’, 
‘ penny-in-the-slot ’ machines, a fire-engine, a water-organ, and 
many arrangements employing the force of steam. 

Geometry. 

(a) Commentary on Euclid’s Elements, 

In giving an account of the geometry and mensui'ation 
(or geodesy) of Heron it will be well, I think, to begin 
with what relates to the dements, and first the Commen- 
tary on Euclid’s Elements, of which we possess a number 
of extracts in an-Nairizi and Proclus, enabling us to form 
a general idea of the character of the work. Speaking 
generally, Heron’s comments do not appear to have contained 
much that cati be called important. They may be classified 
as follows : 

(1) A few general notes, e.g. that Heron would not admit 
more than three axioms. 

(2) Distinctions of a number of particular cases of Eucli/l’s 
propositions according as the’ figure is drawn in one way 
or another. 


‘ Pappus, viii, p. 1024. 28. 
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Of this class are the different cases of I. 35, 36, III. 7, 8 
(where the chords to be compared are drawn on different sides 
of the diameter instead of on the same side), III. 12 (which is 
not Euclid’s at all but Heron’s own, adding the case of 
external to that of internal contact in III. 11', VI. 19 (where 
the triangle in which an additional line is drawn is taken to 
be the smaller of the two), VII. 19 (where the particular case 
is given of three numbers in continue<l propoi’tioii instead of 
four proportionals). 

(3) Alternative proofs. 

It appears to be Heron who first introduced the easy but 
uninstructive semi-algebraical method of proving the proposi- 
tions II. 2-10 which is now so popular. On this method the 
propositions are proved ‘ without figures ’ as consecjuences of 
II. 1 corresponding to the algebraical formula 

« (/> -l- c + d -+- . , .) = ah ct<' -p Oil -l- . . . 

Heron explains that it is not po.ssible to prove II. 1 without 
drawing a number of lines (i.e. without actually drawing the 
rectangles), but that the following pi'opositions up to II. 10 
can be proved by merely dx’awing one line. He distinguishes 
two varieties of the method, one by dissulidio, the other by 
comjMsitio, by which he seems to mean of rect- 

angles and sejuares and cont hi nation of them into other’s. 
But in his proofs he sometimes combines the two varieties. 

Alternative ])roofs are given (a) of some propositions of 
Book HI, namely III. 25 (placeil after III. 30 and starting 
from the arc instead of the chord). III. 10 (proved by means 
of III. 9), III. 13 (a proof preceded by a lemma to the eft’ect 
that a straight hire cannot meet a cii’cle in more than two 
points). 

A class of alternative proof is (6) that which is intended to 
meet a particular objection {eraraa-is) which had been or might 
be raised to Euclid’s constructions. Thus in certain cases 
Heron avoids ‘product ntj a certain straight line, where Euclid 
produces it, the object being to meet the objection of one who 
should deny our right to assume that there is any space 
available. Of this class are his proofs of I. 11, 20 and his 
note on 1. 16. Similarly in 1.48 he supposes the right-angled 
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triangle which is constructed to be constructed on the same 
side of the common side as the given triangle is. 

A third class (c) is that which avoids reductio ad abtsurdum, 
e.g. a direct proof of 1. 19 (for which he requires and gives 
a preliminary lemma) and of I. 25. 

(4) Heron supplies certain converses of Euclid’s propositions 
e.g. of II. 12, 13 and VIII. 27. 

(5) A few additions to, and extensions of, Euclid’s propositions 
are also found. Some are unimportant, e. g. the construction 
of isosceles and scalene triangles in a note on 1. 1 and the 
construction of tivo tangents in III. 17. The most important 
extension is that of III. 20 to the case whei'e the angle at the 
circumference is greater than a rigJit angle, which gives an 
easy way of proving the theoi*em of 111. 22. Interesting also 
are the notes on I. 37 (on I. 24 in Proclus), where Heron 
proves that two triangles with two sides of the one equal 
to two sides of the other and with the included angles snirple- 
mentai-y are equal in area, and compares the areas where the 
sum of the included angles (one being supposed greater than 
the other) is less or greater than two right angles, and on I. 47, 
where there is a proof (depending on preliminary lemmas) of 
the fact that, in the figure of Euclid’s proi)osition ^see next 
page), the straight lines AL, BG, CE meet in a point. This 
last proof is worth giving. First come the lemmas. 


(1) If in a triangle ABC a straight line DE be drawn 
parallel to the base BC cutting the sides AB, AC or those 
sides produced in D, E, and if F be the 
middle point of BC, then the straight line 
AF (produced if necessary) will also bisect 
DE. {UK is drawn through A parallel to 
DE, and IlDL, KEM through D, E parallel 
to AF meeting the base in L, M resp(!e- 
tively. Then the triangles ABF, AFC 
between the same parallels are equal. So are the triangles 
DBF, EFC. Therefore the difterences, the triangles ADF, 
AEF, are equal and so therefore are the parallelograms JIF, 
KF. Therefore LF = FM, or DG = GE.) 



(2) is the convei-se of Eucl. 1. 43. If a parallelogram is 
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cut into four othei's ADGE, DF, FGGB, GE, so that DF, CE 
are equal, the common vertex G will lie on the diagonal AB. 

Heron produces AG to meet OF in H, and then proves that 
AHB is a straight line. 

Since DF, GE are equal, so are 
the triangles Adding 

the triangle GGF, we have the 
triangles EGF, DGF etjual, and 
DE, OF are pai'allel. 

But (by I. 34, 29, 26) the tri- 
angles AKE, GKD are congruent, 
so that EK=KD\ and by lemma (1) it follows that GH=HF. 

Now, in the triangles FIJB, CHG, two sides (BF, FH and 
GC, GJl) and the inclu<le<l angles are ecjual; therefore the 
triangles are congruent, and the angles BllF, GllG are equal. 

Add to each the angle GHF, and 
Z B1IF+ Z FJIG = Z CHG -t- Z GHF = two right angles. 

To prove his substantive proposition Heron draws AKL 
perpendicular to BC, and joins EC meeting AK in M. Then 
we have only to prove that BMG is a straight line. 




Complete the parallelogram FAHO, and draw the diagonals 
OA, FH meeting in Y. Through M draw PQ, BR parallel 
respectively to BA, AC. 
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Now the triangles FAH, BAG are equal in all' respects ; 
therefore Z HFA = L ABC 

= Z CAK (since AK is at right angles to BC). 

But, the diagonals of the rectangle FH cutting one another 
in Y, we have FY = YA and I HFA = ZOAF; 

thei-efore Z OAF = Z CAK, and OA is in a straight line 
with AKL. 

Therefore, OM being the diagonal of SQ, SA = AQ, and, if 
we add AM to each, FM = MH. 

Also, since EC is the diagonal of FN, FM — MN. 

Therefore the parallelograms MH, MN are ecjual ; and 
hence, by the preceding lemma, BMG is a straight line. Q.E.D. 

()9) The Dejiiiitioim. 

The elaborate collection of Definitions is dedicated to one 
Dionysius in a preface to the following effect : 

‘In setting out for you a sketch, in the shortest possible 
form, of the technical terms premised in the elements of 
geometry, I shall take as my point of departure, and shall 
base my whole arrangement upon, the tetiching of Euclid, the 
author of the elements of theoi’ctical geometry ; for by this 
means I think that I shall give you a good general \mder- 
standing not only of Euclid’s doctrine but of many other 
works in the domain of geometry. I shall begin then with 
the 'point.' 

He then proceeds to the definitions of the point, the line, 
the dift’erent sorts of lines, straight, circular, ‘ curved ’ and 
‘spiral-shaped’ (the Archimedean spiral and the cylindrical 
helix), Defa 1-7 ; surfaces, plane and not plane, solid body, 
Defs. 8-11; angles and their different kinds, plane, solid, 
I’eetilinear and not rectilinear, right, acute and obtuse angles, 
Defs. 12-22; figure, boundaries of figure, varieties of figure, 
plane, solid, composite (of homogeneous or non-homogeneous 
parts) and incomposite, Defs. 23-6. The incomposite plane 
figure is the circle, and definitions follow of its parts, segments 
(which are composite of non-homogeneous parts), the semi- 
circle, the (less than a semicircle), and the segment 

greater than a semicircle, angles in segments, the sector. 
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‘ concave ’ and ‘ convex lune, garland (these last two are 
composite of homogeneous parts) and axe (ireXeKvs), bounded by 
four circular arcs, two concave and two convex, Defs. 27 - 38 . 
Rectilineal figures follow, the various kinds of triangles and 
of quadrilaterals, the gnomon in a parallelogram, and the 
gnomon in the more general sense of the figure which added 
to a given figure makes the whole into a similar figure, 
polygons, the parts of figures (side, diagonal, height of a 
triangle), perpendicular, parallels, the three figures which will 
fill up the space round a point, Defs. 39 - 73 . Solid figures are 
next classified according to the surfaces bounding them, and 
lines on surfaces are divided into (1) simple and circular, 
( 2 ) mixed, like the conic and spiric curves, Defs. 74 , 75 . The 
sphere is then defined, with its parts, and stated to be 
the figure which, of all figures having the same sui’face, is the 
greatest in content, Defs. 76 - 82 . Next the cone, its different 
species and its pai’ts are taken up, with the distinction 
between the three conics, the section of the acute-angled cone 
(‘ by some also called ellipse ’) and the sections of the right- 
angled and obtust'-angled cones (also called lyaruhola and 
hyi>&)'hola), Defs. 83 - 94 ; the cylinder, a section in general, 
the spjj’e or tore in its three varieties, open, continuous (or 
just clased) and ‘crossing-itself ’, which respectively have 
sections possessing special properties, ‘ scjuare rings ’ which 
are cut out of cylinders (i.e. presumably rings the cross-section 
of which through the centre is two S(|uare8), and various other 
figures cut out of spheres or ini.xed surfaces, Defs. 95 - 7 ; 
rcctiliiu!al solid figures, pyramids, the five regular solids, the 
semi-regular solids of Archimedes two of which (each with 
fourteen ffice.s) were known to Plato, Defs. 98 - 104 ; prisms 
of different kinds, parallelepipeds, with the special varieties, 
the cube, the beam, Sokos (length longer than breadth and 
depth, which may be ecpial), the brick, (length less 

than breadth and depth), the cr(pTjvi(TKos or with 

length, breadth and depth unequal, Defs. 105 - 14 . 

Lastly come definitions of relations, equality of lines, sur- 
faces, and solids respectively, similarity of figures, ‘ reciprocal 
figures’, Defs. 115 - 18 ; indefinite inci’ease in magnitude, 
parts (which must be homogeneous with the wholes, so that 
e. g. the horn-like angle is not a part or submultiple of a right 
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or any angle), multiples, Defs. 119-21 ; proportion in magni- 
tudes, what magnitudes can have a ratio to one another, 
magnitudes in the same ratio or magnitudes in proportion, 
definition of greater ratio, Defs. 122-5; transformation of 
ratios {coniponendo, sepuratulo, convertendo, alteTnando, iti>- 
vertendo and ex aequali), Defs. 126-7 ; commensurable and 
incommensurable magnitudes and straight lines, Defs. 128, 
129. There follow two tables of measures, Defs. 130—2. 

The Dejinitionis are very valuable from the point of view of 
the historian of mathematics, for they give the difterent alter- 
native definitions of the fundamental conceptions; thu.s we 
find the Archimedean ‘ definition ’ of a straight line, other 
definitions which we know from Proclus to be due to Apol- 
lonius, others from Posidonius, and so on. No doubt the 
collection may have been recast by some editor or editors 
after Heron’s time, but it seems, at least in substance, to go 
back to Heron or earlier still. So far as it contains original 
definitions of Posidonius, it cannot have been compiled earlier 
than the first century b.C. ; but its content seems to belong in 
the main to the period before the Christian era. Heiberg 
adds to his edition of the Dejinitions extracts fx*om Heron’s 
Geometry, postulates and axioms from Euclid, extracts from 
Geminus on the classification of mathematics, the principles 
of geometry, &c., extracts from Proclus or some early collec- 
tion of scholia on Euclid, and extracts from Anatolius and 
Theon of Smyrna, which followed the actual definitions in the 
manuscripts. These various additions were apparently collected 
by some Byzantine editor, perhaps of the eleventh century. 

Mensuration. 

The Metrica, Geometricu, Stereometrica, G&tdaesia, 
Menaurae. 

We now come to the mensuration of Heron. Of the 
different works under this head the Metrica is the most 
important from our point of view because it seems, more than 
any of the others, to have preserved its original form. It is 
also more fundamental in that it gives the theoretical basis of 
the formulae used, and is not a mere application of rules to 
particular examples. It is also more akin to theory in tliat it 
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does not use concrete measures, but simple numbers or units 
which may then in particular cases be taken to be feet, cubits, 
or any other unit of measurement. Up to 1896, when a 
manuscript of it was discovered by R. Schone at Constanti- 
nople, it was only known by an allusion to it in Eutocius 
(on Archimedes’s Measurement of a Circle), who states that 
the way to obtain an approximation to the square root of 
a non-square number is shown by Heron in his Metrica, as 
well as by Pappus, Theon, and others who had commented on 
the Syntaxis of Ptolemy Tannery * had already in 1894 
discovered a fragment of Heron’s Metrica giving the particular 
rule in a Paris manuscript of the thirteenth century contain- 
ing Prolegomena to the Syntaxis compiled presumably from 
the commentaries of Pappus and Theon. Another interesting 
difference between the Metrica and the other works is that in 
the foriner the Greek way of writing fractions (which is our 
method) largely preponderates, the Egyptian form (which 
expresses a fraction as the sum of diminishing submultiples) 
being used comparatively rarely, whereas the reverse is the 
case in the other works. 

In view of the gi'eater authority of the Metrica, we shall 
take it as the basis of our account of the mensuration, while 
keeping the other works in view. It is desirable at the 
outset to compare broadly the contents of the various collec- 
tions. Book I of the Metrica contains the mensuration of 
squares, rectangles and triangles (chaps. 1-9), parallel-trapezia, 
rhombi, rhomlnjids and quadrilaterals with one angle right 
(10-16), regular polygons from the equilateral triangle to the 
regular dodecagon (17-25), a ring between two concentric 
circles (26), segments of circles (27-33), an ellipse (34), a para- 
bolic segment (35), the surfaces of a cylinder (36), an isosceles 
cone (37), a sphere (38) and a segment of a sphere (39). 
Book II gives the mensuration of certain solids, the solid 
content of a cone (chap. 1), a cylinder (2), rectilinear solid 
figures, a parallelepiped, a prism, a pyramid and a frustum, 
&c. (3-8), a frustum of a cone (9, 10), a sphere and a segment 
of a sphere (11, 12), a spire or tore (13), the section of a 
cylinder measured in Archimedes’s Method (14), and the solid 

' Archimedes, vol. iii, p. 232. 13-17. 

* Tannery, Mitnoires scientijiques, ii, 1912, pp. 447-54. 



318 


HERON OF ALEXANDRIA 


formed by the intersection of two cylinders with axes at right 
angles inscribed in a cube, also measured in the Method (15), 
the five regular solids (16-19). Book III deals with the divi- 
sion of figures into parts having given ratios to one another, 
first plane figures (1-19), then solids, a pyramid, a cone and a 
frustum, a sphere (20-3). 

The Geometria or Geometrumena is a collection based upon 
Heron, but not his work in its present form. The addition of 
a theorem due to Patr^cius * and a reference to him in the 
Stereometrica (1. 22) suggest that Patricius edited both works, 
but the date of Patricius is uncertain. Tannery identifies 
him with a mathematical professor of the tenth century, 
Nicephorus Patricius ; if this is correct, he would be contem- 
porary with the Byzantine writer (erroneously called Hei*on) 
who is known to have edited genuine works of Heron, and 
indeed Patricius and the anonymous Byzantine might be one 
and the same person. The mensuration in the Geometry has 
reference almost entirely to the same figures as those 
measured in Book I of the Metrica, the difference being that 
in the Geometry (1) the rules are not explained but merely 
applied to examples, (2) a large number of numei-ical illustra- 
tions are given for each figure, (3) the Egyptian way of 
writing fractions as the sum of submultiples is followed, 
(4) lengths and areas are given in terms of particular 
measures, and the calculations are lengthened by a consider- 
able amount of conversion from one measure into another. 
The first chapters (1-4) are of the nature of a general intro- 
duction, including certain definitions and ending with a table 
of measures. Chaps. 6-99, Hultsch ( = 6-20, 14, Heib.), though 
for the most part corresponding in content to Metrica I, 
seem to have been based on a different collection, because 
chaps. 100-3 and 105 (= 21, 1-26, 22, 3-24, Heib.) are clearly 
modelled on the Metrica, and 101 is headed ‘A definition 
(really ‘ measurement ’) of a circle in another book of Heron ’. 
Heiberg transfers to the Geometrica a considerable amount of 
the content of the so-called Liber Geepoihic'us, a badly ordered 
collection consisting to a large extent of extracts from the 
other works. Thus it begins with 41 definitions identical 
with the same number of the Dejinitionea. Some sections 
* Geotnetrica, 21 26 (vol. iv, p. 386. 23). 
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Heiberg puts side by side with corresponding sections of the 
Geometrica in parallel columns; others he inserts in suitable 
places ; sections 78 . 79 contain two important problems in 
indeterminate analysis (= Geom. 24 , 1 - 2 , Heib.). Heiberg 
adds, from the Constantinople manuscript containing the 
Metrica, eleven more sections (chap. 24 , 3 - 13 ) containing 
indeterminate problems, and other sections (chap. 24 , 14-30 and 
37 - 61 ) giving the mensui’ation, mainly, of figures inscribed in or 
circumscribed to others, e. g. squares or circles in triangles, 
circles in squares, circles aliout triangles, and lastly of circles 
and segments of circles. 

The iitereometrica I has at the beginning the title Ei<ra- 
yayyai tS>v a-repeofifTpovnevcov "Hpcoro? but, like the Geometrica, 
seems to have been edited by Patricius. Chaps. 1-40 give the 
mensuration of the geometrical solid figures, the sphere, the 
cone, the frustum of a cone, the obelisk with circular base, 
the cylindei', the ‘ pillar ’, the cube, the (also called 

ovv^), the p.€iovpou npofcrKapKjxvfiipov, pyramid.s. and frusta. 
Some portions of this section of the book go back to Heron ; 
thus in the measurement of the sphere chap. 1 = Metrica 
II. 11, and both here and elsewhex’e the ordinary form of 
fractions appears. Chaps. 41-54 measure the contents of cer- 
tain buildings or other constructions, e. g. a theatre, an amphi- 
theatre, a swimming-bath, a well, a ship, a wine-butt, and 
the like. 

The second collection, tStereimietrica II, appears to be of 
Byzantine origin an<l contains similar matter to Stereometrica I, 
parts of which are here repeated. Chap. 31 ( 27 , Heib.) gives 
the problem of Thales, to find the height of a pillar or a tree 
by the measurement of shadows ; the last sections measure 
various pyramids, a prism, a /Sco/ttVxos (little altar). 

The Geodaesia is not an independent work, but only con- 
tains extracts from the Gef/inelry; thus chaps. 1—16 = Geom. 
6 - 31 , Hultsch ( = 6 , 2 - 12 , 32 , Heib.); chaps. 17-19 give the 
methods of finding, in any scalene triangle the sides of which 
are given, the segments of the base made by the perpendicular 
from the vertex, and of finding the area direct by the well- 
known ‘ formula of Heron ’ ; i.e. we have here the equivalent of 
Meliica I. 6-8. 

Lastly, the fterp'^aets, or Menmrae, was attributed to Heron 
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in an Archimedes manuscript of the ninth century, but can- 
not in its present form be due to Heron, although portions of 
it have points of contact with the genuine works. Sects. 2-27 
measure all sorts of objects, e. g. stones of different shapes, 
a pillar, a tower, a theatre, a ship, a vault, a hippodrome ; but 
sects. 28-35 measure geometrical figures, a circle and segments 
of a circle (cf. Metrica I), and sects. 36-48 on spheres, segments 
of spheres, pyramids, cones and frusta are closely connected 
with IStereani. I and Met't'ica II ; sects. 49-59, giving the men- 
suration of receptacles and plane figures of various shapes, 
seem to have a different origin. We can now take up the 

Contents of the Metrica. 

Book I. Measurement of Areas. 

The preface records the tradition that the first geometiy 
arose out of the practical necessity of measuring and dis- 
tributing land (whence the name ‘ geometry ’), after which 
extension to three dimensions became necessary in order to 
measure solid lx)dies. Heron then mentions Eudoxus and 
Archimedes as pioneers in the discovery of difficult measure- 
ments, Eudoxus having been the first to prove that a cylinder 
is three times the cone on the same base and of ef(ual height, 
and that circles are to one another as the scjuares on their 
diameters, while Archimedes first proved that the .surface of 
a sphere is equal to four times the area of a great circle in it, 
and the volume two-thirds of the cylinder circumscribiT\g it. 

(a) Are(( of scalene triawjle. 

After the easy cases of the rectangle, the right-angled 
triangle and the isosceles triangle. Heron gives two methods 
of finding the area of a scalene triangle (acute-angled or 
obtuse-angled) when the lengths of the three sides are given. 

The first method is based on Eucl. II. 12 and 13. If a, b, c 
be the sides of the triangle opposite to the angles A, Ji, G 
respectively, Heron observes (chap. 4) that any angle, e.g. C, is 
acute, right or obtuse according as < = or >a^ + and this 
is the criterion determining which of the two propositions is 
applicable. The method is directed to determining, first the 
segments into which any side is divided by the perpendicular 
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from the opposite vertex, and thence the length of the per- 
pendicular itself. We have, in the eases of the triangle acute- 
angled at C and the triangle obtuse-angled at C respectively, 

■= 2a . Cl), 

or CD = -^1)^) ^ c^ \ / 2 a. 



B D C B C O 


whence AD"^ (= b^ — CD'^) is found, so that we know the area 
{=^a.AD). 

In the cases given in Melru'a 1. 5. 6 the sides are (14, 15, 13) 
and (11, 13, 20) respectively, and AD is found to be rational 
(=12). But of course both CD (or BD) and AD may be surds, 
in which case Heron gives approximate values. Cf. Geom. 
53, 54, Hultsch (15. 1-4, Heib.), where we have a triangle 
in which (t = 8, b = 4, c = G, so that a^ + h^ — c^ = 44 and 
C/) = 44 / 1 G = 2| . Thus AD- = IG- (2| |)‘-^ = 1 6 - 7 1 
= ^ tV> A7>= y (8^ ^ xs) — approximately, whence 

the area = 4x2|^=ll§. Heron then observes that we get 
a nearer result still if we multiply AD'^ by (x«)* before 
extracting the square root, for the area is then ■/(IG x 8||^ ^^^) 
or -/(IGG), which is very nearly 11| ^^x or IHt* 

So in Met rim I. 9, where the triangle is 10. 8, 12 (10 being 
the ba.se). Heron finds the perpendicular to be ■>/ 63, but he 
obtains the area as V(\A D'^ . B( '*). or ^/ ( 1575), while observing 
that we can, of course, take the approximation to Vgs, or 
7^ i I X5> multiply it by half 10. obtaining 39^ | xs 
the area. 

Proof of the formula A = -</ {it (s— a) (s — b) (s — c)}. 

The second method is that known as the ‘ formula of 
Heron namely, in our notation, A = ■/(s (s — a) (a — />) (s — c) } . 
The proof of the formula is given in Metrica I. 8 and also in 

Y 


1M3.I 
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chap. 30 of the Dioptra ; but it is now known (from Arabian 
sources) that the proposition is due to Archimedes. 

Let the sides of the triangle ABC be given in length. 
Inscribe the circle DEF, and let 0 be the centre. 

Join AO, BO, CO, DO, EO, FO. 

Then BC.OD = 2AB0C, 

CA.OE= 2 A CO A, 

AB.0F=2AA0B-, 



whence, by addition, 

p.OD = 2AABC, 
where 2'> is the perimeter. 

Produce GB to H, so that BU = A F. 

Then, since AE = AF, BF = BD, and CE = CD, we have 
CH=:^p = S. 

Therefore GH.0D = AA BC. 

But GH.OD is the ‘side’ of the product GID.OD^, i.e. 
V(CH ^ . OIF), 

so that 


{AABCf CIP .0D\ 



PROOF OF THE ‘FORMULA OF HERON’ 323 


Draw OL at right angles to 0(7 cutting BG in K, and BL at 
right angles to BG meeting OL in L. Join GL. 

Then, since each of the angles COL, GBL is right, COBL is 
a quadrilateral in a circle. 

Therefore Z GOB + Z CLB = 2 R. 

But AGOB + /. AOF = 2R, because AO, BO, GO bisect the 
angles round 0, and the angles GOB, AO F are together equal 
to the angles AOG, BOF, while the sum of all four angles 
is equal to 4iJ. 

Comsequently AA0F-=AGLB. 

Therefore the right-angled triangles AOF, GLB are similar ; 
therefore BG : BL = AF\ FO 

= Bll : on, 

and, alternately, CB : BH = BL : OD 

= BK-.KD\ 

whence, compo iiendo, Gil :IIB— BD : DK. 

It follows that 

GIG ; Gil . HB = BD .DG-.CD. DK 

= BD . J)G : 01)^, since the angle GOK is right. 
Therefore (A ABC)- = GIG . OD^ (from above) 

= GlI . HB . BD . DC 

= 8 (s — fl) (S - />) (s — C). 

(13) Method of (ipproxhiKdiny to the aquore root of 
a iwn-square mimber. 

It is k propos of the triangle 7, 8, 9 that Heron gives the 
important statement of his method of approximating to the 
value of a surd, which before the discovery of the passage 
of the Met idea had been a subject of unlimited conjecture 
as bearing on the question how Archimedes obtained his 
approximations to 3. * 

In this case 8 = 12, s — a = 5, s — h = 4, 8— c = 3, so that 

A = ^/(12 .5.4.3) = -/(720). 
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‘Since’, says Heron,’ ‘ 720 has not its side rational, we can 
obtain its side within a very small difference as follows. Since 
the next succeeding square number is 729, which has 27 for 
its side, divide 720 by 27. This gives 26f . Add 27 to this, 
making 53f , and take half of this or 26| The side of 720 
will therefore be very nearly 26| 3. In fact, if we multiply 
26^^ by itself, the product is 720^^, so that the difference (in 
the square) is -3S- 

‘ If we desire to make the difference still smaller than we 
shall take 720j^ instead of 729 [or ratlier we should take 
2653 instead of 27], and by proceeding in the same way we 
shall find that the resulting difference is much less than 3^3 .’ 

In other words, if we have a non-square number A, and o® 
is the nearest square number to it, so that A = o* 4- h, then we 
have, as the first approximation to A. 

«i=5(«+"); (1) 

for a second approximation we take 



and so on.^ 

’ Metrica, i. 8, pp. 18. 22-20. 5. 

® The method indicated by Heron was known to Barlaain and Nicolas 
Rhabdas in the fourteenth century. The equivalent of it was used by 
Luca Paciuolo (fifteenth-sixteenth oentuiy), and it was known to the other 
Italian algebraists of the sixteenth century. Thus Luca Paciuolo gave 
2^, 2jJy and as successive approximations to v^6. He obtained 

2 (2i)* — 6 

the first as 2 + g— ^ , the second as 2^ 22^ ’ third as 

2 above rule gives + = A (» + 7?) = 2„y^ , 

The formula of Heron was again put forward, in modern times, by 
Buzengei^er as a means of accounting for the Archimedean approxima- 
tion to V 3, apparently without knowing its previous history. Bertrand 
also stated it in a treatise on arithmetic (1853). The method, too, by 
which Oppermann and Alexeieff sought to account for Archimedes’s 
approximations is in reality the same. The latter method depends on 
the formula 

AleTcielF separated A into two factors a,, and pointed out that if, say. 

Oo> ^/A >6,. 

then, or 
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Substituting in (1) the value a^ + h for A, we obtain 





Heron does not seem to have used this formula with a neaa- 
tive sign, unless in Stereoni. I. 33 (34, Hultsch), where •/(63) 
and again, if («„ -t b^) = «, , 2 + b^) = b ^ , 

and SO on. 

Now suppose that, Jn Heron’s formulae, we put a = X^, Aja = x^, 
(x^ — ^/(Xj = .rj, and so on. We then have 


A', = + 





A 

}^[Xf^^XQ) 


or 


2X^x^ 


that is, A',, Xy^ aie, lespectively, the arithmetic and harmonic means 
between A^, Xq ; Aj, x^ are the arithmetic and harmonic means between 
Ai, a?i, and so on, exactly as in Alexeietf’s formulae. 

Let us now try to apply the method to Archimedes’s case, y^S, and we 
shall see to what extent it serves to give what we want. Suppose 
we begin with 3 >>/3 > 1. We then have 

i-(3 + l) >^3 >3/-J(3-f 1), or 2 > v/3 >:], 
and fiom this we derive successively 

l>Vi>¥, U>V^> W. ISSii > . 


But, if we start troni jj, obtained by the formula ^ < v/(a* + 6), 

we obtain the following approximations by excess, 


The second process then gives one of Archimedes’s results, but 

neither of the two processes gives the other, directly. The latter 

can, however, be obtained by using the formula that, if then 

U iX 

a ma + nc c 
b mb + nd d 

t, w • ' X- u- 1 ii H XI 97 -f 168 265 

For we can obtain Iroiu and thus ; - =: — , or irom 

00 + y I loo 


J and I thus ; 


11.97-7 


1060 

612 


11.56-4 

be obtained from and thus: 


and so on. 


265 
153’ 

18817 4 97 
10864 + 56' 


Or again can 


18914 

10920 


1351 
780 ' 


The advantage of the methud is that, as compared with that of con- 
tinued fractions, it is a veiy rapid way of arriving at a close approxi- 
mation. Uiinther has shown that the (ih 4 l)th approximation obtained 
by Heron’s formula is the 2''‘th obtained by continued fractions. (‘Die 
quadratischen Iriationalitilten der Alten und deren Entwickeluiigs- 
iiiethodeii in Abhandlungen zur Geach. d. Math* iv. 1882, pp. 83-6.) 
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is given as approximately 8 — 1“ Metrica I. 9, as we 

have seen, -/(GS) is given as 7^ ^ ^ xS> which was doubtless 
obtained from the formula (1) as 

i (8 + ^ (8 + 7|) = 7U I 

The above seems to be the only classical rule which has 
been handed down for finding second and further approxi- 
mations to the value of a surd. But, although Heron thus 
shows how to obtain a second approximation, namely by 
formula (2), he does not seem to make any direct use of 
this method himself, and consequently the question how the 
approximations closer than the first which are to be found in 
his works were obtained still remains an open one. 

(y) Quadrilaterals. 

It is unnecessary to give in detail the methods of measuring 
the areas of quadrilaterals (chaps. 11-16). Heron deals with 
the following kinds, the parallel-trapezium (isosceles or non- 
isosceles), the rhombus and rhomboid, and the quadrilateral 
which has one angle right and in which the four sides have 
given lengths. Heron points out that in the rhombus or 
rhomboid, and in the general case of the quadrilateral, it is 
necessary to know a diagonal as well as the four sides. The 
mensuration in all the ca.ses reduces to that of the rectangle 
and triangle. 

(S) The regular polygons ivith S, 4, 5, 6, 7, 8, .9, 10, 11, 
or 12 sides. 

Beginning with the equilateral irkhugle (chap. 17), Heron 
proves that, if a be the side and p the perpendicular from 
a vertex on the opposite side, a^ip^ = i: 3, whence 

a*:p^a^ = 4:3 = 16: 12, 

so that a * : (A ABCy =16:3, 

and {AABG)^ = ^^a\ In the particular case taken « = lo 
and A® = 1875, whence A = 43^ nearly. 

Another method is to use an approximate value for Vs in 
the formula V 3 . a®/ 4. This is what is done in the Geometrica 
14 (10, Heib.), where we are told that the area is (x + xV)“*> 
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now 3 + - 3 ^ = 35 = i di). so that the approximation used by 
Heron for •/S is here ff. For the side 10 , the method gives 
the same result as above, for ^ . 100 = 43-|. 

The regular 'petUagon is next taken (chap. 18). Heron 
premises the following lemma. 

Let AB(j be a right-angled triangle, with the angle A equal 
to |JR. Produce AC' to 0 so that CO = AG 
If now AO is divided in extreme and 
mean ratio, AR is equal to the greater 
segment. (For produce AB to D so that 
AD = AO, and join BO, DO. Then, since 
ADO is isosceles and the angle at A = \R, 

L ADO = L AOD — \R, and, from the 
ecjuality of the triangles ABC, OBG, 

/.AOB = IBAO = ^R. It follows that 
the triangle ADO is the isosceles triangle of Eucl. IV. 10 , and 
AD is divided in extreme and mean ratio in B.) Therefore, 
says Heron, (7iA + AC’)-' = 5 AC-. [This is End. XIII. 1 .] 

Now, since Z BOG = ^R, if BG be produced to E so that 
GE = BG, BE subtends at 0 an angle equal to 5 R, and there- 
fore BE is the side of a regular pentagon inscribed in the 
circle with 0 as centre and OB as radius. (This circle also 
passes through D, and BD is the side of a regular decagon in 
the same circle.) If now BO = AB = r, OG = p, BE = a, 
we have from above, {r+pf = 5p^, whence, since -/s is 
appi*oxin)ately f , we obtain approximately r = and 
|a = so that p = |«. Hence \pa = and the area 
of the pentagon = l u.'. Heron adds that, if we take a closer 
approximation to V 5 than we shall obtain the area still 
more exactly. In the GeomeO'y * the formula is given as 

The regular hexagon (chap. 19) is simply 6 times the 
equilateral triangle with the same side. If A bo the area 
of the equilateral triangle with side a, Heron has proved 
that A'-' = {Metrica I. 17), hence (hexagon)" = ^-a*. If, 
e.g. a = 10, (hexagon)" = 67500, aiul (hexagon) = 269 nearly. 
In the Geometry " the formula is given as while ‘ another 
book’ is quoted as giving & it is added that the 

latter formula, obtained from the area of the triangle, (-3 + 
represents the more accurate procedure, and is fully set out by 

' Geom. 102 ( 21 , 14, Heib.). " Ib. 102 (21, 16, 17, Heib.). 
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Heron. As a matter of fact, however, 6 (3 + = Jjp- exactly, 

and only the Metrica gives the moi’C accurate calculation. 

The regular heptagon. 

Heron assumes (chap. 20 ) that, if a be the side and r the 
radius of the circumscribing circle, a = -|r, being approxi- 
mately equal to the perpendicular from the centre of the 
circle to the side of the regular hexagon inscribed in it (for | 
is the approximate value of ^ -/s). This theorem is (juoted by 
Jordanus Nemorarius (d. 1237) as an ‘Indian rule’; he pro- 
bably obtained it from Abu’l Wafa (940-98). The Metrica 
shows that it is of Greek origin, and, if Archimedes really 
wrote a book on the heptagon in a circle, it may be due to 
him. If then p is the perpendicular from the centre of the 
circle on the side (a) of the inscribed heptagon, r /(\a) = Z 
or 16/7, whence and = (approxi- 

mately) 14 J /7 or 43/21. Consequently the area of the 
heptagon = 7 . = 7 . 


The regular octagon, decagon and dodecagon. 

In these cases (chap.s. 21 , 23, 25) Heron finds p by drawing 
the perpendicular 0(7 from 0 , the centre of the 
circumscribed circle, on a side AB, and then making 
the angle OAD equal to the angle AOD. 
h’or the octagon, 

A ADC = ^R, and p = ^a{\+ '/2) = ^ 0.(1 +x|) 

or 3 a.fl approximately. 



For the decagon, 

£ADG = f i2, and AD : DC =5:4 nearly (see preceding page) ; 
hence AD : AG =5:3, aiad p = ^a (f -t-f) = fa. 


For the dodecagon, 

LADG = f R, and p — \a {2 •\- ^/ Z) — fa (2 + 5 ) = 

approximately. 

Accordingly A^ = Ay^ = where a is 

the side in each case. . 


The regular enneagon and hendecagon. 

In these cases (chaps. 22 , 24) the Table of Chords (i e. 
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presumably Hipparchus’s Table) is appealed to. If AB be the 
side (a) of an eiineagon or hendecagon inscribed in a circle, AC 
the diameter through A, we are told that the Table of Chords 
gives J and as the respective approximate values of the 
ratio AB/ AC. The angles subtended at the centre 0 by the 
side AB are 10° and 32^\° re.spec- 
tively, and Ptolemy’s Table gives, 
as the chords subtended by angles of 
40° and .33° respectively, 41?' 2' 33" 
and 34?' 4' 55" (expressed in 120th 
parts of the diameter) ; Hex'on's 
figures correspond to 40?' and 33?' 

36' respectively. For the eioiteayon 
AC'^ = 9AB'^, whence BC^ = 8 AB^ 
or approximately and 

BC = (I ; therefore (ai’ea of 
ennejigon) = 5 . AABG=^^-a^. For 
the heiulecayoii AC'^ = ^■^^-AB‘^ and BG'^ = ^^-AB-, so that 
BG = and area of hendecagon = V* • A, ABC = a*. 

An ancient formula for the ratio between the side of any 
regular polygon and the diameter of the circumscribing circle 
is preserved in Geepoit. 147 sep (= Vseudo-Dioph. 23-41), 

namely Now the ratio tends to n as the 

O 

number ( /t) of sides increases, and the formula indicates a time 
when TT was generally tsiken as = 3. 

(«) The Circle. 

Coming to the circle (Metrica 1. 26) Heron uses Archi- 
me<les’s value for tt, namely making the circumference of 
a circle -^./ r and the area where /• is the radius and d the 
diameter. It is here that ho gives the more exact limits 
for TT which he says that Archimedes found in his work On 
Piiiithidee and Cylinders, but which are not convenient for 
calculations. The limits, as we have seen, are given in the 
text as with Tannery’s alteration to 

- TT < VstW' quite satisfactory.* 



* See vol. i, pp. 232-3. 
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iC) Segment of a circle. 

According to Heron {Metrica I. 30) the ancients measured 
the area of a segment rather inaccurately, taking the area 
to be ^ (6 + A.) h, where b is the base and h the height. He 
conjectures that it arose from taking rr = 3, because, if we 
apply the formula to the semicircle, the area becomes ^ . 3 
where r is the radius. Those, he says (chap. 31), who have 
investigated the area more accurately have added {^b)- 
to the above formula, making it \{b + h)h + -^Ti{^hf, and this 
seems to correspond to the value 3^ for tt, since, when applied 
to the semicircle, the formula gives He adds 

tbat this formula should only be applied to segments of 
a circle less than a semicircle, and not even to all of these, but 
only in cases where h is not greater than 3/t. Suppose e.g. 
that h = 60, h = 1 ; in that case even xV • 900 = 64^, 

which is greater even than the parallelogram with 60, 1 as 
sides, which again is greater than the segment. Where there- 
fore b > 3 A, he adopts another procedure. 

This is exactly modelled on Archimedes’s (]uadrature of 
a segment of a parabola. Heron proves {Metrica I. 27-29, 32) 
that, if ADB be a segment of a circle, and J) the middle point 

of the arc, and if the arcs AD, DB be 
similarly bisected at E, F, 

A ADB < 4 (A AED + A DFB). 
Similarly, if the same construction be 
made for the segments AED, BFD, each 
of them is less than 4 times the sum of the two small triangles 
in the segments left over. It follows that 

(area of segmt. ADB) > A ADB { 1 ^ i + (i)‘'^+ ...} 

> I AADB. 

‘ If therefore we measure the triangle, and add one-third of 
it, we shall obtain the area of the segment as nearly as 
possible.’ That is, for segments in which b > 3h, Heron 
takes the area to be equal to that of the parabolic segment 
with the same base and height, or %bh. 

In addition to these three formulae for S, the area of 
a segment, there are yet others, namely 

+ + 3 t)> Mensurue 29, 

A' = ^(6-t-/t)/4(l +xV)» » 31. 
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The first of these formulae is applied to a segment greater 
than a semicircle, the second to a segment less than a semi- 
circle. 

In the Metrica the area of a segment greater than a semi- 
circle is obtained by subtracting the area of the complementary 
segment from the area of the circle. 

From tlie Geometrica ^ we find that the circumference of the 
segment less than a semicircle was taken to be •J + ‘ih^) + 

or alternatively -/ (h^ + ih'^) + 1 

(j/) EUiyse, piirabulic mjiiveiit, surface uf cyliiuler, nght 
cone, sphere ami sefjmeut of sphere. 

After the area of an ellipse {Metrica I. 34) and of a parabolic 
segment (chap. 35), Heron gives the surface of a cylinder 
(chap. 36) and a right cone (chap. 37) ; in both cases he unrolls 
the surface on a plane so that the surface becomes that of a 
parallelogram in the one case and a sector of a circle in the 
other. F'or the surface of a sphere (chap. 38) and a segment of 
it (chap. 39) he simply uses Archimedes’s results. 

Book I ends with a hint how to measure irregular figures, 
plane or not. If the figure is plane and bounded by an 
irregular curve, neighbouring poinCs are taken on the curve 
such that, if they are joined in order, the contour of the 
polygon so formed is not much difterent from the curve 
itself, and the polygon is then measured by dividing it into 
triangles. If the surface of an irregular solid figure is to bo 
found, you wrap round it pieces of veiy thin paper or cloth, 
enough to cover it, and you then spread out the paper or 
cloth and measure that. 

Book II. Mejisurcment of 'volumes. 

The preface to Book II is interesting as showing how 
vague the traditions abovit Archimedes had ah’eatly become. 

‘ After the measurement of surfaces, rectilinear or not, it is 
proper to proceed to the solid bodies, the surfaces of which we 
have already measured in the preceding book, surfaces plane 
and spherical, conical and cylindrical, and irregular surfaces 
as well. The methods of dealing with these solids are, in 
• Cf. Geom., 94, 95 (19. 2, 4, Heib.), 97. 4 (20. 7, Heib.). 
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view of their surprising character, referred to Archimedes by 
certain writers who give the traditional account of their 
origin. But whether they belong to Archimedes or another, 
it is necessary to give a sketch of these methods as well.’ 

The Book begins with generalities about figures all the 
sections of which parallel to the base are equal to the base 
and similarly situated, while the centres of the sections are on 
a straight line through the centre of the base, which may be 
either obliquely inclined or perpendicular to the base ; whether 
the said straight line (‘ the axis ’) is or is not perpendicular to 
the base, the volume is equal to the product of the area of the 
base and the 'perpetuiicular height of the top of the figure 
from the base. The term ‘ height ’ is thenceforward restricted 
to the length of the perpendicular from the top of the figure 
on the base. 

(a) Gome, cylimler, parallelepiped (prism), pyramid, and 

frustum. 

II. 1-7 deal with a cone, a cylinder, a ‘ parallelepiped ’ (the 
base of which is not restidcted to the parallelogram but is in 
the illustration given a regular hexagon, so that the figure is 
more properly a prism with polygonal bases), a triangular 
prism, a pyramid with base of any form, a frustum of a 
triangular pyramid ; the figures are in general oblique. 

(j8) Wedge-shaped solid (fi(o/ii<rKos or a(f>rjptaKo^). 

II. 8 is a case which is perhaps worth giving. It is that of 
a rectilineal solid, the base of which is a rectangle ABGD and 
has opposite to it another rectangle EFGH, the sides of which 
are respectively parallel but not necessarily proportional to 
those of ABGD. Take AK e()ual to EF, and BL equal to FG. 
Bisect BK, GL in V, W, and draw KRFU, Vt^OM parallel to 
AD, and LQRF, WOPT parallel to AB. Join FK, GR, LG, 
GU, HN. 

Then the solid is divided into (1) the parallelepiped with 
AR, EG as opposite faces, (2) the prism with KL as base and 
FG as the opposite edge, (3) the prism with EU as base and 
GH as opposite edge, and (4) the pyramid with RLGU as base 
and G as vertex. Let A be the ‘height’ of the figure. Now 
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the parallelepiped (1) is on A as base and has height h ; the 
prism (2) is equal to a parallelepiped on KQ as base and with 
height h ; the prism (3) is equal to a parallelepiped with NP 
as base and height h\ and finally the pyramid (4) is equal to 
a parallelepiped of height h and one-third of RC as base. 



Therefore the whole solid is equal to one parallelepiped 
with height h and base equal to {AR-{-KQ-\- NP RO 
or AO + ^R0. 

Now, if AB = a,BG= h, EF = c, FG = d, 

AV = ^iu+c),AT=^{b + dlRQ = ^ia-c), RP = ^(b-d). 

Therefore volume of solid 

= {b + d} + ^^{a—c) (b-d)} h. 

The solid in (juestion is evidently the true P<ofi(<rK 09 (‘ little 
altar’), for the formula is used to calculate the content of 
a fim/iia-Kos in Htereom. II. 40 (68, Heib.) It is also, I think, 
the (r<f>rjvi<TKos (‘ little wedge ’), a measurement of which is 
given in Btereom. 1. 26 (25, Heib.) It is true that the second 
term of the first factor (a — c) (b — d) is there neglected, 
perhaps because in the case taken (a = 7, 6 = 6, c = 5, d = 4) 
this term (= is small compared with the other (= 30). A 
particular <T^rjv(<TK 09 , in which either e = a or d = b, was 
called 8vv ^ ; the second tenn in the factor of the content 
vanishes in this case, and, if e.g. c = a, the content is ^{b + d)ah. 
Another fimfiia-Kos is measured in Stereom. I. 36 (34, Heib.), 
where the solid is inaccurately called ‘a pyramid oblong 
(irfpofti^Krji) and truncated (KSXovpos) or half-perfect ’. 
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The method is the same mutatis mutandis as that used in 
II. 6 for the frastum of a pyramid with any triangle for base, 
and it is applied in II. 9 to the case of a frustum of a pyramid 
with a square base, the formula for which is 

where a, a' are the sides of the larger and smaller bases 
respectively, and A the height; the expression is of course 
easily reduced to ^ A(a® + aa' + a'% 

(y) Frustum of cone, sphere, and segment thereof. 

A.f'i'ustvm of a cone is next mea.sured in two ways, (1) by 
comparison with the correspomling frustum of the circum- 
scribing pyramid with square base, (2) directly as the 
■difference between two cones (chaps. 9, 10). The volume of 
the frustum of the cone is to that of the frustum of the 
circumscribing pyi‘amid as the area of the base of the cone to 
that of the base of the pyramid ; i.e. the volume of the frus- 
tum of the cone is ^ ir, or •^, times the above expression for 
the frustum of the pyramid with a'^ as bases, and it 
reduces to ■^■^trh (a^ + aa' + a'^), where a, a' are the diameters 
of the two bases. For the sphere (chap. 11) Heron uses 
Archimedes’s proposition that the circumscribing cylinder is 
1^ times the sphere, whence the volume of the sphere 
= %-d.Wd^ or for a segment of a sphere (chap. 12) he 

likewise uses Archimedes’s result {On the Sphere and Oylinder, 
II. 4). 

(8) Anchor-ring or tore. 

The anchor-ring or tore is next measured (chap. 13) by 
means of a proposition which Heron quotes from Dionyso- 
doras, and which is to the effect that, if a be the radius of either 
circular section of the tore through the axis of revolution, and 
c the distance of its centre from that axis, 

Tra® : ac = (volume of tore) : w c® . 2u. 

[whence volume of tore = 27r®ca®]. In the particular case 
taken a = 6, c = 14, and Heron obtains, from the proportion 
113i^:84= F:7392, F= 9956^. But he shows that ho is 
aware that the volume is the product of the area of the 
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describinf^ circle and the length of the path of its centre. 
For, ho says, since 1 4 is a radius (of the path of the centre), 
28 is its diameter and 88 its circumference. ‘ If then the tore 
be straightened out and made into a cylinder, it will have 88 
for its length, and the diameter of the base of the cylinder is 
12 ; so that the solid content of the cylinder is, as we have 
seen, 995Gf ’ ( = 88 . 14 . 1 44 1. 

(c) TViC Hvo special solids of Archimedes's ‘ Method 

Chaps. 14,15 give the measurement of the two remarkable 
solids of Archimedes’s Methyl, following Archimedes’s results. 


(^) The Jive regidar solids. 

In chaps. 16-18 Heron measures the content of the five 
regular solids after the cube. He has of course in each case 
to find the perpendicular from the centre of the circumscrib- 
ing sphere on any face. Let p be this perpendicular, a the 
edge of the solid, r the radius of the circle circumscribing any 
face. Then ( 1 ) for the tetrahedron, 


= 3r^ p‘^ z= 


( 2 ) In the case of the octahedron, which is the sum of two 
equal pyramids on a square base, the content is one-third 
of that base multiplied by the diagonal of the figure, 
i.e. ^ .a*. -/2a or ^/2.a^; in the case taken a = 7, and 
Heron takes 10 as an approximation to /( 2 . 7*) or / 98, the 
result being 10.49 or 1683 . (3) In the case of the icosa- 

hedron Heron merely says that 


p:a = 93:127 ^the real value of the ratio is ^ ^ ^ . 
(4) In the case of the dodecahedron, Heron says that 
p:a= 9:8 (the true value is S'l^d, if /6 is 

put equal to f , Heron’s i*atio is readily obtained). 


Book II ends with an allusion to the method attributed to 
Ai'chimedes for measuring the contents of irregular bodies by 
immersing them in water and measuring the amount of fluid 
displaced. 
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Book III. Divi-sions of figures. 

This book has much in common witl\ Euclid’s book On divi- 
sions {of figures), the problem being to divide various figures, 
plane or solid, by a straight line or plane into parts having 
a given ratio. In III. 1-3 a triangle is divided into two parts 
in a given ratio by a straight line (1) passing through a vertex, 
(2) parallel to a side, (3) through any point on a side. 
III. 4 is woi’th description : ‘ Given a triangle ABG, to cut 
out of it a triangle DEF (where D, E, F are points on the 
sides respectively) given in magnitude and such that the 
triangles AEF, BFD, GED may be equal in area.’ Heron 
asmmes that, if D, E, F divide the sides so that 

AF: FB=BD:DG= GE: EA, 

the latter three triangles are equal in area. 

He then has to find the value of 
each of the three ratios which will 
result in the triangle DEF having a 
given area. 

Join AD. 

Since BD:GD = GE-.EA, 

BG.CD = GA'.AE, 
and A ABG: AADG= AADG: AADE. 



Also AABG: AABD = AADG: AEDG. 

But (since the area of the triangle DEF is given) AEDG is 
given, as well as A ABG. Therefore AABD x AADG is given. 
Therefore, if AH he perpendicular to BG, 

AH^ .BD . DG is given ; 

therefore BD . DC is given, and, since BG is given, D is given 
in position (we have to apply to BG a rectangle equal to 
BD . DG and falling short by a square). 

As an example Heron takes AB = \5, BG = 14, f7A = 15, 
ADEF = 24. A ABG is then 84, and AH =12. 

t 

Thus AEDG = 20, and AH? . BD . DC = 4 . 84 . 20 = 6720 ; 
therefore BD . DC = 6720/144 or 46f (the text omits the §). 
Therefore, says Heron, BD = 8 approximately. For 8 we 
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should hpparently have 8^, since DC is immediately stated to 
be 6^ (not 6). That is, in solving the equation 

U3‘‘‘-I4a: + 46| = 0, 

which gives x=-7 ± v'(2^). Heron apparently substituted or 
for 2^, thereby obtaining as an approximation to the 
surd. 

(The lemma assumed in this proposition is easily proved. 
Let m : yt be the ratio AF: FB = BD : DC = CE .EA. 

Then AF — mc/(m + n), FB — no /(m + n), CE = mb /(m + 74 ), 

EA = /i6/(m + n), d’c. 

Hence 

AAFE /AABC = =ABDF/AABC= ACDE/AABC, 

and the triangles AFE, BDF, CDE ai*e etpial. 

Pappus * h}is the proposition that the triangles A BC, DEF 
have the .same centre of gravity.) 

Heron next shows how to divide a parallel-trapezium into 
two parts in a given ratio by a straight line (1) through the 
point of inter.sectiou of the non-parallel sides, (2) through a 
given point on one of the parallel sides, (3) parallel to the 
parallel sides, (4) through a point on one of the non-parallel 
sides (III. 5-8). III. 9 .shows how to divide the area of a 
circle into parts which have a given ratio by means of an 
inner circle with the same centre. For the problems begin- 
ning with III. 10 Heron says that numerical calculation alone 
no longer suffices, but geometrical methods must be applied. 
Tlu'ee problems are reduced to. problems solved by Apollonius 
in his treatise On cnUing off an arm. The first of these is 
III. 10, to cut off from the angle of a triangle a given 
proportion of the triangle by a straight line thx’ough a point 
on the opposite side produced. III. 11, 12, 13 show how 
to cut any quadrilateral into parts in a given ratio by a 
straight line through a point (1) on a side (c«) dividing the 
side in the given ratio, (6) not so dividing it, (2) not on any 
side, (a) in the case where the quadrilateral is a trapezium, 
i.e. has two sides parallel, (6) in the case where it is not; the 
last case (/>) is reduced (like III. 1 0) to the ‘ cutting-off of an 

’ Pappus, vlii, pp. 1034-8. Cf. pp. 4.30-2 posf. 


2 
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area’. These propositions ai*e ingenious and interesting. 
III. 11 shall be given as a specimen. 

Given any quadrilateral ABGD and a point E on the side 
AD, to draw through E a straight line EF which shall cut 



the quadrilateral into two parts in 
the ratio of AE to ED. (We omit 
the analysis.) Draw GG. parallel 
to DA to meet AB produced in G. 

Join BE, and draw GH parallel 
to BE meeting BG in //. 

Join GE, EH, EG. 


Then AGBE— AHBE and, adding A ABE to each, we have 
AAGE = (quadrilateral ABHE). 

Therefore (quadr. ABHE ) : AGED = A GAE: AGED 

= AE:ED. 


But (quadr. ABHE) and AGED are parts of the quadri- 
lateral, and they leave over only the triangle EHG. We have 
therefore only to divide AEHG in the same ratio AE:ED by 
the straight line EF. This is done by dividing HG at F in 
the ratio AE-. ED an<l joining EF. 

The next proposition (HI. 1 2) is easily reduced to this. 

If AE: ED is not equal to the given ratio, let F divide AD 



rilateral in the given ratio. 


in the given ratio, and through F 
draw FG dividing the quadri- 
lateral in the given ratio (III. 11). 

Join EG, and draw FH parallel 
to EG. Let FH meet BG in H, 
and join EH. 

Then is EH the required straight 
line through E dividing the quad- 


For AFGE = AHGE. Add to each (quadr. GEDC). 
Therefore (quadr. GQFD) = (quadr. GHED). 

Therefore EH divides the quadrilateral in the given ratio, 
just as FG does. 


The case (III. 13) where E is hot on a side of the quadri- 
lateral [(2) above] takes two different forms according as the 
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two opposite sides which the required straight line cuts are 
(a) parallel or (6) not parallel. In the first case (a) the 
problem reduces to drawing a straight line through E inter- 
secting the pai’allel sides in points F, G such that BF+AG 


E 



is equal to a given length. In the second case (b) where 
BO, AD are not parallel Heron supposes them to meet in II, 
The angle at // is then given, and the area ABH. It is then 
a question of cutting off from a triangle with vertex H a 
triangle IIFG of given area by a straight line drawn from E, 
which is again a problem in Apollonius’s Oiitting-ojf of an 



HAG D 

area. The auxiliary problem in case (a) is easily solved in 
III. 16, Measure AH equal to the given length. Join BH 
and bisect it at M, Then EM meets BO, AD in points such 
that BF+ AG = the given length. For. by congruent triangles, 
BF = GH. 

The same problems are solved for the case of any polygon 
in III. 14, 16. A sphere is then divided (III. 17) into segments 
such that their surfaces are in a given ratio, by means of 
Archimedes, On the Sphere u'nd Cylinder, II. 3, just as, in 
III. 23, Prop. 4 of the same Book is used to divide a sphere 
into segments having their volumes in a given ratio. 

III. 18 is interesting because it recalls an ingenious pro- 
position in Euclid’s book On Divisions. Heron’s problem is 
‘ To divide a given cirele into three equal parts by two straight 

Z 2 
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lines and he observes that, ‘ as the problem is clearly not 
rational, we shall, for practical convenience, make the division, 

as exactly as possible, in the follow- 
ing way.’ AB is the side of an 
equilateral triangle inscribed in the 
circle. Let CD be the parallel 
diameter, 0 the centre of the circle, 
and join AO, BO, AD, DB. Then 
shall the segment ABD be very 
nearly one-thii’d of the circle. For, 
since AB is the side of an equi- 
latei'al triangle in the circle, the 
sector OAEB is one-third of the 
circle. And the triangle AOB forming part of the sector 
is equal to the triangle ADB‘, therefoi*e the segment AEB 
plus the triangle ABD is equal to one-third of the circle, 
and the segment ABD only differs from this by the small 
segment on BD as base, which may be neglected. Euclid’s 
proposition is to cut off one-third (or any fraction) of a circle 
between two parallel chords (see vol. i, pp. 429-30). 

HI. 19 finds a point D within any triangle ABC such that 
the triangles DBC, DCA, DAB are all equal ; and then Heron 
passes to the division of solid figures. 

The solid figures divided in a given ratio (besides the 
sphere) are the pyramid with base of any form (III. 20), 
the cone (III. 21) and the frustum of a cone (III. 22), the 
cutting planes being parallel to the base in each case. These 
problems involve the extraction of the cube root of a number 
which is in general not an exact cube, and the point of 
interest is Heron’s method of approximating to the cube root 
in such a case. Take the case of the cone, and .suppose that 
the portioti to be cut off at the top is to the rest of the cone as 
m to w. We have to find the ratio in which the height or the 
edge is cut by the plane parallel to the base which cuts 
the cone in the given ratio. The volume of a cone being 
^rrc^h, where c is the radius of the base and k the height, 
we have to find the height of the cone the volume of which 

is — . vvrc^h, and, as the height h' is to the radius c' of 

its base as A is to c, we have simply to find h' where 


E 




DIVISIONS OF FIGURES 


341 


— m/(m + n). Or, if we take the edges e, e' instead 
of the heights, e'^ /e^ = vh/{m + n). In the case taken by 
Heron m: io = 4:l, and c = 5. Consequently = f . 6 “ = 100 . 
Therefore, says Heron, e*= approximately, and in III. 20 
he shows how this is arrived at. 


Apj^rroxiniatloit to the cube root of a uou-cuhe iiuviber. 

‘Take the nearest cube numbers to 100 both above and 
below; these are 125 and 64. 

Then 125-100 = 25. 

and 100- 64 = 36. 

Multiply 5 into 36; this gives 180. Add 100 , making 280. 
^Divide 180 by 280) ; this gives ^ 5 . Add this to the side of 
the smaller cube : this gives This is as nearly as po.ssible 

the cube root (“ cubic side ”) of 1 00 units.’ 


We have to conjecture Heron’s formula from this example. 
Generally, if «.'* < A < (a+ 1 )'*, suppose that A — d^ = di, and 
(tt+ 1 )'* — A = t/g. The best suggestion that has been made 
is Wertheim’s,* namely that Heron’s formula for the approxi- 

(«+l)(/j ^ multiplied 


mate cube root was a+ ,-~ 


+ 1) (/j + udtt 

into the 36 might indeed have been the sqiiai’e root of 25 or 
and the 100 added to the 180 in the denominator of the 
fraction miglit have been the original number 100 (A) and not 
4.25 or nd.j, but Wertheim’s conjecture is the more satisfactory 
because it can be evolved out of quite elemenlary considera- 
tion.s. Tliis is shown by G. Enestrom as follows.'* Using the 
same notation, Enestrom further supposes that x is the exact 
value of ^A , and that (.c- (t) ' = 5 ,, •« + 1 —xf = 8^. 

Thus 


Si = x^ — 3,i/u + 3xd^ — a-\ and 3ax{x — a) = — d' — — 8^, 

Similarly from 8^ = (a+ 1 — x)'* we derive 

3(a + \)x{a+ 1 —x) = (a+ I)'* — x* — = d.^ —8.^. 
Therefore 


_ 3(«4 l)a; (a + 1 — x) _ (« + 1) -J 1 — (x — a) } 
c/j — ”” 3(fx(x — a) ~ a(x — a) 

<t + 1 (( + 1 

a{x—a) a ’ 

* Zeitschr.f. Muth. it. Physik, xliv, 1899, hist.-litt. Abfc., pp. 1-3. 

“ Bibliotheca Mathematica, viiij, 1907-8, pp. 412-13. 
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and, solving for a— a, we obtain 

_ (a + l)(di-5i) 

(a + l){cl,-8,)~+a{d,-8,y 


^ A = a + 


(a + 1) ((Zj — ^i) + a(d^ — 5jj) 


Since 5j, are in any case the cubes of fractions, we may 
neglect them for a first approximation, and wc have 

VA = a+ . 

(ct + l)ai + ac /2 



111. 22, which shows how to cut a frustum of a cone in a given 
ratio by a section parallel to the bases, shall end our account 
of the Metrica. I shall give the general formulae on the left 
and Heron’s case on the right. Let ABED be the frustum, 
let the diameters of the bases be a, a', and the height h. 
Complete the cone, and let the height of GDE be x. 

Suppose that the frustum has to be cut by a plane FO in 
such a way that 

(frustum DG ) : (frustum FB) = m:n. 

In the case taken by Heron 

a = 28, a'= 21, h = 12, m = n = 1. 

Draw DH perpendicular to AB. 
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Since (DG) :{FB) = m: n, {DG):(FB) = 

(DB) : (DG) = (m + n) : m. (DB ) : [DG) = 5:4. 


Now 

(DB) = Y^Tr/t (a^ + ua' + (i'\ 

# 

and {DG)= -—-(DB). 

Let y be the height (CM) of tlie 
cone CFG. 

Then D1I-.AH = CK:KA, 
or h:^(a—a') = (x+h):ia, 

whence x is known. 

Cone CDE=Y-^na'“X, 

fm 

coneCW=(CM)+ (DB), 
' no + n 

comCAIi=(GDE) + (DU). 

Now, says Heron, 

((JAB)-^(CDE) _(x+h)^-\- x^ 

" ~(CFG) " 

[He might have saitl simply 

(Cni<:):(CFG) = a^:y\] 

This gives y or CM, 

whence LM is known. 

Now AD^ = A1P + D1P 

= {|(a-(Ol^ + A^ 

so that AD is known. 

Therefore DF = . AD is 

h 


(DB) = 5698, 
(DG) = 4558|. 


14 12 

x + /i =-•/- = 48, 

and a: = 48 — 1 2 = 36. 

(cone GDE)=^ilSB, 

(cone CF( 7 ) = 4158 + 4658|=8716|, 

(cone =4158 + 5698 = 9856. 




= 8716|-V5ViY-= 97805, 
whence y = 46 approximately. 
Therefore LM zzy—x— 10. 


AD’^ = {2^)Hl2- 

= 156J, 

and AD = 12|. 
Therefore DF=^. 12^ 


known. 


= 10y%. 
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Quadratic equations solved in Heron. 

We have already met with one such equation (in Metrica 
III. 4), namely a'*— 14a! + 46§ = 0, the result only (x = 8|) 
being given. There are others in the Geometrica where the 
process of solution is shown. 

(1) Geomet'i'ica 24, 3 (Heib.). ‘Given a square such that the 
sum of its area and perimeter is 896 feet : to separate the area 
from the peiimeter ’ : i.e. + 4x = 896, Heron takes half of 
4 and adds its square, completing the square on the left side. 

(2) Geometrica 21, 9 and 24, 46 (Heib.) give one and the same 
equation, Geom. 24, 47 another like it. ‘Given the sum of 
the diameter, perimeter and area of a circle, to find each 
of them.’ 

The two equations are 

+ = 212 , 

and ^kd'^ + -%^-d = 67^. 

Our usual method is to begin by dividing by throughout, 
so as to leave as the first term. Heron’s is to multiply by 
such a number as will leave a scjuarc as the first term. In this 
case he multiplies by 154, giving ll*^fZ^ + 58 . llc(= 212. 154 
or 67^.154 as the case may be. Completing the square, 
he obtains (llf2+ 29)^ = 32648 + 811 or 10395 + 841, Thus 
lld + 29 = V(33489) or -/(11236), that is, 183 or 106. 

Thus llti = 154 or 77, and tZ = 14 or 7, as the case may be. 

» 

Indeterminate problems in the Geometrica. 

Some very interesting indeterminate problems are now 
included by Heiberg in the Geometrica.^ Two of them (chap. 
24, 1-2) were included in the Geeponicus in Hultsch’s edition 
(sections 78, 79); the. rest ai’e new, having been found in the 
Constantinople manuscript from which Schone edited the 
Metrica. As, however, these problems, to whatever period 
they belong, are more akin to algebra than to mensuration, 
they will be more properly described in a later chapter on 
Algebra. 

* Heronin Alexandrini opera, vol. iv, p. 414. 28 sq. 
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The Dioptra (vepl Sioirrpas}- 

This treatise begins with a careful description of the 
dioptra, an instrument which served with the ancients for 
the same purpose as a theodolite with us (chaps. 1-5). The 
problems with which the treatise goes on to deal are 
(a) problems of ‘ heights and distances (6) engineering pro- 
blems, (c) problems of mensuration, to which is added 
(chap. 34) a description of a ‘hodometer’, or taxameter, con- 
sisting of an arrangement of toothed wheels and endless 
screws on the sanxe axes working on the teeth of the next 
wheels respectively. The book ends with the problem 
(chap. 37), ‘ With a given force to move a given weight by 
means of interacting toothed wheels’, which really belongs 
to mechanics, and was apparently added, like some other 
problems (e.g. 31, ‘to measure the outflow of, i.e. the volume 
of water issuing from, a spring ’), in order to make the book 
more eompi’ehensive. The essential problems dealt with are 
such as the following. To determine the difference of level 
between two given points (6), to draw a straight line connect- 
ing two points the one of which is not visible from the other 
(7), to measure the least breadth of a river (9), the distance of 
two inaccessible points (10), the height of an inaccessible point 
(12), to determine the ditt'erence between the heights of two 
inaccessible points and tbe position of the straight line joining 
them (13), the depth of a ditch (14); to bore a tunnel through 
a mountain going straight from one mouth to the other (16), to 
sink a shaft through a mountain perpendicularly to a canal 
flowing underneath (1(5) ; given a subterranean canal of any 
form, to find on the ground above a point from which a 
vertical shaft must be sunk in order to reach a given point 
on the canal (for the purpose e.g. of removing an obstruction) 
(20) ; to construct a harbour on the model of a given segment 
of a circle, given the ends (17), to construct a vault so that it 
may have a spherical surface modelled on a given segment 
(18). The mensuration problems include the following: to 
measure an irregular area, which is done by inscribing a 
I’ectilineal figure and then drawing perpendiculars to the 
sides at intervals to meet the contour (23), or by drawing one 
straight line across the area and erecting perpendiculars from 



346 


HERON OF ALEXANDRIA 


that to meet the contour on both sides (24) ; given that all 
lAie boundary stones of a certain area have disappeared except 
two or three, but that the plan of the* area is forthcoming, 
to determine the position of the lost boundary stones (25). 
Chaps. 26-8 remind us of the Metrical to divide a given 
area into given parts by straight lines drawn from one point 
(26) ; to measure a given area without entering it, whether 
because it is thickly covered with trees, obstructed by houses, 
or entry is forbidden ! (27) ; chaps. 28-30 = Metrica III. 7, 
III. 1, and I. 7, the last of these three propositions being the 
proof of the ‘ formula of Heron ’ for the area of a triangle in 
terms of the sides. Chap. 35 shows how to find the distance 
between Rome and Alexandria along a great circle of the 
earth by means of the observation of the same eclipse at 
the two places, the analemma for Rome, and a concave hemi- 
sphere constructed for Alexandria to show the position of the 
sun at the time of the said eclipse. It is here mentioned that 
the estimate by Eratosthenes of the earth’s circumference in 
his book On the Meamrement of the Earth was the most 
accurate that had been made up to date.^ Some hold that 
the chapter, like some others which have no particular con- 
nexion with the real subject of the Dioptra (e.g. chaps. 31, 34, 
37-8) were probably inserted by a later editor, ‘ in order to 
make the treatise as complete as possible 

The Mechanics. 

It is evident that the Mechanics, as preserved in the Arabic, 
is far from having kept its original form, especially in 
Book I. It begins with an account of the arrangement of 
toothed wheels designed to solve the problem of moving a 
given weight by a given force ; this account is the same as 
that given at the end of the Greek text of the Diojdra, and it 
is clearly the same description as that which Pappus ® found in 
the work of Heron entitled Bapov\K6s (‘weight-lifter’) and 
himself reproduced with a ratio of force to weight altered 
from 5 : 1000 to 4:160 and with a ratio of 2 : 1 substituted for 
5 : 1 in the diameters of successive wheels. It would appear 
that the chapter from the BapovXKos was inserted in place of 

* Heron, vol. iii, p. 302. 13-17. “ 76 , p. 302. 0. 

^ Pappus, viii, p. 1060 sq. 
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the first chapter or chaptera of the real Mechanics which had 
been lost. The treatise would doubtless begin with generalities 
introductory to mechanics such as we find in the (much 
interpolated) beginning of Pappus, Book VIII. It must then 
apparently have dealt with the properties of circles, cylinders, 
and spheres with I’eference to their importance in mechanics ; 
for in Book II. 21 Heron says that the circle is of all figures 
the most movable and most easily moved, the same thing 
a^pplying also to the cylinder and sphere, and he adds in 
support of this a reference to a proof ‘ in the preceding Book \ 
This reference may be to I. 21, but at the end of that chapter 
he says that ‘cylinders, even when heavy, if placed on the 
ground so that they touch it in one line only, are easily 
moved, and the same is true of spheres also, a matter which 
toe have already discussed'’, the discussion may have come 
earlier in the Book, in a chapter now lost. 

The treatise, beginning with chap. 2 after the passage 
interpolated from the BapovXKS?, is curiously disconnected. 
Chaps. 2-7 discuss the motion of circles or wheels, equal or 
unequal, moving on difterent axes (e.g. interacting toothed 
wheels), or fixed on the same axis, much after the fashion of 
the Aristotelian Mechanical j)rohlem8. 

Aristotle’s Wheel. 

In particular (chap. 7) Heron attempts to explain the puzzle 
of the ‘ Wheel of Aristotle ’, wliich remained a puzzle up to quite 
modern times, and gave rise to the provei’b, ‘ rotam Aristotelis 
magis torquere, quo magis toniueretur ’. * ‘ The (question is ’, says 
the Aristotelian problem 24, ‘why does the greater circle roll an 
equal distance with the lesser circle when they are placed about 
the same centre, whereas, when they roll separately, as the 
size of one is to the size of the other, so are the straight lines 
traversed by them to one another ? Let AC, Bl) be quadrants 
of circles with centre 0 bounded by the same radii, and draw 
tangents AE, BF at A and B. In the first ease suppose the 
circle BD to roll along BF till D takes the position H ; then 
the radius ODC will be at right angles to AE, and C will be 
at G, a point such that is equal to BH. In the second 

' See Van Capelle, Aristotelis quaestiones median icae, 1812, p. 263 sq. 

* Ai'ist. Mechanica, 855 a 28. 
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case suppose the circle AG to roll along AE till ODG takes 
the position O'FE; then D will be at F where AE = BF. 
And similarly if a whole revolution is performed and OBA is 
again perpendicular to AE. Contrary, therefore, to the prin- 
ciple that the greater circle moves quicker than the smaller on 
the same axis, it would appear that the movement of the 



smaller in this case is as quick as that of the greater, since 
BlI =■ AQ, and BF — AE. Heron’s explanation is that, e.g. 
in the case where the lax’ger circle rolls on AE, the lesser 
circle maintains the same speed as the greater because it has 
txvo motions; for if we regard the smaller circle as merely 
fastened to the larger, and not rolling at all, its centre 0 will 
move to O' traversing a distance 00' equal to AE and BF‘, 
-hence the greater circle will take the lesser with it over an 
equal distance, the rolling of the lessm- circle having no effect 
upon this. 


The parallelogram of velocities. 


Heron next proves the parallelogram of velocities (chap. 8) ; 
he takes the case of a rectangle, but the proof is applicable 
generally. 


The way it is put is this. A 
point moves with uniform velocity 
along a straight line AB, from A 
to B, while at the same time AB 
moves with uniform velocity always 
parallel to itself with its extremity 
A describing the straight line AG. 
Suppose that, when the point arrives at B, the straight line 
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reaches the position CD, ■ Let EF be any intermediate 
position of AB, and G the position at the same instant 
of the moving point on it. Then clearly AE:AG=EG:EF; 
therefore AE:EG = AG:EF=:AG:GD, and it follows that 
G lies on the diagonal AD, which is therefore the actual path 
of the moving point. 

Chaps. 9-19 contain a digression on the construction of 
plane and solid figures similar to given figures but greater or 
less in a given ratio. Heron observes that the case of plane 
figures involves the finding of a mean proportional between 
two straight lines, and 'the case of solid figures the finding of 
two mean proportionals ; in chap. 1 1 he gives his solution of 
the latter problem, which is preserved in Pappus and Eutocius 
as well, and has already been given above (vol. i; pp. 262-3). 

The end of chap. 19 contains, quite inconsequently, the con- 
struction of a toothed wheel to move on an endless screw, 
after which chap. 20 makes a fresh start with some observa- 
tions on weights in equilibrium on a horizontal plane but 
tending to fall when the plane is inclined, and on the ready 
mobility of objects of cylindrical form which touch the plane 
in one line only. 


Motion on an inclined 'plane. 

When a weight is hanging freely by a rope over a pulley, 
no force applied to the other end of the rope less than the 
weight itself will keep it up, but, if the weight is placed on an 
inclined plane, and both the plane and the portion of the 
weight in contact with it are smooth, the case is difTerent. 
Suppose, e.g., that a weight in the form of a cylinder is placed 
on an inclined plane so that the line in which they touch is 
horizontal; then the force required to be applied to a rope 
parallel to the line of greatest slope in the plane in order to 
keep the weight in equilibrium is less than the weight. For 
the vertical plane passing through the line of contact between 
the cylinder and the plane divides the cylinder into two 
• unequal parts, that on the downward side of the plane being 
the greater, so that the cylinder will tend to roll down ; but 
the force required to support the cylinder is the ‘ equivalent ’, 
not of the weight of the whole cylinder, but of tbe difference 
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between the two portions into which the vertical plane cuts it 
(chap. 23). 

On the centre of gravity. 

This brings Heron to the centre of gravity (chap. 24). Here 
a definition by Posidonius, a Stoic, of the ‘ centre of gravity ’ 
or ‘ centre of inclination ’ is given, namely ' a point such that, 
if the body is hung up at it, the body is divided into two 
equal parts’ (he should obviously have said ‘divided by any 
vertical 'plane through the point of auapensio to into two equal 
parts’). But, Heron says, Archimedes distinguished between 
the ‘ centre of gravity ’ and the ‘ point of suspension ’, defining 
the latter as a point on the body such that, if the body is 
hung up at it, all the parts of the body remain in equilibrium 
and do not oscillate or incline in any direction. ‘ “ Bodies”, said 
Archimedes, “ may rest (without inclining one way or another) 
with either a line, or only one point, in the body fixed ”.’ The 
‘ centre of inclination ’, says Heron, ‘ is one single pf)int in any 
particular body to which all the vertical lines through the 
points of suspension converge.’ Comparing Simplicius’s quo- 
tation of a definition by Archimedes in his KevrpoPapiKa, to 
the effect that the centre of gravity is a certain point in the 
body such that, if the body is hung up by a string attached to 
that point, it will remain in its position without inclining in 
any direction,^ we see that Heron directly used a certain 
treatise of Archimedes. So evidently did Pappus, who has 
a similar definition. Pappus also speaks of a body supported 
at a point by a vertical stick : if, he says, the body is in 
equilibrium, the line of the stick produced upwards must pass 
through the centre of gravity.^ Similarly Heron says that 
the same principles apply when the body is supported as when 
it is suspended. Taking up next (chaps. 26-31) the question 
of ‘ supports ’, he considers cases of a heavy beam or a wall 
supported on a number of pillars, equidistant or not, even 
or not even in number, and projecting or not projecting 
beyond one or both of the extreme pillars, and finds how 
much of the weight is supported on each pillar. He says 
that Archimedes laid down the principles in his ‘ Book on 

* Simplicius on De caelo, p. 543. 31-4, Heib. 

* Pappus, viii, p. 1032. 5-24. 
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Supports As, however, the principles are the same whether 
the body is supported or hung up, it does not follow that 
this was a different work from that known as ncpl (vy&v. 
Chaps. 32-3, which are on the principles of the lever or of 
weighing, end with an explanation amounting to the fact 
that ‘ greater circles overpower smaller when their movement 
is about the same centre a proposition which Pappus says 
that Archimedes proved in his work rrepl In chap. 32, 

too. Heron gives as his authority a proof given by Archimedes 
in the same work. With L 33 may be compared II. 7, 
where Heron returns to the same subject of the greater and 
lesser circles moving about the same centre and states the 
fact that weights reciprocally proportional to their radii are 
in equilibrium when suspended from opposite ends of the 
horizontal diameters, observing that Archimedes proved the 
proposition in hi.s work ‘ On the equalization of inclination ’ 
(presumably la-oppoiriat). 

Book II. Ilie five mechanical powers. 

Heron deals with the wheel and axle, the lover, the pulley, 
the wedge and the screw, and with combinations of these 
powers. The description of the powers comes first, chaps. 1-6, 
and then, after II. 7, the proposition above referred to, and the 
theory of the several powers based upon it (chaps. 8-20). 
Applications to specific cases follow. Thus it is shown how 
to move a weight of 1000 talents by moans of a force of 
5 talents, first by the system of wheels described in the 
BapovXKos, next by a system of pulleys, and thirdly by a 
combination of levers (chaps. 21-6). It is possible to combine 
the different powers (other than the wedge) to produce the 
same result (chap. 29). The wedge and screw are discussed 
with reference to their angles (chaps. 30-1). and chap. 32 refers 
to the effect of friction. 

Mechanics in daily life; queries and answers. 

After a prefatory chapter (33), a number of queries resem- 
bling the Aristotelian problems are stated and answered 
(chap. 34), e.g. ‘Why do waggons with two wheels carry 
a weight more easily than those with four wheels?’, ‘Why 
* Pappus, viii, p. 1068. 20-3. 
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do great weights fall to the ground in a shorter time than 
lighter ones?', ‘Why does a stick break sooner when one 
puts one’s knee against i<^ in the middle ? ‘ Why do people 

use pincers father than the hand to draw a tooth?’, ‘Why 
is it easy to move weights which are suspended?’, and 
‘ Why is it the more difficult to move such weights the farther 
the hand is away from them, right up to the point of suspension 
or a point near it ? ’, ‘ Why are great sliips turned by a rudder 
although it is so small ? ’, ‘ Why do arrows penetrate armour 
or metal plates but fail tp penetrate cloth spread out ? ’ 

Problems on the centre of gravity, t&c. 

II. 36, 36, 37 show how to find the centre of gravity of 
a triangle, a (][U}ulrilateral and a pentagon respectively. Then, 
assuming that a triangle of uniform tliickness is .suppoi*ted by 
a prop at each angle, Heron finds what weight is supported 
by each prop, (a) when the props support tlie triangle only, 
(6) when they support the triangle plus a given weight placerl 
at any point on it (chaps. 38, 39). Lastly, if known weights 
are put on the triangle at each angle, he finds the centre of 
gravity of the system (chap. 40) ; the problem is then extended 
to the case of any polygon (chap. 41). 

Book III deals with the practical construction of engines 
for all sorts of purposes, machines employing pulleys with 
one, two, or more supports for lifting weights, oil-presses, &c. 

The Catoptrica. 

This work need not detain us long. Several of the theoretical 
propositions which it contains are the same as propositions 
in the so-called Catoptrica of Euclid, which, as we have 
seen, was in all probability the work of Theon of Alexandria 
and therefore much later in date. In addition to theoretical 
propositions, it contains problems the purpose of which is to 
construct mirrors or combinations of mirrors of such shape 
as will reflect objects in a particular way, e.g. to make the 
right side appear as the right in the picture (instead of the 
reverse), to enable a person to see his back or to appear in 
the mirror head downwards, with face distorted, with three 
•eyes or two noses, and so forth. Concave and convex 
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cylindrical mirrors play a part in these arrangements. The 
whole theory of course ultimately depemls on the main pro- 
positions 4 and 5 that the angles of incidence and reflection 
are equal whether the mirror is plane or circular. 


Heron's proof of equality of angles of incidence and reflection. 

Let AB be a plane mirror, G the eye, D the object seen. 
The argument rests on the fact that nature ‘ does nothing in 
vain ’. Thus light travels in a straight line, that is, by the 
quickest road. Therefore, even 
when the ray is a line broken 
at a point by reflection, it must 
mark the shortest broken line 
of the kind connecting the eye 
and the object. Now, says 
Heron, I maintain that the 
shortest of the broken lines 
(broken at the mirror) which 
connect G and D is the line, as 

GAD, the parts of which make equal angles with the mirror. 
Join DA an<l produce it to meet in F the perpendicular from 
G to AB. Let li be any point on the mirror other than A, 
and join FB, BD. 

Now Z EA F = Z. BA D 



— L GAE, by hypothesis. 

Therefore the triangles AEF, AEG, having two angles equal 
and AE common, are equal in all respects. 

Therefore GA = AF, and GA + AD = DF. 

Since FE = EG, and BE is perpendicular to FG, BF = BG. 

Therefore GB +BD = FB+BD 

> FD, 

i.e. > GA + AD. 

The proposition was of course known to Archimedes. We 
gather from a scholium to the Pseudo- Euclidean Gcdoptrica 
that he proved it in a different way, namely by reductio ad 
ubsurdum, thus: Denote the angles GAE, DAB by a, /S re- 
spectively. Then, a is > = or < j8. Suppose a > /3. Then, 

!«»•* A a 
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reversing the ray so that the eye is at D instead of G, and the 
object at C instead of D, we must have > a. But /3 was 
less than a, which is impossible. (Similarly it can be proved 
that a is not less than jS.) Therefore a = /8. 

In the Pseudo-Euclidean Catoptrica the proposition is 
practically assumed; for the third assumption or postulate 
at the beginning states in effect that, in the above figure, if A 
be the point of incidence, CK-.EA = DH :HA (where DH is 
perpendicular to AB). It follows instantaneously (Prop. 1) 
that IGAE= ADAH. 



If the mirror is the convex side of a circle, the same result 
follows a fortiori. Let GA, AD meet 
the are at equal angles, and GB, BD at 
unequal angles. Let AE be the tan- 
gent at A, and complete the figure. 
Then, says Heron, (the angles GAG, 
BAD being by hypothesis equal), if we 
subtract the equal angles GAE, BAF 
from the equal angles GAG, BAD (both 
pairs of angles being ‘ mixed be it 
observed), we have LEAG = AFAD. Therefore GA+AD 
< CF+ FD and a fortiori < OB -J- BD. 

The problems solved (though the text is so corrupt in places 
that little can be made of it) were such as the following; 
11, To construct a right-handed mirror (i.e. a mirror which 
makes the right side right and the left side left instead of 
the opposite) ; 12, to construct the mirror called polytheoroii 
('with many images’); 16, to construct a mirror inside the 
window of a house, so that you can see in it (while inside 
the room) everything tliat passes in the street; 18, to arrange 
mirrors in a given place so that a person who approaches 
cannot actually see either himself or any one else but can see 
any image desired (a ‘ ghost-seer ’). 



XIX 

PAPPUS OF ALEXANDRIA 

We have seen that the Golden Age of Greek geometry 
ended with the time of Apollonius of Perga. But the influence 
of Euclid, Archimedes and Apollonius continued, and for some 
time there was a succession of quite competent mathematicians 
who, although not originating anything of capital importance, 
kept up the tradition. Besides those who were known for 
particular investigations, e.g. of new curves or surfaces, there 
were such men as Geminus who, it cannot be doubted, were 
thoroughly familiar with the great classics. Geminus, as we 
have seen, wrote a comprehensive work of almost encyclopaedic 
character on the classification and content of mathematics, 
including the history of the development of each subject. 
But the beginning of the Christian era sees quite a different 
state of things. Except in sphaeric and astronomy (Menelaus 
and Ptolemy), production was limited to elementary text- 
books of decidedly feeble quality. In the meantime it would 
seem that the study of higher geometry languished or was 
completely in abeyance, until Pappus arose to revive interest 
in the subject. From the way in which he thinks it necessary 
to describe the contents of the classical works belonging to 
the Treasury of AnahjsiSy for example, one would suppose 
that by his time many of tliem were, if not lost, completely 
forgotten, and that the great task which he set himself was 
the re-establishment of geometry on its former high plane of 
achievement. Presumably such interest as he was able to 
arouse soon flickered out, but for us his work has an in- 
estimable value as constituting, after the works of the great 
matliematicians which have actually survived, the. most im- 
portant of all our sources. 


A a 2 
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Date of Pappus. 

• Pappus lived at the end of the third century A.D. The 
authority for this date is a marginal note in a Leyden manu- 
script of chronological tables by Theon of Alexandria, where, 
opposite to the name of Diocletian, a scholium says, ‘ In his 
time Pappus wrote’. Diocletian reigned from 284 to 305 , 
and this must therefore be the period of Pappus’s literary 
activity. It is true that Suidas makes him a contemporary 
of Theon of Alexandria, adding that they both lived under 
Theodosius I ( 379 - 395 ). But Suidas was evidently not well 
acquainted with the works of Pappus; though he mentions 
a description of the earth by him and a commentary on four 
Books of Ptolemy’s Syntaxis, he has no word about his greatest 
work, the Syrutgoge. As Theon also wrote a commentary on 
Ptolemy and incorporated a great deal of the commentary of 
Pappus, it is probable that Suidas had Theon’s commentary 
before him and from the association of the two names wrongly 
inferred that they were contemporaries. 

Works (commentaries) other than the Collection. 

Be.sides the Synagoge, which is the main subject of this 
chapter. Pappus wrote several commentaries, now lost except for 
fragments which have survived in Greek or Arabic. One was 
a commentary on the Elements of Euclid. This must presum- 
ably have been pretty complete, for, while Proclus (on Eucl. I) 
quotes ceiiiain things from Pappus which may be assumed to 
have come in the notes on Book I, fragments of his commen- 
tary on Book X actually survive in the Ai’abic (see above, 
vol. i, pp. 154 - 5 , 209 ), and again Eutocius in his note on Archi- 
medes, On the Sphere and Gylinder, I. 13 , says that Pappus 
explained in his commentary on the Elements how to inscribe 
in a circle a polygon similar to a polygon inscribed in another 
circle, which problem would no doubt be solved by Pappus, as 
it is by a scholiast, in a note on XII. 1. Some of the references 
by Proclus deserve passing mention. (1) Pappus said that 
the converse of Post. 4 (equality of all right angles) is not 
true, i.e. it is not true that all angles equal to a right angle are 
themselves right, since the ‘ angle ’ between the conterminous 
arcs of two semicircles which are equal and have their 



WORKS OTHER THAN THE COLLECTION 357 


diameters at right angles and terminating at one point is 
equal to, but is not, a right angle.^ (2) Pappus said that, 
in addition to the genuine axioms of Euclid, there were others ^ 
on record about unequals added to 
equals and equaLs added to unequals. 

Others given by Pappus are (says 
Proclus) involved by the definitions, 
e.g. that ‘ all parts of the plane and of 
the straight line coincide with one 
another ’, that ‘ a point divides a line, 
a line a surface, and a surface a solid and that ‘ the infinite 
is (obtained) in magnitudes both by addition and diminution 
(3) Pappus gave a pretty proof of Eucl. I. 5, which modern 
editors have spoiled when introducing it into text-books. If 
AB, AC are the e(iual sides in an isosceles triangle. Pappus 
compares the triangles ABO and ACB (i.e. as if he were com- 
paring the triangle ABC seen from the front with the same 
triangle seen from the back), and shows that they satisfy the 
conditions of I. 4, so that they are equal in all respects, whence 
the result follows.® 

Marinus at the end of his commentary on Euclid's Data 
refers to a commentary by Pappus on that book. 

Pappus’s commentary on Ptolemy’s Byataxis has already 
been mentioned (p. 274) ; it seems to have extended to six 
Books, if not to the whole of Ptolemy’s work. The Fihrist 
says that he also wrote a commentary on Ptolemy’s Plani- 
aplMerkt/ni, which was translated into Arabic by Thabit b. 
Qurra. Pappus himself alludes to his own commentary on 
the Analemma of Diodorus, in the course of which he used the 
conchoid of Nicomedes for the purpose of trisecting an angle. 

We come now to Pappus’s great work. 



The Synagoge or Collection. 

(a) Character of the work; xvide raiiye. 

Obviously written with the object of reviving the classical 
Greek geometry, it covers practically the whole field. It is, 

* Proclus on Eucl. I, pp. 189-90. “ Ib., pp. 197. 6-198. 15. 

’ Ib., pp. 249. 20-250. 12. 
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however, a handbook or guide to Greek geometry rather than 
an encyclopaedia ; it was intended, that is, to be read with the 
original works (where still extant) rather than to enable them 
to be dispensed with. Thus in the case of the treatises 
included in the Treasury of Analysis there is a general intro- 
duction, followed by a general account of the contents, with 
lemmas, &c., designed to facilitate the reading of the treatises 
themselves. On the other hand, where the history of a subject 
is given, e.g. that of the problem of the duplication of the 
cube or the finding of the two mean proportionals, the various 
solutions themselves are reproduced, px'esumably because they 
were not easily accessible, but had to be collected from various 
sources. Even when it is some accessible classic which is 
being described, the opportunity is taken to give alternative 
methods, or to make improvements in proofs, extensions, and 
so on. Without pretending to great originality, the whole 
work shows, on the part of the author, a thorough grasp of 
all the subjects treated, independence of judgement, mastery 
of technique ; the style is ter.se and clear ; in short. Pappus 
stands out as an accomplished and versatile mathematician, 
a worthy representative of the classical Gi'eek geometry. 


(/3) List of authors rnentioned. 

The immense range of the Collection can be gathered from 
a mere enumeration of the names of the various mathematicians 
quoted or referred to in the courae of it. The gi’eatest of 
them, Euclid, Archimedes and Apollonius, are of course con- 
tinually cited, others are mentioned for some particular 
achievement, and in a few cases the mention of a name by 
Pappus is the whole of the information we possess about the 
person mentioned. In giving the list of the names occurring 
in the book, it will, I think, bo convenient and may economize 
future references if I note in brackets the particular occasion 
of the reference to the writers who are mentioned for one 
achievement or as the authors of a particular book or investi- 
gation. The list in alphabetical order is : Apollonius of Perga, 
Archimedes, Aristaeus the elder (author of a treatise in five 
Books on the Elements of Conics or of ‘ five Books on Solid 
Loci connected with the conics ’), Ai'istai’chus of Samos {On the 



THE COLLECTION 


359 


sizes and distances of the sun and moon), Autolycus (On the 
moving sphere), Carpus of Antioch (who is quoted as having 
said that Archimedes wrote only one mechanical book, that 
on sphere-making, since he held the mechanical appliances 
which made him famous to be nevertheless unworthy of 
written description ; Carpus himself, who was known as 
mechanicus, applied geometry to other arts of this practical 
kind), Charmandrus (who added three simple and obvious loci 
to those which formed the beginning of the Plane Loci of 
Apollonius), Conon of Samos, the friend of Archimedes (cited 
as the propounder of a theorem about the spiral in a plane 
which Archimedes proved : this would, however, seem to be 
a mistake, as Archimedes says at the beginning of his treatise 
that he sent certain theorems, without proofs, to Conon, who 
would certainly have proved them had he lived), Demetrius of 
Alexandria (mentioned as the author of a work called ‘ Linear 
considerations’, ypagfiiKat kmardaei^, i.e. considerations on 
curves, as to which nothing more is known). Dinostratus, 
the brother of Menaechmus (cited, with Nicomedes, as having 
used tlie curve of Hippias, to which they gave the name of 
quadratrix, reTpayavi^ovaa, for the squaiing of the circle), 
Diodorus (mentioned as the author of an A aulemma), Erato- 
stlienes (whose mean-jiiuler, an appliance for finding two or 
any number of geometric means, is described, and who is 
further mentioned as the author of two Books ‘ On means ’ 
and of a work entitled ‘Loci with refci’ence to means’), 
Erycinus (from whose Paradoxa are (juoted various problems 
seeming at first sight to be inconsistent with Eucl. I. 21, it 
being shown that straight lines can be drawn from two points 
on tlie base of a triangle to a point within the triangle which 
are togetlier greater than the other two sides, provided that the 
points in the base may be points other than the extremities), 
Euclid, Geminus the mathematician (from whom is cited a 
remark on Archimedes contained in his book ‘ Oir the classifica- 
tion of the mathematical sciences ’, see above, p. 223), Heraclitus 
(from whom Pappus quotes an elegant solution of a veva-is 
with reference to a square), Hermodorus (Pappus’s son, to 
whom he dedicated Books VII, VIII of his Collection), Heron 
of Alexandria (whose mechanical works are extensively quoted 
from), Hierius the philosopher (a contemporary of Pappus, 
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who is mentioned as having asked Pappus’s opinion on the 
attempted solution by ‘ plane ’ methods of the problem of the two 
means, which actually gives a method of approximating to 
a solution^), Hipparchus (quoted as practically adopting three 
of the hypotheses of Aristarchus of Samos), Megethion (to 
whom Pappus dedicated Book V of his Collection), Menelaus 
of Alexandria (quoted as the author of Sphaerica and as having 
applied the name napdSo^os to a cei'tain curve), Nicoinachus 
(on three means additional to the first three), Nicomedes, 
Pandrosion (to whom Book III of the Collection is dedicated), 
Pericles (editor of Euclid’s Data), Philon of Byzantium (men- 
tioned along with Heron), Philon of Tyana (mentioned as the 
discoverer of certain complicated curves derived from the inter- 
weaving of plectoid and other surfaces), Plato (with reference 
to the five regular solids), Ptolemy, Theodosius (author of the 
Sphaerica and On Days and Nights). 

(y) 'translations and editions. 

The first published edition of the Collection was the Latin 
translation by Commandinus (Venice 1589, but dated at the 
end ‘ Pisauri apud Hieronynmm Concordiam 1588’; reissued 
with only the title-page changed ‘Pisauri... 1602’). Up to 
1876 portions only of the Greek text had appeared, namely 
Books VII, VIII in Gi'eek and German, by C. J. Gcrhardt, 1871 
chaps. 33-105 of Book V, by Eisenmann, Paris 1824, chaps 
45-52 of Book IV in losephi Torelli Veronensis Geometrica 
1769, the remains of Book II, by John Wallis (in Operc 
'tnathematica. III, Oxford 1699); in addition, the restorers 
of works of Euclid and Apollonius from the indicationi 
furnished by Pappus give extmcts from the Greek tex 
relating to the particular works, Breton le Champ on Euclid’i 
Pm' isms, Halley in his edition of the Conics of Apolloniu 
(1710) and in his translation from the Arabic and restoratioi 
respectively of the De sectione rationis and De sectione spati 
of Apollonius (1706), Carnerer on Apollonius’s 'I'actiones (1796 
Simson and Horsley in their restorations of Apollonius’s Plan 
Loci and Inclinationes published in the years 1749 and 177 
respectively. In the years 1876-8 appeared the only com 


* See vol. i, pp. 268-70. 
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plete Greek text, with apparatus, Latin translation, • com- 
mentary, appendices and indices, hy Friedrich Hultsch ; this 
great edition is one of the first monuments of the revived 
study of the history of Gi’eek mathematics in the last half 
of the nineteenth century, and has properly formed the model 
for other definitive editions of the Greek text of the other 
classical Greek mathematicians, e.g. the editions of Euclid, 
Archimedes, Apollonius, &c., by Heiljerg and others. The 
Greek index in this edition of Pappus deserves special mention 
because it largely serves as a dictionary of mathematical 
terms used not only in Pappus but by the Greek 'mathe- 
maticians generally. 

( 5 ) tSvtj'ni'iiMTy of conteitts. 

At the beginning of the work. Book I and the first 13 pro- 
positions (out of 26) of Book II are mi.ssiug. The first 13 
propositions of Book H evidently, like the rest of the Book, 
dealt with Apollonius’s method of working with very large 
numbers expressed in successive powers of the myriad, 10000. 
This system has already been described (vol. i, pp. 40, 54-7). 
The work of Apollonius seems to have contained 26 proposi- 
tions (25 leading up to, and the 26th containing, the final 
continued multiplication). 

Book III consists of four sections. Section (1) is a sort of 
history of the problem of jiiuUng two mea tt, projwrtionals, in 
continued in’oportion, between two given straight lines. 

It begins with some general remarks about the distinction 
between theorems and problems. Pappus observes that, 
whereas the ancients called them all alike by one name, some 
regarding them all as problems and others as theorems, a clear 
distinction was drawn by those who favoured more exact 
terminology. According to the latter a problem is that in 
which it is proposed to do or conslt'uct something, a theorem 
that in which, given certain hypotheses, we investigate that 
which follows from and is necessarily implied by them. 
Therefore he who propounds a theorem, no matter how he has 
become aware of the fact which is a necessary consequence of 
the premisses, must state, as the object of inquiry, the right 
I'esult and no other. On the other hand, he who propounds 
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a problem may bid us do something which is in fact im- 
possible, and that without necessarily laying himself open 
to blame or criticism. For it is part of the solver’s duty 
to determine the conditions under which the problem is 
possible or impossible, and, ‘if possible, when, how, and in 
how many ways it is possible When, however, a man pro- 
fesses to know mathematics and yet commits some elementary 
blunder, he cannot escape censure. Pappus gives, as an 
example, the case of an unnamed person ‘ who was thought to 
be a great geometer’ but who showed ignorance in that he 
claimed to know how to solve the problem of the two mean 
proportionals by ‘plane’ methods (i.e. by using the straight 
line and circle only). He then reproduces the argument of 
the anonymous person, for the purpose of showing that it 
does not solve the problem as its author claims. We have 
seen (vol. i, pp. 269-70) how the method, though not actually 
solving the problem, does furnish a series of successive appi’oxi- 
mations to the real solution. Pappus adds a few simple 
lemmas assumed in the exposition. 

Next comes the passage^, already referred to, On the dis- 
tinction drawn by the ancients between (1) pkme problems or 
problems which can be solved by means of the straight line 
and circle, (2) solul problems, or those which reciuire for their 
solution one or more conic sections, (3) linear problems, or 
those which necessitate recourse to higher curves still, curves 
with a more complicated and indeed a forced or unnatural 
oiigin such as spirals, quadratrices, cochloids 

and cissoids, which have many surprising properties of their 
own. The problem of the two mean proportionals, being 
a solid problem, required for its solution either conics or some 
equivalent, and, as conics could not be constructed by purely 
geometrical means, various mechanical devices were invented 
such as that of Eratosthenes (the mean-finder), those described 
in the MecJianics of Philon and Heron, and that of Nicomodes 
(who used the ‘ cochloidal ’ curve). Pappus proceeds to give the 
solutions of Eratosthenes, Nicomedes and Heron, and then adds 
a fourth which he claims as his own, but which is practically 
the same as that attributed by Eutocius to Sporus. All these 
solutions have been given above (vol. i, pp. 258-64, 266-8). 

‘ Pappus, iii, p. 54. 7-22. 
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Section (2). The theory of means. 


Next follows a section (pp. 69 - 105 ) on the theory of the 
ditferent kinds of means. The discussion takes its origin 
from the statement of the ‘ second problem which was that 
of ‘exhibiting the three means’ (i.e. the arithmetic, geometric 
and harmonic) ‘in a semicircle’. Pappus first gives a con- 
struction by which another geometer (aXXo? ns) claimed to 
have solved this problem, but he does not seem to have under- 
stood it, and returns to the same problem later (pp. 80 - 2 ). 

In the meantime he begins with the definitions of the 
three means and then shows how, given any two of three 
terms a, b, c in arithmetical, geometrical or harmonical pro- 
gression, the third can be found. The definition of the mean 
(b) of three terms a, b, c in harmonic progression being that it 
satisfies the relation a:c=a — b :b~c, Pappus gives alternative 
definitions for the arithmetic and geometric means in corre- 
sponding form, namely for the arithmetic mean a:a=a — b:h — v 
and for the geometric a:b = a — b:b — c. 

The construction for the harmonic mean is perhaps worth 
giving. Let AB, BG be two given straight lines. At A draw 
DAE perpendicular to AB, and make DA, AE equal. Join 
DB, BE. From G draw G-Fat right 
angles to AB meeting DB in F. 

Join EF meeting AB in C. Then 
BC is the required harmonic mean. 

For 

AB:BG = DAiFG 
= EA : FG 
= AC-.CG 

= (AB-BC ) : {BC-BG). 



Similarly, by means of a like figure, we can find BG when 
AB, BC are given, and AB when BC, BG are given (in 
the latter case the perpendicular DE is drawn through G 
instead of A). 

Then follows a proposition that, if the three means and the 
several extremes are represented in one set of lines, there must 
be five of them at least, and, after a set of five such lines have 
been found in the smallest possible integers. Pappus passes to 
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the problem of representing the three means with the respective 
extremes by akc lines drawn in a semicircle. 

Given a semicircle on the diameter AC, and B any point on 
the diameter, draw BD at right angles to AC. Let the tangent 


H V 
\' 


\ ^ 



at D meet AC produced in G, and measure DU along the 
tangent equal to DG. Join UB meeting the radius OD in K. 
Let BFhii perpendicular to OD, 

Then, exactly as above, it is shown that OK is a harmonic 
mean between OF &nd OD. Also BD is the geometric mean 
between AB, BO, while 00 (= OD) is the arithmetic mean 
between AB, BC. 

Therefore the dx linos DO (= OC), OK, ^F, AB, BO, BD 
supply the three means with the respective extremes. 

But Pappus seems to have failed to observe that the ‘ certain 
other geometer ’, who has the same figure excluding the dotted 
lines, supplied the same in Jive lines. For he said that DF 
is ‘a harmonic mean’. It is in fact the harmonic mean 
between AB, BC, as is easily seen thus. 

Since ODB is a right-angled triangle, and BF perpendicular 
to OD, 

DF : BD = BD : DO, 

or DF. DO = BD^ = AB . BC. 

But DO =^(AB+BC); 

therefore DF . {AB -t- BO) = 2 AB . BC. 

Therefore AB . {DF— BC) ~ BC .{AB- DF), 
that is, AB :BC= (AB — DF) : {DF- BO), 

and DF is the harmonic mean between AB, BC. 

Consequently the Jive lines D0{= OC), DF, AB, BC, BD 
exhibit all the three means with the extremes. 
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Pappus does not seem to have seen this, for he observes 
that the geometer in question, though saying that DF is 
a harmonic mean, does not say how it is a harmonic mean 
or between what straight lines. 

In the next chapters (pp. 84-104) Pappus, following Nico- 
machus and others, defines seven more means, three of which 
were ancient and the last four more modern, and shows how 
we can form all ten means as linear functions of a, j8, y, where 
(X, /3, y are in geometrical progression. The exposition has 
already been described (vol. i, pp. 86-9). 

Section (3). The ‘Paradoxes’ of Erycinu$. 

The thinl section of Book III (pp. 104-30) contains a series 
of propositions, all of the same sort, which are curious rather 
than geometrically important. They appear to have been 
taken direct from a collection of Paradoxes by one Erycinus.’ 
The first set of these propositions (Props. 28-34) are connected 
with Eucl. I. 21, which says that, if from the extremities 
of the base of any triangle two straight lines be drawn meeting 
at any point within the triangle, the straight lines are together 
le.ss than the two sides of the triangle other than the base, 
but contain a greater angle. It is pointed out that, if the 
straight lines are allowed to be drawn from points in the base 
other than the extremities, their sum may be greater than the 
other two sides of the triangle. 

The first case taken is that of a right-angled triangle ABC 
right-angled at B. Draw AD to any point /) on BC. Measure 
on it DE equal to A B, bisect A E 
in F, and join FC. Then shall A 

DF-^FChe. >BA + AC. 

For EF-{- FG= AF+ FG > AG. 

Add DE and AB respectively, 
and we have 

DF^FC> BA^AC. ® 

More elaborate propositions are next proved, such as the 
following. 

1 . In any triangle, except an equilateral triangle or an isosceles 
’ Pappus, iii, p. 106. 5-9. 
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triangle with base less than one of the other sides, it is possible 
to construct on the base and within the triangle two straight 
lines meeting at a point, the sum of which is eqvAil to the sura 
of the other two sides of the triangle (Props. 29, 30). 

2. In any triangle in which it is possible to consti'uct two 
straight lines from the base to one internal point the sum 
of which is equal to the sura of the two sides of the triangle, 
it is also possible to construct two other such straight lines the 
sum of which is greater than tl\at sum (Pi*op. 31). 

3. Under the same conditions, if the base is greater than either 
of the other two sides, two straight lines can be so constructed 
from the base to an internal point which are respectively 
greater than the other two sides of the triangle ; and the lines 
may be constructed so as to be I’espectively equal to the two 
sides, if one of those two sides is less than the other and each 
of them is less than the base (Pi'ops. 32, 33). 

4. The lines may be so constructed that their sum will bear to 
the sum of the two sides of the triangle any ratio less than 
2 : 1 (Prop. 34). 

As examples of the proofs, we will take the case of the 
.scalene triangle, and prove the first and Part 1 of the third of 
the above propositions for .such a triangle. 

In the triangle ABC with base BG let AB be greater 
than AG. 

Take D on BA such that BD = ^ {BA +AC). 



On DA between D and A take any point E, and draw EF 
parallel to BG. Let 0 be any point on EF-, draw QH parallel 
to AB and join GG. 
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Now EA + AC > EF+FC 

> EG + GC and > GC, a fortiori. 

Produce GC to K so that GK = EA + AC, and with G as 
centre and GK as radius describe a circle. This circle will 
meet HC and HG, because GH = EB > BD or DA + AC and 

> GK, a fortiori. 

Then UG + GL = BE+EA+AC = BA + AC. 

To obtain two straight lines HG', G'L such that HG' + G'L 

> BA + AC, we have only to choose G' so that HG', G'L 
enclose the straight lines HG, GL completely. 

Next suppose that, given a triangle ABC in which BC > BA 



> AC, we are required to draw from two points on BC to 
an internal point two straight lines greater respectively than 
BA, AC. 

With B as centre and BA as radius describe the arc AEF. 
Take any point E on it, and any point 7) on BE produced 
but within the triangle. Join DC, and produce it to G so 
that DG = AC. Then with 7) as centre and DG as radius 
describe a circle. This will meet both BC and BD because 
BA > AC, and a fortiori DB > DG. 

Then, if Ij be any point on BH, it is clear that BD, DL 
are two straight lines satisfying the conditions. 

A point ]/ on BH can be found such that DL' is eqvAxl 
to AB by marking off DN on DB equal to AB and drawing 
with D as centre and DN as radius a circle meeting BH 
in T/. Also, if DH be joined, DH = AC. 

Propositions follow (35-9) having a similar relation to the 
Postulate in Archimedes, On the Sphere and Cylinder, I, 
about conterminous broken lines one of which wholly encloses 
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the other, i.e. it is shown that broken lines, consisting of 
several straight lines, can be drawn with two points on the 
base of a triangle or parallelogram as extremities, and of 
greater total length than the remaining two sides of the 
triangle or three sides of the parallelogram. 

Props. 40-2 show that triangles or parallelograms can be 
constructed with sides respectively greater than those of a given 
triangle or parallelogram but having a less area. 

Section (4). The inscribing of the five regxdar solids 
in a sphere. 

The fourth section of Book III (pp. 132-G2) solves the 
problems of insci'ibing each of the five regular solids in a 
given sphere. After some preliminary lemmas (Props. 43-53), 
Pappus attacks the substantive problems (Props. 54-8), using 
the method of analysis followed by synthesis in the case of 
each solid. 

(a) In order to inscribe a regular pyramid or tetrahedron in 
the sphere, he finds two circular sections equal and parallel 
to one another, each of which contains, one of two opposite 
edges as its dianieter. If tZ be the diameter of the sphere, the 
parallel circular sections have d' as diameter, where d^ — ^d'^. 

(h) In the case of the cube Pappus again finds two parallel 
circular sections with diameter d' such that d^=^d '^ ; a square 
inscribed in one of these circles is one face of the cube and 
"the square with sides parallel to tho.se of the first sijuare 
inscribed in the second circle is the opposite face. 

(c) In the case of the octahedron the same two parallel circular 
sections with diameter d' such that d^ = are used ; an 
equilateral triangle inscribed in one circle is one face, and the 
opposite face is an equilateral triangle inscribed in the other 
circle but placed in exactly the opposite way. 

(cZ) In the ease of the icosahedron Pappus finds four parallel 
circular sections each passing throiagh three of the vertices of 
the icosahedron ; two of these are small circles circum.scribing 
two opposite triangular faces respectively, and the other two 
circles are between these two circles, parallel to them, and 
equal to one another. The pairs of circles are determined in 
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this way. If d be the diameter of the sphere, set out two 
straight lines x, y such that d, x, y are in the ratio of the sides 
of the regular pentagon,, hexagon and decagon respectively 
described in one and the same circle. The smaller pair of 
circles have r as radius where = \y^, and the larger pair 
have r' as radius where 

(e) In the case of the dodecahedron the same four parallel 
circular sections are drawn as in the case of the icosahedron. 
Inscribed pentagons set the opposite way are inscribed in the 
two smaller circles ; these pentagons form opposite faces. 
Regular pentagons inscribed in the larger circles with vertices 
at the proper points (and again set the opposite way) determine 
ten more vertices of the inscribed dodecahedron. 

The constructions are quite different from those in Euclid 
XIII. 13, 15, 14, 16, 17 respectively, where the problem is first 
to construct the particular regular solid and then to ‘com- 
prehend it in a sphere i. e. to determine the circumscribing 
sphere in each case. I have set out Pappus’s propositions in 
detail elsewhere.’ 


Book IV. 

At the beginning of Book IV the title and preface are 
missing, and the first section of the Book begins immediately 
with an enunciation. The first section (pp. 176-208) contains 
Propositions 1-12 which, with the exception of Props. 8-10, 
seem to be isolated propositions given for their own sakes and 
not connected by any general plan. 

Section (1). Extension of the thei)rem of Pythagoras. 

The first proposition is of great interest, being the generaliza- 
tion of Eucl. I. 47, as Pappus himself calls it, which is by this 
time pretty widely known to mathematicians. The enunciation 
is as follows. 

‘If ABC be a triangle and on AB, AC any parallelograms 
whatever be described, as ABDE, ACFO, and if DE, FQ 
produced meet in H and HA be joined, then the parallelo- 
grams ABDE, ACFQ- are together equal to the parallelogram 

* Vide notes to Euclid’s propositions in The Thirteen Books of Euclid’i 
Elements, pp. 478, 480, 477, 489-91, 501-3. 

IKS 2 n b 
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contained by BG, HA in an angle which is equal to the sum of 
the angles ABC, DHA’ 

Produce HA to meet BG in iT, draw BL, GM parallel to KH 
meeting DE in L and FQ in M, and join LNM. 

Then BLHA is a parallelogram, and HA is equal and 
parallel to BL. 


H 



Similarly HA, GM are equal and parallel ; therefore BL, GM 
are equal and parallel. 

Therefore BLMG is a parallelogram ; and its angle LBK is 
equal to the sum of the angles ABG, DHA. 

Now O ABDE = □ BLHA, in the same parallels, 

= □ BLNK, for the same reason. 

Similarly □ AGFG = □ AGMH = a NKGM. 

Therefore, by addition, O ABDE + CD AGFG = CD BLMG. 

It has been observed (by Professor Cook Wilson that the 
parallelograms on AB, AG need not necessarily be erected 
outwards from AB, AG. If one of them, e. g. that on AG, be 
drawn inwards, as in the second figure above, and Pappus’s 
construction be made, we have a similar result with a negative 
sign, namely, 

□ BLMG = □ BLNK - CD GMNK 
= CDABDE-CDAGFG. 

Again, if both ABDE and AGFG were drawn inwards, their 
sum would be equal to BLMG drawn outwards. Generally, if 
the areas of the parallelograms described outwards are regarded 
as of opposite sign to those of parallelograms drawn inwards, 

* Mathematical Gazette, vii, p. 107 (May 1913). 
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we may say that the algebraic sum of the three parallelograms 
is equal to zero. 

Though Pappus only takes one case, as was the Greek habit, 
'I see no reason to doubt that he was aware of the results 
in the other possible cases. 

Props. 2, 3 are noteworthy in that they use the method and 
phraseology of Eucl. X, proving that a certain line in one 
figure is the irrational called minw (see Eucl. X. 76), and 
a certain line in another figure is ‘the excess by which the 
binomial exceeds the straight line which p^’oduces with a 
rational area a medial whole ' (Eucl. X. 77). The propositions 
4-7 and 11-12 are quite interesting as geometrical exercises, 
but their bearing is not obvious : Props. 4 and 1 2 are remark- 
able in that they are cases of analysis followed by synthesis 
applied to the proof of theorems. Props. 8-10 belong to the 
subject of tangencies, being the sort of propositions that would 
come as particular cases in a book such as that of Apollonius 
On Contacts-, Prop. 8 shows that, if there are two equal 
circles and a given point outside both, the diameter of the 
circle passing through the point and touching both circles 
is ‘ given ’ ; the proof is in many places obscure and assumes 
lemmas of the same kind as those given later propos of 
Apollonius’s treatise; Prop. 10 purports to show how, given 
three unequal circles touching one another two and two, to 
find the diameter of the circle including them and touching 
all three. 

Section (2). On circles inscribed in the &p^j)\os 
(‘shoemaker's knife’). 

The next section (pp. 208-32), directed towards the demon- 
stration of a theorem about the relative sizes of successive 
circles inscribed in the dpfiriXos (shoemaker’s knife), is ex- 
tremely interesting and clever, and I wish that I had space 
to reproduce it completely. The dpfirjXoy, which we have 
already met with in Archimedes’s ‘Book of Lemmas’, is 
formed thus. BC is the diameter of a semicircle BOC and 
BC is divided into two parts (in general unequal) at D; 
semicircles are described on BD, DC as diameters on the same 
side of BC as BGC is ; the figure included between the three 
semicircles is the dpfiijXos. 


B b 2 
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There is, says Pappus, on record an ancient proposition to 
the follo^ng effect. Let successive circles be inscribed in the 
dp^rjXos touching the semicircles and one another as shown 
in the figure on p. 376, their centres being A, P, 0 .... Then, if 
Pi, p 2 i Pa be the perpendiculars from the centres A, P, 0 ... 
on BG and d^, d^,d.^... the diameters of the corresponding 
circles, 

Pi = d^. p^ = 2d^, ^3 = 30 ^ 8 .... 

He begins by some lemmas, the course of which I shall 
reproduce as shortly as I can. 

I. If (Fig. 1) two circles with centres A, G ol which the 
former is the greater touch externally at B, and another circle 
with centre G touches the two circles at K, L respectively, 
then KL produced cuts the circle BL again in 7) and meets 
AG produced in a point E such that AB : BG = AE : EG. 
This is easily proved, because the circular segments DL, LK 
are similar, and GD is parallel to AG. Therefore 

AB:BG = AK:GD = AE : EG. 

Also KE. EL = EB^. 

For AE:EG=AB:BG = AB:GF= {AE- AB ) : {EG- GF) 

= BE:EF. 



But AE : EG =KE . ED ) therefore KE : ED = BE : EF. 
Therefore KE .EL .EL. ED = BE ^ : BE . EF. 

And EL .ED = BE. EF) therefore KE. EL = EB. 
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II. Let (Fig. 2) BO, BD, being in one straight line, be the 
diameters of two semicircles BOO, BED, and let any circle as 
FGH touch both semicircles, A being the centre of the circle. 
Let M be the foot of the perpendicular from A on BO, r the 
radius of the circle FGH. There are two cases according 
as BD lies along BO or B lies between D and 0; i.e. in the 
first case the two semicircles are the outer and one of the inner 
semicircles of the &p^r)\oi, while in. the second case they are 
the two inner semicircles; in the latter case the cuxile FGH 
may either include the two semicircles or be entirely external 
to them. Now, says Pappus, it is to be proved that 

in case (1) BM .r = {BG-\-BD ) ; (BC-BD), 

and in case (2) BM : r = (BC-BD) : (BO+BD). 



We will confine oui’selvcs to the fii’st case, represented in 
the figure (Fig. 2). 

Draw through A the diameter HF parallel to BO. Then, 
since the circles BGO, HGF touch at G, and BO, UF are 
parallel diameters, GHB, OFC are both straight lines. 

Let E be the point of contact of the circles FGH and BED] 
then, similarly, BEF, HED are straight lines. 

Let HK, FL be drawn pei’pendicular to BO. 

By the similar triangles BGO, BKH we have 

BC:BG = BH: BK, or OB . BK = GB.BH] 

t 

and by the similar triangles BLF, BED 

BF:BL = BD: BE, or DB.BL = FB. BE. 
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But QB.BH=FB.BE-, 
therefore GB . BK = DB . BL, 

or BG:BD = BLiBK. 

Therefore {BG+BD) : {BG-BD) = {BL + BK) : (BL-BK) 

= 2BM:KL. 

And KL = HF=2r', 

therefore BM : r = (BG + BD) : {BG — BD). (a) 

It is next proved that BK . LG = AM\ 

For, by similar triangles BKH, FLG, 

BK : KH=FL: LG, or BK.LG= KH.FL 

= AM\ ( 6 ) 

Lastly, since BG : BD = BL : BK, from above, 

BG:GD=^BL: KL, or BL.GD== BG.KL 

= BG.2r. (c) 

Also BD:GD = BK:KL, or BK.GD= BD.KL 

= BD.2r. {d) 

III. We now (Fig. 3) take any two circles touching the 
semicircles BGG, BED and one another. Let their centres be 
A and P, H their point of contact, d, d' their diameters respec- 
tively. Then, if AM, PN are drawn perpendicular to BG, 
Pappus proves that 

(AM+d):d = PN:d'. 

Draw BF perpendicular to BG and therefore touching the 
semicircles BOG, BED at B. Join AP, and produce it to 
meet BF in F. 

Now, by II. (a) above, 

{BG+ BD) : (BG- BD) = BM:AH, 
and for the same reason = BN : PH] 
it follows that AH : PH = BM : BN 

^FA:FP. 
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Therefore (Lemma I), if the two circles touch the semi- 
circle BED in R, E respeQjtively, FRE is a straight line and 
EF.FR = FH^. 

But EF . FR = FB^ ; therefore FH = FB. 

If now BM meets PN in 0 and MA produced in S, we have, 
by similar triangles, FH : FB = PH : PO = AH: AS, whence 
PH — PO and 8A = AH, so that 0, S are the intersections 
of PN, AM with the respective circles. 


F 



Join BP, and produce it to meet MA in K. 

Now BM:BN= FAiFP 

= AH :PH, from above, 

= AS:P0. 

And BM:BN= BKiBP 

= KS : PO. 

Therefore KS = AS, and KA = d, the diameter of the 
circle EHG. 

Lastly, MK ; KS = PN ; PO, 

that is, {AM +d):^d = PN : ^d', 

{AM+d):d = PN:d'. 


or 
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IV. We now come to the substantive theorem. 

Let FOH be the circle touching all three semicircles (Fig. 4 ). 
We have then, as in Lemma II, 

BG.BK = BD.BL, 

and for the same reason (regarding FGH as touching the 
semicircles B(^G, DUG) 

BG.GL-=GD.GK. 

From the first relation wc have 

BG:BD = BL:BK, 



whence DG : BD = KL : BK, and inversely BD ; DG=BK : KL, 
while, from the second relation, BG : GD = GK : GL, 
whence BD : DG = KL : GL. 

Consequently BK : KL — KL : GL, 
or BK . LG = KTA 

But we saw in Lemma II (&) that BK . LG = AM^. 
Therefore KL = AM, or Pi = di. 

For the second circle Lemma III gives us 

(Pi + di):d^ = 

whence, since Pi = dy, p,^ = 2d^. 

For the third circle 

{p^-\-d^):d^~p^:d^, 

whence Ps = 2d^. 

And so on ud infinitum. 
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The same proposition holds when the successive circles, 
instead of being placed between the large and one of the small 
semicircles, come down between the two small semicircles. 

Pappus next deals with special cases (1) where the two 
smaller semicircles become straight lines perpendicular to the 
diameter of the other semicircle at its extremities, (2) where 
we replace one of the smaller semicircles by a straight line 
through D at right angles to EC, and lastly (3) where instead 
of the semicircle DUC wa simply have the straight line DC 
and make the first circle touch it and the two other semi- 
circles. 

Pappus’s propositions of course include as particular cases 
the partial propositions of the same kind included in the ‘ Book 
of Lemmas ’ attributed to Archimedes (Props. 6, 6) ; cf. p. 102. 

Sections (3) and (4). Methods of squaring ike circle, and of 
trisecting {or dividing in any ratio) any given angle. 

The last sections of Book IV (pp. 234-302) are mainly 
devoted to the solutions of the problems (1) of squaring or 
rectifying the circle and (2) of trisecting any given angle 
or dividing it into two parts in any ratio. To this end Pappus 
gives a short account of certain curves which were used for 
the purpose. 

(a) The Archimedean spi/ral. 

He begins with the .spiral of Archimedes, proving some 
of the fundamental properties. His method of finding the 
area included (1) between the first turn and the initial line, 
(2) between any radius vector on the first turn and the curve, 
is worth giving because it differs from the method of Archi- 
medes. It is the area of the whole first turn which Pappus 
works out in detail. We will take the area up to the radius 
vector OB, say. 

With centre 0 and radius OB draw the circle A' BCD. 

Let BG be a certain fraction, say 1 / (tth, of the ax'c BCD A', 
and CD the same fraction, OC, OD meeting the spiral in F, E 
respectively. Let KB, BV be the same fraction of a straight 
line KB, the side of a square KNLR. Draw ST, VW parallel 
to KN meeting the diagonal KL oi the square in U, Q respec- 
tively, and draw MU, PQ parallel to KB. 
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With 0 as centre and OE, OF as radii dirtiw arcs of circles 
meeting OF, OB in H, G respectively. 

For brevity we will now denote a cylinder in which r is the 
radius of the base and h the height by (cyl. r, h) and the cone 
with the same base and height by (cone r, h). 




By the property of the spiral, 

OB :BG = (arc A'LGB) : (arc CB) 

= RK : KS 

= NK : KM, 

whence OB:OG = NK: NM. 

Now 

(sector OBG) : (sector OGF) = OB ^ : OG"^ = NK^ : MN‘^ 

= (cyl. KN, NT) : (cyl. MN, NT). 

Similarly 

(sector OGD) : (sector OEM) = (cyl. ST, TW) : (cyl. PT. TW), 
and so on. 

The sectors OBG, OGD . . . form the sector OA'DB, and the 
sectors OFG, OEH ... form a figure inscribed to the spiral. 
In like manner the cylinders {KN, TN), (ST, TW) ... form the 
cylinder {KN, NL), while the cylinders {MN, NT), {PT, TW ) ... 
form a figure inscribed to the cone {KN, NL). 

Consequently 

(sector OA'DB) : (fig. inscr. in spiral) 

= (cyl. KN, NL) : (fig. inscr. in cone KN, NL). 
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We have a similar proportion connecting a figure circum- 
scribed to the spiral and a figure circumscribed to the cone. 

By increasing n the inscribed and circumscribed figures can 
be compressed together, and by the usual method of exhaustion 
we have ultimately 

(sector OA'DB) : (area of spiral) = (cyl. KN, NL) : (cone KN, NL) 

= 3:1, 

or (area of spiral cut off by OB) = ^ (sector OA'DB). 

The ratio of the sector OA'DB to the complete circle is that 
of the angle which the radius vector describes in passing from 
the position OA to the position OB to four right angles, that 
is, by the property of the spiral, r : a, where r = OB, a = OA. 

Therefore (area of spiral cut off by OB) = 3 ^ ' ’rr®. 

Similarly the area of the spiral cut off by any other radius 
t' 

vector Z = i — . 

^ a 

Therefore (as Pappus proves in his next proposition) the 
first area is to the second as to r'®. 

Considering the areas cut off by the radii vectores at the 
points where the revolving line has passed through angles 
of ^TT, TT, f TT and 27 r respectively, we see that the areas are in 
the ratio of (J)®, (^)^, (|)^, 1 or 1, 8, 27, 64, so that the areas of 
the spiral included in the four quadrants are in the ratio 
of 1, 7, 19, 37 (Prop. 22). 

(/3) TIm cotichoid of Nicomedes. 

The conchoid of Nicomedes is next described (chaps. 26-7), 
and it is shown (chaps. 28, 29) how it can be used to find two 
geometric means between two straight lines, and consequently 
to find a cube having a given ratio to a given cube (see vol. i, 
pp. 260-2 and pp. 238-40, where I have also mentioned 
Pappus’s remark that the conchoid which he describes is the 
first conchoid, while there also exist a seco)id, a third and a 
fovrth which are of use for other theorems). 

(y) The qvAidratrix. 

The quadratrix is taken next (chaps. 30-2), with Sporus’s 
criticism questioning the construction as involving a petitio 
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principii. Its use for squaring the circle is attributed to 
Dinostratus and Nieomedes. The whole substance of this 
subsection is given above (vol. i, pp. 226 - 30 ). 


Two const'i'UctioTis for the quadratrix by meam of 
‘ surf ace-loci 

In the next chapters (chaps. 33 , 34 , Props. 28 , 29 ) Pappus 
gives two alternative ways of producing the quadratrix ‘ by 
means of surface-loci’, for which he claims the merit that 
they are geometrical rather than ‘ too mechanical ’ as the 
traditional method (of Hippias) was. 


(1) The first method uses a cylindrical helix thus. 

Let ABC be a quadrant of a circle with centre B, and 

let BD be any radius. Suppose 



that EF, drawn from a point E 
on the radius BD perpendicular 
to BG, is (for all such radii) in 
a given ratio to the arc DC. 

‘ I say ’, says Pappus, ‘ that the 
locus of ^ is a certain curve.’ 

Suppose a right cylinder 
erected from the quadrant and 
a cylindrical helix GGH drawn 


upon its surface. Let DH be 
the generator of this cylinder through D, meeting the helix 
in H. Draw BL, El at right angles to the plane of the 
quadrant, and draw HIL parallel to BD. 

Now, by the property of the lielix, EI{= DH) is to the 
are CD in a given ratio. Also EF : (arc CD) = a given ratio. 


Therefore the ratio EF: El is given. And since EF, El are 
given in position, FI is given in position. But FI is perpen- 
dicular to BG. Therefore FI is in a plane given in position, 
and so therefore is T. 


But I is also on a certain surface described by the line LH, 
which moves always parallel to the plane ABC, with one 
extremity L on BL and the other extremity H on the helix. 
Therefore I lies on the intersection of this surface with the 
plane through FI. 
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Hence 7 lies on a certain curve. Therefore E, iis projection 
on the plane ABC, also lies on a curve. 

In the particular case where the given ratio of EF to the 
arc CD is equal to the ratio of BA to the arc CA, the locus of 

is a quadratrix. 

[The surface described by the straight line LH is a plectoid. 
The shape of it is perhaps best realized as a continuous spiral 
staircase, i.e. a spiral staircase with infinitely small steps. 
The quadratrix is thus produced as the orthogonal projection 
of the curve in which the plectoid is intersected by a plane 
through BC inclined at a given angle to the plane ABC. It is 
not difficult to verify the result analytically.] 

(2) The second method uses a right cylinder the base qf which 
is aji Archimedean spiral. 

Let ABC be a ciuadrant of a circle, as before, and EF, per- 
pendicular at F to BC, a straight ^ 
line of such length that EF is 
to the arc DC as AB is to the 
arc ADC. 

Let a point on AB move uni- 
formly from A to B while, in the 
same time, AB itself revolves 
uniformly about B from the position BA to the position BC. 
The point thus describes the spiral AOB. If the spiral cuts 
BD in G, 

BA :BG = (arc ADC) : (arc DC), 
or BG : (arc DC) = BA : (arc ADC). 

Therefore BG = EF. 

Draw GK at right angles to the plane ABC and equal to BG. 
Then GK, and therefore K, lies on a right cylinder with the 
spiral as base. 

But BK also lies on a conical surface with vertex B such that 
its generatoi’s all make an angle of with the plane ABC. 

Consequently K lies on the intersection of two surfaces, 
and therefoi'e on a curve. 

Through K draw LKl parallel to BD, and let BL, El be at 
right angles to the plane ABC. 

Then LKl, moving always parallel to the plane ABC, with 
one extremity on BL and passing through K on a certain 
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curve, describes a certain plectoid, which therefore contains the 
point J. 

Also IE = EF, IF is perpendicular to BG, and hence IF, and 
therefore I, lies on a fixed plane through BG inclined to ABG 
at an angle of ^tt. 

Therefore 1, lying on the intersection of the plectoid and the 
said plane, lies on a certain curve. So therefore does the 
projection of I on ABG, i.e. the point E. 

The locus of E is clearly the quadratrix. 

[This result can also be verified analytically.] 


(8) Digression: a spiral on a sphere. 

Prop. 30 (chap. 35) is a digression on the subject of a certain 
spiral described on a sphere, suggested by the discussion of 
a spiral in a plane. 

Take a hemisphere bounded by the great circle KLM, 
with H as pole. Suppose that the quadrant of a great circle 
HNK revolves uniformly about the radius HO so that K 
describes the circle KLM and returns to its original position 
at K, and suppose that a point moves uniformly at the same 



time from H to K at such speed that the point amves at K 
at the same time that HK resumes its original position. The 
point will thus describe a spiral on the surface of the sphere 
between the points H and K as shown in the figure. 

Pappus then sets himself to prove that the portion of the 
surface of the sphere cut off towards the pole between the 
spiral and the arc HNK is to the surface of the hemisphere in 
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a certain ratio «hown in the second figure where ABC ip 
a quadrant of a circle equal to a great circle in the sphere, 
namely the ratio of the segment ABC to the sector DABC. 



Draw tbe tangent CF to the quadrant at C. With C as 
centre and radius CA draw the circle AEF meeting CF in F. 

Then the secthr CAF is equal to the sector ADC (since 
CA"^ = 2AD\ wliile LACF=\L ADC). 

It is required, therefore, to prove that, if S be the area cut 
off by the spiral as above described, 

B : (surface of hemisphere) = (segmt. ABC) : (sector CAF). 

Let KL be a (small) fraction, say 1 / nth, of the circum- 
ference of the circle KLM, and let HPL be the quadrant of the 
great circle through H, L meeting the spiral in P. Then, by 
the property of the spiral, 

(arc HP) ; (arc HL) = (arc KL) : (circumf. of KLM) 

= 1 : n. 

Let the small circle NPQ passing through P be described 
about the pole 11. 

Next let FE be the same fraction, 1 / nth, of the arc FA 
that KL is of the circumference of the circle KLM, and join EC 
meeting the arc ABC in B. With C as centre and CB as 
radius describe the arc BO meeting CF in 0. 

Then the arc CB is the same fraction, 1 / nth, of the arc 
CBA that the arc FE is of FA (for it is easily seen that 
LFCE = ^LBDC, while AFC A = ^ACDA). Therefore, since 
(arc CBA) = (arc HPL), (arc CB) = (arc HP), and chord CB 
= chord HP. 
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Now (sector HPN on sphere) : (sector HKL on sphere) 


= (chord //P)®: (chord ///>)* 
(a consequence of Archimedes, On Sphere and Cylimler, I. 42). 
And : 11 : C A ^ 


Therefore 


.= CB^'.CE\ 


(sector HPN) : (sector HKL) = (sector CBG) : (sector (1KF). 

Similarly, if the arc LI/ be taken equal to the arc KL and 
the great circle through H, V cuts the spiral in P', and a small 
circle described about H and through P' meets the arc HPL 
in p ; and if likewise the arc BB' is made equal to the arc B( 
and GB' is produced to meet AF in K', while again a circidur 
arc with G as centre and GB' as radius meets GE in b, 

(sector HP' 2) on sphere) : (sector HLL' on sphere) 

= (sector GB'h) : (sector GE'E). 

And so on. 

Ultimately then we shall get a figure consisting of sectors 
on the sphere circumscribed about the area S of the spiral and 
a figure consisting of sectors of circles circumscril)ed about the 
segment GBA ; and in like manner we shall have inscribed 
figures in each case similarly made up. 

The method of exhaustion will then give 

S : (surface of hemisphere) = (segmt. ABG ) : (sector GAF) 

= (segmt. ABG) : (sector DAG). 

[We may, as an illustration, give the analytical equivalent 
of this proposition. If p, co be the spherical coordinates of P 
with reference to H as pole and the arc HNK as polar axis, 
the equation of Pappus’s curve is obviously a> = 4 p. 

If now the radius of the sphere is taken as unity, we have as 
the element of area 

dA = dco (1 — cos p) =■ 4 dp (1 — cosp). 

Therefore -^”1 4dp (1 — casp) = 2;r — 4. 
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Therefore 

A _ 27r— 4 _ 

(surfiuje of hemisphere) ~ 2Tr ~ 

_ (segment ABC) , 
(sector ^ 

The second part of the last section of Book lY (chaps. 36 - 41 , 
pp. 270 - 302 ) is mainly concerned wjith the problem of tri- 
secting any given angle or dividing it into pai’ts in any given 
ratio. Pappus begins with another account of the distinction 
between plane, solid and linear problems (cf. Book III, chaps. 
20-2) according as they require for their solution (1) the' 
straight line and circle only, (2) conics or their equivalent, 
( 3 ) higher curves still, ‘which have a more complicated and 
foi'ced (or unnatural) origin, l»eing produced from more 
irregular surfaces and involved motions. Such are the curves 
which are di.scovered in the so-called loci on surfaces, as 
well as others more complicated still and many in number 
discovered by Demetrius of Alexandria in his lAnear con- 
siderations and by Pinion of Tyana by means of the intei’- 
lacing of plectoids and other surfaces of all sorts, all of which 
curves possess many remarkable properties peculiar to them. 
Some of these curves have been thought bv the more recent 
writers to be. worthy of considerable discussion ; one of them is 
that which also received from Menelaus the name of the 
'/xirado.rical curve. Othei's of the sam<‘. class are spii’als, 
(juadratrices, eochloids and cissoids.’ He adds the often-quoted 
reflection • on the error committed by geometers when they 
solve a problem by means of an ‘ inappropriate class ’ (of 
curve or its ecpiivalent), illustrating this by the use in 
Apollonius, Book V, of a rectangular hyperbola for finding the 
feet of normals to a parabola passing through one point 
(where a circle would serve the purpose), and by the assump- 
tion by Archimedes of a solitl vfv(ri9 in his book On Spirals 
(see above, pp. 65 - 8 ). 


Trisection {or division in any ratio) of any angle. 

The method of trisecting any angle Iwised on a certain vevais 
is next described, with the solution of the veOatt itself by 

C c 


IR3II 3 
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means of a hyperbola which has to be constructed from certain 
data, namely the asymptotes and a certain point through 
which the curve must pass (this easy construction is given in 
Prop. 33, chap. 41-2). Then the problem is directly solved 
(chaps. 43, 44) by means of a hyperbola in two ways prac- 
tically equivalent, the hyperbola being determined in the one 
case by the ordinary Apollonian property, but in the other by 
means of the focus-directrix property. Solutions follow of 
the problem of dividing any angle in a given ratio by means 
(1) of the quadratrix, (2) of the spiral of Archimedes (chaps. 
45, 46). All these solutions have been sufficiently described 
above (vol. i, pp. 235-7, 241-3, 225-7). 

Some problems follow (chaps. 47-51) depending on these 
results, namely those of constructing an isosceles triangle in 
which either of the base angles has a given ratio to the vertical 
angle (Prop. 37), inscribing in a circle a regular polygon of 
any number of sides (Prop. 38), drawing a circle the circum- 
ference of which shall be equal to a given straight line (Prop. 
39), constructing on a given straight line AB a segment of 
a circle such that the arc of the segment may have a given 
ratio to the base (Prop. 40), and constructing an angle incom- 
mensurable with a given angle (Prop. 41). 


Section (5). Solution of tlie veOais of Archimedes, ‘ On Spi/rals ’, 
Pro}). 8, by means of conics. 

Book IV concludes with the solution of the vcvaif which, 
according .to Pappus, Archimedes unnecessarily assumed in 
On Spirals, Prop. 8, Archimedes’s assumption is this. Given 
a circle, a chord (BG) in it leas than the diameter, and a point 
A on the circle the perpendicular from which to BC cuts BC 
in a point D such that BD > DC and meets the circle again 
in E, it is possible to draw through A a straight line ARP 
cutting BC in B and the circle in P in such a way that RP 
shall be equal to DE (or, in the phraseology of veva-eis, to 
place between the straight line BC and tlie circumference 
of the circle a straight line equal to DE and verging 
towards A). 

Pappus makes the problem rather more general by not 
requiring PR to be ecjual to DE, but making it of any given 
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length (consistent with a real solution). The problem is best 
exhibited by means of analytical geometry. 

If BD = a, DO = h, AD = c (so that DE = ah/ c), we liave 



to find tlie point R on BC such that AR produced solves the 
problem by making PR equal to k, say. 

Let DR = X. Tlien, since BR . RC = PR . RA, we have 

(a—x) (b + x) = k^^ (c* + x^). 

An obvious expedient is to put y for '/(»* + a:^), when 
we have 

(a-x){b + x) = ky, (1) 

and 2 /® = c® + x\ (2) 

These equations represent a parabola and a hyperbola 
respectively, and Pappus does in fact solve the problem by 
means of the intersection of a parabola and a hyperbola ; one 
of his preliminary lemmas is, however, again a little more 
general. In the above figure y is represented by RQ. 

The first lemma of Pappus (Prop. 42, p. 298) states that, if 
from a given point A any straight line be drawn meeting 
a straight line BC given in position in R, and if RQ be drawn 
at right angles io’ BO and of length bearing a given ratio 
to AR, the locus of Q is a hyperbola. 

For draw AD perpendicular to BC and produce it to A' 
so that 

QR : RA = A'D : DA = the given ratio. 

C c 2 
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Measure DA" along DA equal to DA'. 

Then, if QN be perpendicular to A A 

{AW-AD^):{qR^-A'D'^) = (const.), 
that is, QN^ : A'N . A"N = (const.), 

and the locus of Q is a hyperbola. 

The equation of the hjrperbola is clearly 

a;2 _ |i(2/2-c2), 

where is a constant. In the particular case taken by 
Archimedes QR = J2A, or = 1, and the hyperbola becomes 
the rectangular hyperbola (2) above. 

The second lemma (Prop. 43, p. 300) proves that, if BC is 
given in length, and Q is such a point that, when QR is drawn 
perpendicular to BC, BR . RG = k . QR, where k is a given 
length, the locus of Q is a 'j^uirabola. 

Let 0 be the middle point of BC, and let OK be drawn at 
right angles to BC and of length such that 

0C^ = k.K0. 

Let QN' be drawn perpendicular to OK. 

Then QN'^ = 

==OCP-BR.RG 
= k . (KO — QR), by hypothesis, 

= k . KN'. 

Therefore the locus of Q is a parabola. 

The equation of the parabola referred to DB, DK as axes of 
X and y is obviously 

{^{a-h)-x]^ = k 
which easily reduces to 

{a—x) (6 + fl;) = ky, as above (1). 

In Archimedes’s particular case k = ah/c. 

To solve the problem then we have only to draw the para- 
bola and hyperbola in question, and their intersection then 
gives Q, whence R, and therefore ARP, is determined. 
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Book V. Preface on the Sagacity of Bees. 

It is characteristic of the great Greek mathematicians that, 
whenever they were free from the restraint of the technical 
language of mathematics, as when for instance they had occa- 
sion to write a preface, they were able to write in language of 
the highest literary quality, comparable with that of the 
philosophers, historians, and poets. We have only to recall 
the introductions to Archimedes’s treatises and the prefaces 
to the different Books of Apollonius’s Conics. Heron, though 
severely practical, is no exception when he has any general 
explanation, historical or other, to give. We have now to 
note a like case in Pappus, namely the preface to Book V of 
the Collection. The editor, Hultsch, draws attention to the 
elegance and purity of the language and the careful writing ; 
the latter is illustrated by the studied avoidance of hiatus.^ 
The subject is one which a writer of taste and imagination 
would naturally find attractive, namely the practical intelli- 
gence shown by bees in selecting the hexagonal form for the 
cells in the honeycomb. Pappus does not disappoint us; the 
passage is as attractive as the subject, and deserves to be 
reproduced. 

‘ It is of course to men that God has given the best and 
most perfect notion of wisdom in general and of mathematical 
science in particular, but a partial share in these things he 
allotted to some of the unreasoning animals as well. To men, 
as being endowed with reason, he vouchsafed that they should 
do everything in the light of reason and demonstration, but to 
the other animals, while denying them reason, he granted 
that each of them should, by virtue of a certain natural 
instinct, obtain just so much as is needful to support life. 
This instinct may be observed to exist in very many other 
species of living creatures, bxit most of all in bees. In the first 
place their orderliness and their submission to the queens who 
rule in their state are truly admirable, but much more admirable 
still is their emulation, the cleanliness they observe in the 
gathering of honey, and the forethought and housewifely care 
they devote to its custody. Presumably because they know 
themselves to be entrusted with the task of bringing from 
the gods to the accomplished portion of mankind a share of 


^ Pappus, vol. iii, p. 1233. 
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nmbrosia in this form, they do not think it proper to pour it 
carelessly on ground or wood or any other ugly and irregular 
material ; but, first collecting the sweets of the most beautiful 
flowers which grow on the earth, they make from them, for 
the reception of the honey, the vessels which we call honey- 
combs, (with cells) all equal, similar and contiguous to one 
another, and hexagonal in form. And that they have con- 
trived this by virtue of a certain geometrical forethought we 
may infer in this way. They would necessarily think that 
the figures must be such as to be contiguous to one another, 
that is to say, to have their sides common, in order that no 
foreign matter could enter the interstices between them and 
so defile the purity of their produce. Now only three recti- 
lineal figures would satisfy the condition, I mean regular 
figures which are equilateral and equiangular ; for the* bees 
would have none of the figures which are not uniform. . . . 
There being then three figures capable by themselves of 
exactly filling up the space about the same point, the bees by 
reason of their instinctive wisdom chose for the construction 
of the honeycomb the figure which has the most angles, 
because they conceived that it would contain more honey than 
either of the two others. 

‘ Bees, then, know just this fact which is of service to them- 
selves, that the hexagon is greater than the square and the 
triangle and will hold more honey for the same expenditui'e of 
material used in constructing the different figures. We, how- 
ever, claiming as we do a greater share in wisdom than bees, 
will investigate a problem of still wider extent, namely that, 
of all equilateral and equiangular plane figures having an 
equal perimeter, that which has the greater number of angles 
is always greater, and the greatest plane figure of all those 
which have a perimeter equal to that of the polygons is the 
circle.’ 

Book V then is devoted to what we may call isoj^)erimetry, 
including in the term not only the comparison of the areas of 
different plane figures with the same perimeter, but that of the 
contents of different solid figures with equal surfaces. 

Section (1). Isoperivietry after Zeaodorm, 

The first section of the Book relating to plane figures 
(chaps. 1 - 10 , pp. 308 - 34 ) evidently followed very closely 
the exposition of Zenodorus mpl icropiTpatv axtipdrcav (see 
pp. 207 - 13 , above); but before passing to solid figures Pappus 
inserts the proposition that of aU circular segments having 
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the m-me circwm,fere7bce the semicircle is the greatest, with some 
preliminary lemmas which deserve notice (chaps. 15, 16). 

(1) ABC is a triangle right-angled, at B. With C as centre 
and radius CA describe the arc 
AD cutting CB produced in D. 

To prove that (R denoting a right 
angle) 

(sector CAD ) : (area ABD) 

>R:lBGA. ^ B D F 

Draw AF at right angles to CA meeting CD produced in F, 
and draw BH perpendicular A F. With A as centre and 
AB as radius describe the arc GBE. 

Now (area EBF) : (area EBH) > (area EBF) : (sector ABE), 
and. compommlo, AFBH:{EBH) > AABF: (ABE). 

But (by an easy lemma which has just preceded) 
AFBU.(Elill) = AABF -.{ABD), 
whence AABF-. {ABD) > A ABF: {ABE), 
and {ABE) > {ABD). 

Therefore {ABE) : {ABG) > {ABD ) : {ABG) 

> {ABD): A ABC, a fortiori. 

Therefore Z BAF: L BAC > {ABD) : AABC, 
whence, inversely, A ABC : {ABD) > Z BAC : Z BAF. 
and, componemlo, (sector ACD) : {A BD) > R:L BCA. 

[If a be the circular measure of /.BCA, this gives (if AC=h) 

i 

\ oth^ :{^ab'^ — ^s\n(x cos (X.b^) > ^ tt : a, 
or 2a : (2a— sin 2a) > tt: 2a ; 

that is, 6/{6~sm 6) > n/ 6, where 0 < d < tt.] 

(2) ABC is again a triangle right-angled at B. With C as 
centre and CA as radius draw a circle AD meeting BC pro- 
duced in D. To prove that 

(sector CAD) : (area ABD) > R : /ACD. ^ 
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Draw AE at right angles to AG: With A as centre and 
A (7 as radius describe the circle FOE meeting AB produced 
in F and AE in E. 

Then, since I AGO > IGAE, (sector AGD) > (sector AGE). 

Therefore {AGD ) : AABG > {AGE ) : AABG 

> {AGE ) : {AGF), a fortiori, 

> lEAGUGAB. 

Inversely, 

AABG : {AGD) <lGAB:l EAG, 
and, componendo, 

{ABD ) ; {AGD) < L EAB : Z EAG. 

Inversely, {AGD) : {ABD) > Z EAG : Z EAB 

>RUAGI). 

We come now to the application of these lemmas to the 
proposition comparing the area of a semicircle with that of 
other segments of ecjual circumference (chaps. 17, 18). 



A semicircle is the greatest of all segmerds of circles which 
have the same circumference. 

Let ABG he a semicii'cle with centre G, and DEF another 
segment of a circle such that the circumference DEF is equal 



to the circumference ABG. I say that the area of ABG is 
greater than the area of DEF, 

Let H be the centre of the circle DEF. Draw EHK, BG at 
right angles to DF, AG respectively. Join Dll, and draw 
LHM parallel to DF. 
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Then LH.AG = (arc LE) : (ai-c AB) 

= {arc LE)-.{ti,vc DE) 

= (sector LHE) : (sector DUE). 

Also LIU ; A(P = (sector LUE) : (sector AGB). 
Therefore the sector LHE is to the sector AGB in the 

t 

ratio duplicate of that which the sector LHE has to the 
sector DHE. 

Therefore 

(sector LHE ) : (sector DHE) = (sector DHE) : (sector AGB). 

Now (1) in the case of the segment less than a seniicirch 
and (2) in the cjise of the segment greater than a semicircle 

(sector EDH ) : {EDK) > R . I DHE, 

by the lemmas (1) and (2) respectively. 

That is, 

(.sector EDH) : {EDK) > Z LHE: Z DHE 

> (sector LHE) -.{sector DHE) 

> (sector EDH) : (sector AGB), 

from above. 

'i'lierefore tlie half segment EDK is less than the half 
.semicircle AGB, whence the semicircle ABC is greater than 
the segment DEF. 

We have already described the content of Zenodorus’s 
treatise (pp. 207-13, above) to which, so far as plane figures 
are concerned, Pappus added nothing except the above pro- 
position relating to segments of circles. 

Section (2). Comparison of volumes of soluls having their 
surfaces equal. Case of the sphere. 

The portion t)f Bot)k V dealing with solid hgures begins 
(p. 350. 20) with the statement that the philosophers who 
considered that the creator gave the universe the form of a 
sphere because that was the most beautiful of all shapes also 
asserted that the sphere is the gx'eatest of all solid figures 
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which have their surfaces equal ; this, however, they had not 
proved, nor could it be proved without a long investigation. 
Pappus himself does not attempt to prove that the sphere is 
greater than all solids with the same surface, but only that 
the sphere is greater than any of the five regular solids having 
the same surface (chap. 19) and also greater than either a cone 
or a cylinder of equal surface (chap. 20). 

Section (3). Digression on the semi-regrdar solids 
of Archimedes. 

He begins (chap. 19) with an account of the thirteen semi- 
regvlar solids discovered by Archimedes, which are contained 
by polygons all equilateral and all eijuiangular but not all 
similar (see pp, 98-101, above), and he shows how to determine 
the number of solid angles and the number of edges which 
they have respectively ; he then gives them the go-by for his 
present purpose because they are not completely regular ; still 
less does he compare the sphere with any irregular solid 
having an equal surface. 

The sphere is greater than any of the regular solids which 
has its surface equal to that of the sphere. 

The proof that the sphere is greater than any of the regular 
solids with surface equal to that of the sphere is the same as 
that given by Zenodorus. Let P be any one of the regular solids, 
S the sphere with surface equal to that of P. To prove that 
8>P. Inscribe in the solid a sphere s, and suppose that r is its 
radius. Then the surface of P is greater than the surface of s, 
and accordingly, if M is the radius of S, R > r. But the 
volume of S is equal to the cone with base equal to the surface 
of (S’, and therefore of P, and height equal to R ; and the volume 
of P is equal to the cone with base equal to the surface of P 
and height equal to r. Therefore, since R > r, volume of 8 > 
volume of P. 

Section (4). Proiwsitions on the li’nes of Archimedes, 

‘ On the Sphere and Cylinder ’. 

For the fact that the volume of a sphere is equal to the cone 
with base equal to the surface, and height equal to the radius. 
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of the sphere, Pappus quotes Archimedes, On the Sphere and 
Cylinder, but thinks proper to add a series of propositions 
(chaps. 20-43, pp. 362-410) on much the same lines as those of 
Archimedes and leading to the same results as Archimedes 
obtains for the surface of a segment of a sphere and of the whole 
sphere (Prop. 28), and for the volume of a sphere (Prop. 35). 
Prop. 86 (chap. 42) shows how to divide a sphere into two 
segments such that their surfaces are in a given ratio and 
Prop. 37 (chap. *43) proves that the volume as well as the 
surface of the cylinder circumscribing a sphere is times 
that of the sphere itself. 

Among the leminatic propositions in this section of the 
Book Props. 21, 22 may be mentioned. Prop. 21 proves that, 
if C, E be two points on the tangent at if to a semicircle such 
that CH = UE, and if CD, EF be drawn perpendicular to the 
diameter AB, then {CD + EF) CE = AB . DF\ Prop. 22 proves 
a like result where C, E are points on the semicircle, CD, EF 
are as before perpendicular to AB, and Ell is the chord of 
the circle subtending the arc which with CE makes up a semi- 
circle ; in this case {CD + EF) CE — EH . DF. Both results 
are easily seen to be the equivalent of the trigonometrical 
formula 


sin (a: + 1/) + sin {x—y) = 2 sin x cos y, 
or, if certain different angles be taken as x, y. 


sin X + sm y 
cos /y — cos. c 


= coi^{x-y). 


Section (5). Of regular soluis with surfaces equal, that ie 
greater which has more fares. 

Returning to the main problem of the Book, Pappus shows 
that, of the five regular solid figures assumed to have their 
surfaces equal, that is greater which has the more faces, so 
that the pyramid, the cube, the octahedron, the dodecahedron 
and the icosahedron of equal surface are, as regards solid 
content, in ascending order of magnitude (Props. 3>6-66). 
Pappus indicates (p. 410. 27) that ‘some of the ancients’ had 
worked out the proofs of these propositions by the analytical 
method; for himself, he will give a method of his own by 
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synthetical deduction, for which he claims that it is clearer 
and shorter. We have first propositions (with auxiliary 
lemmas) about the perpendiculars from the centre of the 
circumscribing sphere to a face of (a) the octahedron, (6) the 
icosahedron (Props. 39, 43), then the proposition that, if a 
dodecahedron and an icosahedron be inscribed in the same 
sphere, the same small circle in the sphere circumscribes both 
the pentagon of the dodecahedron and the triangle of the 
icosahedron (Prop. 48) ; this last is the proposition proved by 
Hypsicles in the so-called ‘ Book XIV of Euclid ’, Prop. 2, and 
Pappus gives two methods of proof, the second of which (chap. 
66) corresponds to that of Hypsicles. Prop. 49 proves that 
twelve of the regular pentagons inscribed in a circle ai-e together 
greater than twenty of the equilateral ti’iangles inscribed in 
the same circle. The final propositions proving that the cube 
is greater than the pyramid with the same surface, the octa- 
hedron greater than the cube, and so on, are Props. 52-6 
(chaps. 60-4). Of Pappus’s auxiliary propositioirs. Prop. 41 
is practically contained in Hypsicles’s Prop. 1, and Prop. 44 
in Hypsicles’s last lemma; but otherwise the exjx)sition is 
difterent. 


Book VI. 

On the contents of Book VI we can be brief. It is mainly 
astronomical, dealing with the treatises included in the so- 
called Little Astronomy, that is, the smaller astronomical 
treatises which were studied as an introduction to the great 
tiyntaxis of Ptolemy. The preface says that many of those 
who taught the Treamry of Astronomy, through a careless 
understanding of the propositions, added some things as being 
necessary and omitted others as unnecessary. Pappus mentions 
at this point an incorrect addition to Theodosius, Sphaerica, 
III. 6, an omission from Euclid’s Pkaemmena, Prop. 2, an 
inaccurate representation of Theodosius, On Days and Nights, 
Prop. 4, and the omission later of certain other things as 
bein^ unnecessary. His object is to put these mistakes 
right. Allusions are also found in the Book to Menelaus’s 
Sphaerica, e.g. the statement (p. 476. 16) that Menelaus in 
his Sphaerica called a spherical triangle rptrrXivpov, three-side. 
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The S'phxm'ica of Theodosius is dealt with at some length 
(chaps. 1 - 26 , Props. 1 - 27 ), and so are the theorems of 
Autolycus On the 'moving Sphere (chaps. 27 - 9 ), Theodosius 
On Days and Nights (chaps. 30 - 6 , Props. 29 - 38 ), Aristarchus 
On the sizes and distances of the Sun and Moon (chaps. 37 - 40 , 
including a proposition. Prop. 39 with two lemmas, which is 
corrupt at the end and is not really proved), Euclid’s Optics 
(chaps. 41 - 52 , Props. 42 - 54 ), and Euclid’s Phaehomena (chaps. 
53 - 60 , Props. 55 - 61 ). 

Problem arisi ng out of Euclid’s ‘ Optics ’. 

There is little in the Book of genei-al mathematical interest 
except the following propositions which occur in the .section on 
Euclid’s Optics. 

Two propositions are fundamental in solid geometry, 
namely : 

(tt) If from a point A above a plane AB be drawn perpen- 
dicular to the plane, and if from B a straight line BD be 
drawn perpendicular to any straight line EF in the plane, 
then will AD also be perpendicular to EF (Prop. 43 ). 

(/>) If from a point A above a plane A B be drawn to the plane 
but not at light angles to it, and AM lie drawn perpendicular 
to the plane (i.e. if BM be the orthogonal projection of BA on 
the plane), the angle ABM is the least of all the angles which 
AB makes with any straight lines through B, as BP, in the 
plane ; the angle ABP increases as BP moves away from BM 
on either side ; and, given any straight line BP making 
a certain angle with BA, only one other straight line in the 
plane will make the same angle with BA, namely a .straight 
line Bl^ on the other side of BM making the same angle with 
it that BP does (Prop. 44 ). 

These are the first of a series of lemmas leading up to the 
main problem, the investigation of the apparent form of 
a circle as seen from a point outside its plane. In Prop. 50 
(= Euclid, Optics, 34 ) Pappus proves the fact that all the 
diameters of the cii’cle will appear equal if the straight line 
drawn from the point repre.senting the eye to the centre of 
the circle is either (a) at right angles to the plane of the circle 
or (6), if not at right angles to the plane of the circle, is equal 
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in length to the radius of the circle. In all other cases 
(Prop. 51 = Eucl, Optics, 35) the diameters will appear unequal. 
Pappus’s other propositions carry farther Euclid’s remark 
that the circle seen under these conditions will appear 
deformed or distorted {napeavaa-pivoi), proving (Prop. 53, 
pp. 588-92) that the apparent form will be an ellipse with its 
centre not, ‘as some think’, at the centre of the circle but 
at another point in it, determined in this way. Given a circle 
ABDE with centre 0, let the eye be at a point F above the 
plane of the circle such that FO is neither perpendicular 
to that plane nor equal to the radius of the circle. Draw FG 
perpendicular to the plane of the circle and let ADG be the 
diameter through G. Join AF, DF, and bisect the angle AFD 
by the straight line FC meeting AD in G. Through C draw 
BE perpendicular to AD, and let the tangents at B, E meet 
AG produced in K. Then Pappus proves that G (not 0) is the 
centre of the apparent ellipse, that AD, BE are its major and 
minor axes respectively, that the ordinates to AD are parallel 
to BE both really and apparently, and that the ordinates to 
BE will pass through K but will appear to be parallel to AD. 
Thus in the figure, G being the centre of the apparent ellipse. 


F 



it is proved that, if LGM is any straight line through G, LG is 
apparently equal to GM (it is practically assumed — a proposi- 
tion proved later in Book VII, Prop. 156 — that, if LK meet 
the circle again in P, and if PM be drawn perpendicular to 
AD to meet the circle again in M, LM passes through G). 
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The test of apparent equality is of course that the two straight 
lines should subtend equal angles at F. 

The main points in the proof are these. The plane through 
CF, CK is perpendicular to the planes BFE, PFM and LFR ; 
hence OF is perpendicular to BE, QF to PM and HF to LR, 
whence BG and GE subtend equal angles F\ so do LH, HR, 
and PQ, QM. 

Since FG bisects the angle AFD, and AC : CD = AK: KD 
(by the polar property), /LGFK is a right angle. And GF is 
the intei'section of two planes at right angles, namely AFK 
and BFE, in the former of which FK lies; therefore KF is 
perpendicular to the plane BFE, and therefore to FN. Since 
therefore (by the polar property) LN : NP = LK : KP, it 
follows that the angle LFP is bisected by FX; hence LN, NP 
are apparently equal. 

Again LG : GM = LN:NP = LF: FP = LF: FM. 

Therefore the angles LFG, GFM are equal, and LG, CM 
are apparently equal. 

Lastly LR:PM=LK:KP=LN:NP=^LF:FP-, therefore 
the isosceles triangles FLR, FPM are equiangular; there- 
fore the angles PF^I, LFR, and consequently PFQ, LFH, are 
equal. Hence LP, RM will appear to be parallel to AD. 

We have, based on this proposition, an easy method of 
solving Pappus’s final problem (Prop. 54). ‘ Given a circle 

ABDE and any point within it, to find outside the plane of 
the circle a point from which the circle will have the appear- 
ance of an ellipse with centre G.’ 

We have only to produce the diameter AD through C to the 
pole K of the chord BE perpendicular to AD and then, in 
the plane through AK perpendicular to the plane of the circle, 
to describe a semicircle on GK as diameter. Any point F on 
this semicircle satisfies the condition. 

Book VII. On the ‘ Treasury of A nalyais ’. 

Book VII is of much greater importance, since it gives an 
account of the books forming what was called the Treasury of 
Analysis {dvaXvoy^voi t^tto;) and, as regards those of the books 
which are now lost. Pappus's account, with the hints derivable 
from the large collection of lemmas supplied by him to each 
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book, practically constitutes our only source of information. 
The Book begins (p. 634) with a definition of a'oalysis and 
byrithesis which, as being the most elaborate Greek utterance 
on the subject, deserves to be quoted in full. 

‘The so-called ’AuaXvo/ievoi is, to put it shortly, a special 
body of doctrine provided for the use of those who, after 
finishing the ordinary Elements, are desirous of acquiring the 
power of solving problems whicli may be set them involving 
(the construction of) lines, and it is useful for this alone. It is 
the work of three men, Euclid the author of the Elements, 
Apollonius of Perga and Aristaeus the elder, and proceeds by 
way of analysis and synthesis.’ 


D^nition of Analysis and Synthesis. 

‘ Analysis, then, takes that which is sought as if it were 
admitted and passes from it through its successive conse- 
quences to something which is admitted as the result of 
synthesis: for in analysis we assume that which is sought 
as if it were already done (ycyoi/o?), and we inquire what it is 
from which this results, and again what is the antecedent 
cause of the latter, and so on, until by so retracing our steps 
we come upon something already known or belonging to the 
class of first principles, and such a method we call analysis 
as being solution backwards [dvdiraXiv X^uaiv). 

‘ But in synthesis, reversing the process, we take as already 
done that which was last arrived at in the analysis and, by 
arranging in their natural order as consequences what before 
were antecedents, and succes.sively connecting them one with 
another, we arrive finally at the construction of what was 
sought ; and this we call synthesis. 

‘ Now analysis is of two kinds, the one directed to searching 
for the truth and called theoretical, the other dii’ected to 
finding what we are told to find and called /jvoblematical. 

(1) In the theoretical kind we assume what is sought as if 
it were existent and true, after which we pass through its 
successive consequences, as if they too were true and established 
by virtue of our hypothesis, to something admitted: then 
(a), if that something admitted is true, that which is sought 
will also be true and the proof will correspond in the reverse 
order to the analysis, but (6), if we come upon something 
admittedly false, that which is sought will also be false. 

(2) In the jyrohlematical kind we assume that which is pro- 
pounded as if it were known, after which we pass through its 
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successive consequences, taking them as true, up to something 
admitted : if then (a) what is admitted is possible and obtain- 
able, that is, what mathematicians call given, what was 
originally proposed will also be possible, and the proof will 
again correspond in the reverse order to the analysis, but if (6) 
we come upon something admittedly impossible, the problem 
will also be impossible.’ 

This statement could hardly be improved upon except that 
it ought to be added that each step in the chain of inference 
in the analysis must be unconditionally convertible] that is, 
when in the analysis we say that, if A is true, B is true, 
we must be sure that each statement is a necessary conse- 
quence of the other, so that the truth of A equally follows 
from the truth of B. This, however, is almost implied by 
Pappus when he says that we inquire, not what it is (namely 
B) which follows from A, but what it is (B) from which A 
follows, and so on. 


List of works in the ‘ Treasury of Analysis 

Pappus adds a list, in order, of the books forming the 
'AvahiVofiepos, namely ; 

‘ Euclid’s Data, one Book, Apollonius’s Cutting-off of a ratio, 
two Books, Cutting-off of an area, two Books, Determinate 
Section, two Books, Contacts, two Books, Euclid’s Porisms, 
three l^oks, Apollonius’s Imlinations or Vergings {vevaeis), 
two Books, the same author’s Plane Loci, two Books, and 
Conics, eight Books, Aristaeus’s Solid Loci, five Books, Euclid’s 
Surface-Loci, two Books, Eratosthenes’s On means, two Books. 
There are in all thirty-three Books, the contents of which up 
to the Conics of Apollonius I have set out for your considera- 
tion, including not only the number of the propositions, the 
diorismi and the eases dealt with in each Book, but also the 
lemmaA which are required; indeed I have not, to the best 
of my belief, omitted any question arising in the study of the 
Books in question.’ 

Description of the treatises. 

Then follows the short description of the contents of the 
various Books down to Apollonius’s Conics] no account is 
given of Aristaeus’s Solid Loci, Euclid’s Surface-Loci and 

uii.t D d 
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Eratosthenes’s On nbeans, nor are there any lemmas to these 
works except two on the Surface-Loci at the end of the Book. 

The contents of the various works, including those of the 
lost treatises so far as they can be gathered from Pappus, 
have been described in the chapters devoted to their authors, 
and need not be further referred to here, except for an 
addendmn to the account of Apollonius’s Conics which is 
remarkable. Pappus has been speaking of the ‘ locus with 
respect to three or four lines ’ (which is a conic), and proceeds 
to say (p. 678. 26) that we may in like manner have loci with 
reference to five or six or even more lines ; these had not up 
to his time become generally known, though the synthesis 
of one of them, not by any means the most obvious, had been 
worked out and its utility shown. Suppose that there are 
five or six lines, and that pj,^2. ih or Pr,> Vo 

are the lengths of straight lines drawn from a point to meet 
the five or six at given angles, then, if in the first case 
ViVilh — ^ViVo^ (where X is a constant ratio and a a given 
length), and in the second case Pi 'ihPo = ^PiPoP6> locus 
of the point is in each case a certain curve given in position. 
The relation could not be expressed in the same form if 
there were more lines than six, because there are only three 
dimensions in geometry, although certain recent writers had 
allowed themselves to speak of a I’ectangle multiplied by 
a square or a rectangle without giving any intelligible idea of 
what they meant by such a thing (is Pappus here alluding to 
Heron’s proof of the formula for* the area of a triangle in 
terms of its sides given on pp. 322-3, above ?). But the system 
of compounded, ratios enables it to be expressed for any 

number of lines thus, ^ (or ^ = A. Pappus 

/>2 2 h a \ 'Pn^ 

proceeds in language not very clear (p. 680. 30) ; but the gist 
seems to be that the investigation of these curves had not 
attracted men of light and leading, as, for instance, the old 
geometers and the best writers. Yet there were other impor- 
tant discoveries still remaining to be made. For himself, he 
noticed that every one in his day was occupied with the elements, 
the first principles and the natural origin of the subject- 
matter of investigation ; ashamed to pursue such topics, he had 
himself proved propositions of much more importance and 
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utility. In justification of this statement and ‘ in order that 
he may not appear empty-handed when leaving the subject 
he wijl present his readers with the following. 

(Ant'kipation of Guldin’s Theorem.) 

The enunciations are not very clearly worded, but there 
is no doubt as to the sense. 

‘ Figures generated by a complete revolution of a plane figure 
about an axis are in a ratio compounded (1) of the ratio 
of the areas of the figures, and {2) of the ratio of the straight 
lines similarly draivn to {i.e. drawn to meet at the same angles) 
the axes of rotation from the respective centres of gravity. 
Figures generated by iiuomplete revolutions are in the ratio 
co^npHmnded (1) of the ratio of the areas of the figures and 
(2) of the ratio of the arcs described by the centres of gravity 
of the respective figures, the latter ratio being itself compounded 

(a) of the ratio of the straight lines similarly drawn {from 
the respective centres of gravity to the axes of rotation) and 

(b) of the ratio of the angles contained {i.e. described) about 
the axes of revolution by the extremities of the said straight 
lines {i.e. the centres of gravity).' 

Here, obviously, we have the essence of the celebrated 
theorem commonly attributed to P. Guldin (1577-1643)», 
‘quantitas rotunda in viam rotationis ducta producit Pote- 
statem Rotundam uno grado altiorem Potestate sive Quantitate 
Rotata 

Pappus adds that 

* these propositions, which are practically one, include any 
number of theorems of all sorts about curves, surfaces, and 
solids, all of which are proved at once by one demonstration, 
and include propositions both old and new, and in particular 
those proved in the twelfth Book of these Elements.’ 

Hultsch attributes the whole passage (pp. 680. 30-682. 20) 
to an interpolator, I do not know for what reason; but it 
seems to me that the propositions are quite beyond what 
could be expected from an interpolator, indeed I know of 
no Greek mathematician from Pappus’s day onward except 
Pappus himself who was capable of discovering such a pro- 
position. 

‘ Centroharyea, Lib. ii, chap, viii, Prop. 3. Viennae 1641. 

D d 3 
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If the passage is genuine, it seems to indicate, what is not 
elsewhere confirmed, that the Collection originally contained, 
or was intended to contain, twelve Books. 

Lemmas to the different treatises. 

After the description of the treatises forming the Treasury 
of Analysis come the collections of lemmas given by Pappus 
to .assist the student of each of the books (except Euclid’s 
Data) down to Apollonius’s Conics, with two isolated lemmas 
to the Surface-Loci of Euclid. It is difficult to give any 
summary or any general idea of these lemmas, because they 
are very numerous, extremely various, and often quite diffi- 
cult, requiring first-rate ability and full command of all the 
resources of pure geometry. Their number is also greatly 
increased by the addition of alternative proofs, often requiring 
lemmas of their own, and by the separate formulation of 
particular cases where by the use of algebi’a and conventions 
with regard to sign we can make one proposition cover all the 
cases. The style is admirably terse, often so condensed as to 
make the argument difficult to follow without some little 
filling-out; the hand is that of a master throughout. The 
only misfortune is that, the books elucidated being lost (except 
the Conics and the Cutting-off of a ratio of Apollonius), it is 
difficult, often impossible, to see the connexion of the lemmas 
with one another and the problems of the book to which they 
relate. In the circumstances, all that I can hope to do is to 
indicate the types of propositions included in the lemmas and, 
by way of illustration, now and then to give a proof where it 
is sufficiently out of the common. 

(a) Pappus begins with Lemmas to the Sectio rationis and 
Sectio spatii of Apollonius (Props. 1-21, pp. 684-704). The 
first two show how to divide a straight line in a given ratio, 
and how, given the first, second and fourth terms of a pro- 
portion between straight lines, to find the third term. The 
next section (Props. 3-12 and 16) shows how to manipulate 
relations between greater and less ratios by transforming 
them, e.g. componendo, convertendo, &c., in the same way 
as Euclid transforms equal ratios in Book V ; Prop. 16 proves 
that, according as a : 6 > or < c:d, ad > or < be. Props. 
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17-20 deal with three straight lines a, b, c in geometrical 
progi’ession, showing how to mark on a straight line containing 
u, b, c as segments (including the whole among ‘segments'), 
lengths equal to a + c + 2 n/(«c) ; the lengths are of course equal 
to a + c±2b I'espectively. These lemmas are preliminary to 
the problem (Prop. 21), Given two straight hues AB, BC 
[G lying between A and B), to find a point D on BA produced 
such that BD-.DA = GD-.{AB+'BG-2 s/ABTBC). This is, 
of course, equivalent to the quadratic equation {a + x):x 
= (a — c + x):(a + c — 2Vac), and, after marking off along 
AD equal to the fourth term of this proportion, Pappus solves 
the equation in the usual way by application of areas. 

{(i) Lemmas to the ‘ Determinate Section ’ of Apollonivs. 

The next set of Lemmas (Props. 22-64, pp. 704-70) belongs 
to the Detei'minate Section of Apollonius. As we have seen 
(pp. 180-1, above), this work seems to have amounted to 
a 'Theo'i'y of Involution. Whether the application of certain 
of Pappus’s lemmas corresponded to the conjecture of Zeuthen 
or not, we have at all events in this set of lemmas some 
remarkable applications of ‘ geometrical algebra ’. They may 
be divided into groups as follows 

I. Props. 22, 25, 29 

If in the figure AD. DC = BD . DE, then 
BD: DE = AB.BG: AE . EC. 

A q D E B 

The proofs by proportions are not difficult. Prop. 29 is an 
alternative proof by means of Prop. 26 (see below). The 
algebraic equivalent may be expressed thus : if aa; = by, then 
6 _ {a + b){b+x) 

y~ {<^+y) {^+y) 

II. Props. 30, 32, 34. 

if in the same figure AD . DE = BD . DC, then 
BD:DC = AB.BE:EC.CA. 
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Props. 32, 34 are alternative proofs based on other lemmas 

(Props. 31, 33 respectively). The algebraic equivalent may be 

i A j XU •« A ^ (a + b)(b-x) 

stated thus : it ax = by, then - = r-7 • 

^ y (® + 2/)(a-2/) 


III. Props. 35, 36. 

If AB.BE=GB. BD, then AB:BE=DA. ACiCE. ED, 
and CB : BD = AG . GE : AD . DE, results equivalent to the 
following : if cwc = by, then 


a _ (a~y) (a — b) b _ (a—b) (b — x) 

X ~ (b-x) (y-x) y~ (a-y) (y-x) 

IV. Props. 23, 24, 31, 57, 58. 




B 


C E D 

-• 1 • 


If AB = GD, and E is any point in GD, 

AG.GD = AE . ED + BE . EG, 

and similar formulae hold for other positions of E. If E i.s 
between B and G, AG.GD = AE,ED—BE.E(J‘, and if E 
is on AD produced, BE. EG = AE.ED + BD . DG. 

V. A small group of propositions relate to a triangle ABG 
with two straight lines A D, AE drawn from the vertex A to 
points on the base BG in accordance with one or other of the 
conditions (a) that the angles BAG, DAE are supplementary, 
(b) that the angles BAE, DAG are botli right angles or, as we 



may add from Book VI, Prop. 12, (c) that the angles BAD, 
EAG are Bqual. The theorems are : 

In case (a) BG.GD: BE . ED = GA ^ : AE^ 

(b) BG.GEiBD. DE = GA ‘^ : A D'\ 

(c) DG . CE : EB . BD = AG '^ ; AB\ 
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Two proofs are given of the first theorem. We will give the 
first (Prop. 26) because it is a case of theoretical analysis 
followed by synthesis. Describe a circle about ABB : produce 
EA, CA to meet the circle again in F, G, and join BF, FG. 

Substituting GC . CA for BC . CD and FE . EA for BE. ED, 
we have to inquire whether GC . CA : CA^ = FE . EA : AE^, 

i.e. whether GC-.CA = FE:EA, 

i.e. whether GA : AG = FA : AE, 

i.e. whether the triangles GAF, CAE are similar or, in other 
words, whether GF is parallel to BC. 

But GF is parallel to BC, because, the angles BAG, DAE 
being supplementary, Z DAE = Z GAB = Z GFB, while at the 
same time Z DAE = suppt. of Z FAD = Z FBD. 

The synthesis is obvious. 

An alternative proof (Prop. 27) dispenses with the circle, 
and only requires EKIi to be drawn parallel to GA to meet 
AB, AD in //, K. 

Similarly (Prop. 28) for case (h) it is only necessary to draw 
FG through D parallel to A(t meeting BA in F anil AE 
produced in G. 



Then, A FAG, A ADF (= ABAC) being both right angles, 
FD . DG = DA\ 

Therefore CA^ : AD^ = CA^ :FD.DG = {CA : FD) . (GA : DG) 

= {BC.BD).{CE:DE) 
= BC.CE:BD.DE. 

In case (c) a circle is circumscribed to ADE cutting AB in F 
and AG in G. Then, since Z FAD = Z GAE, the arcs DF, EG 
are equal and therefore FG is parallel to DE. The pi'oof is 
like that of case (a). 
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VI. Props. 37, 38. 

If AB : BO = AD^ : DG'^, whether AB be greater or less 
than AD, then 

AB.BG=BD\ 

[E in the 'figure is a point such that ED = (7i).] 

A (E) S S I 

C_B D (g) 


The algebraical equivalent is: If ^ ac=h^. 

These lemmas are subsidiary to the next (Props. 39, 40), 
being used in the first proofs of them. 

Props. 39, 40 prove the following : 

If AGDEB be a straight line, and if 

BA . AE: BD.DE = AC ‘^ : CD\ 
then AB.BD:AE.ED= BC ^ : CE ^ ; 

if, again, AG. OB : AE. EB = GD ^ : DE‘\ 

then EA.AG-.GB.BE=AD^:DB\ 


If AB = a, BC = h, BD = c, BE — d, the algebraic equiva- 
lents are the following. 

Tf tec _ _ . 

c{c-d) ~ {h-cf' (a-d){c-d)~ {b-df’ 


and if 


(a — b)h _ (b — c)'^ 
{a—d)d~ {c — d)'^’ 


then 


(a—d) (a—b) __ {a—cY 

U “ 


VII. Props. 41, 42, 43. 

If AD.DG = BD.DE, suppose that in Figures (1) and (2) 


(1) g___A <; D E B 

(2) A E O C B 

, I I » 

(3) A E B C D 


k = AE+GB, and in Figure (3) k = AE—BG, then 
k.AD = BA.AE, k.GD = BG.GE, k.BD = AB.BG, 

k.DE=AE.EG. 
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The algebraical equivalents for Figures (1) and (2) re- 
spectively may be written (if u = AD, b — DC, c = BD, 
d = DE ) : 

If ab = cd, then (a±d + c±b) a = (a+c) {a±d), 

(a±d + c±b) b = (c ±b) (b + d), 

{a±d + c±b) c — (e + a) {c±b), 

(tt + </ "h c + fc) d — (tt Hh (?) {d 6). 

Figure (3) gives other varieties of sign. Troubles about 
sign can be avoided by measuring all lengths in one direction 
from an origin 0 outside the line. Thus, if OA = a, OB = b, 
&c,, the proposition may be as follows : 

If {d—a){d—c) = {b — d){e — d) and k — e—a + b—c, 

then k{d~a) = {b—a){e—a), k{d—c) = {b—c)(e—c), 

k{b~d) = (b—a)(b—c) and k(e—d) = (e— a)(e— c). 

VIII. PropvS. 46-56. 

More generally, if AD . DC = BD.DE and k = AE±^BC, 
then, if F be any point on the line, we have, according to the 
position of F in relation to .4, i?, C, D, E, 

+ AF. FC± EF. FB = k. DF. 

Algebraically, if OA = a, OB = 6 ... OF = x, the equivalent 
is: If ((? — tt) ((?— c) = (6— (?) (6 — (i), and k = {e~a) + {b—c), 

then {x — a){x—c) + {x — e) (b — x) = k {x — d). 

By making x = a, b, c, c successively in this equation, we 
obtain the results of Props. 41-3 above. 

IX. Props. 69-64. 

In this group Props. 69, 60, 63 are lemmas required for the 
remarkable propositions (61, 62, 64) in which Pappus investi- 
gates ‘ singular and minimum ’ values of the ratio 

AP. PD: BP. PC, 

where {A, D), {B, C) are point-pairs on a straight line and P 
is another point on the straight line. He finds, not only when 
the ratio has the ' singular and minimum (or maximum) ’ value. 
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T)ut also what the value is, for three diflferent positions of P in 
relation to the four given points. 

I will give, as an illustration, the first case, on account of its 
elegance. It depends on the following Lemma. AEB being 
a semicircle on AR as diametei*, G, J) any two points on AB, 
and CE, DF being perpendicular to AB, let EF be joined and 



produced, and let BG be drawn perpendicular to EG. To 
prove that 

CB.BD^BG\ (1) 

AC. DB=FG‘\ (2) 

AD. BC = EG\ (3) 

Join GC, GD, FB, EB, AF. 

(1) Since the angles at G, D are right, F, G, B, I) arc concyclic. 
Similarly E, G, B, C are concyclic. 

Therefore 

IBGD = IBFI) 

= Z FAB 

= Z FEB, in the same segment of the semicircle, 

= Z GCB, in the same segment of the circle EGBC. 

And the triangles GCB, DGB also have the angle, CBG 
common ; thei’cfore they ai’e similar, and CB : BG = BG : BD, 

or CB . Bl) — B(P. 

(2) We have AB . BD = BF ^ ; 

therefore, by subtraction, AV . DB = BF'^—BG'^ — FG'^. 

(3) Similarly AB . BC = BE'^] 

therefore, by subtraction, from the same result (1), 

AD. BG= BE^- BG'^ = EG\ 

Thus the lemma gives an extremely elegant construction for 
squares equal to each of the three rectangles. 
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Now suppose {A, D), (B, C) to be two point-pairs on a 
straight line, and let P, another point on it, be determined by 
the relation 

AB.BD:AC.CD = BF ^ : CP ^ ; 

then, says Pappus, the ratio AP . PD : BP . PC is singular and 
a minimum, and is equal to 

AD'^ :{ VAGTBD - VAB . CD)\ 

On AD as diameter draw a circle, and draw BF, CG perpen- 
dicular to AD on opposite sides. 



Then, by hypothesis, A B . BD : AC . CD = BP - : VF ^ ; 
therefore BF'^ ; CG'^ = BP- : CP^. 

or BF-.CG = BP.CP, 

whence the triangles FBP, GCP are similar and therefore 
e(|uiangular. so that FPG is a straight line. 

Produce G( ' to meet the circle in II, join FIJ, and draw DK 
perpt'iidicular to FH produced. Draw the diameter FL and 
join LIL 

Now, by the lemma, FK'‘ — AC .BI), and HK^ — AB^.CD ; 
therefore FH = FK - UK = ^/{AC . BD) - s/(AB . CD). 

Since, in the tinangles FHL, PCG, the angles at H, C are 
right and Z FIJI = Z PGC, the triangles are similar, and 

GP : PC = FL : Fll = AD : FH 

= AD: { V{AC . BD) - V(AB . CD}}. 
GP:PC= FP:PB- 
GP'^ PC- = FP . PG : BP . PC 
^AP.PD.BP.PC. 


But 

therefore 
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Therefore 

AP.PD:BP.PG=^Aiy^:{ V{AG . BD) - V{AB . GD) YK 

The proofs of Props. 62 and 64 are different, the former 
being long and involved. The results are : 

Prop. 62. If P is between G and D, and 

AD ,DB:AG .GB = DP^: PG\ 

then the ratio AP . PB : GP . PD is singular and a minimum 
and is equal to { -/ {AG . BD) + \/ {AD . BG) : DG^. 

Prop. 64. If P is on Ail produced, and 

AB . BD ; AG.GD = BP ^ ; CF\ 

then the ratio AP . PD : BP . PC is singular and a maximum, 
and is equal to AD^ : { {AG . BD) + V{AB. GD) }“•*. 

(y) Lemmon on the Nevaets of Apollonius. 

After a few easy propositions (e.g. the equivalent of the 
proposition that, if oa? + a* = + 2/*^, then, according as a > 

or < h, a+x > or < h + y), Pappus gives (Prop. 70) the 
lemma leading to the solution of the vfvais with regard to 
the rhombus (see pp. 190-2, above), and after that the solu- 
tion by one Heraclitus of the same problem with respect to 
a square (Props. 71, 72, pp. 780-4). The problem is, Given, a 
square ABGD, to draw through B a straight line, meeting GD 
in H and AD 'produced in E, such that HE is e<juul to a given 
le'ngth. 

The solution depends on a lemma to the effect that, if any 
straight line BHE through B meets GD in U and AD pro- 



B C G F 


duced in E, and if EF be drawp perpendicular to BE meeting 
BG produced in F, then 

GF‘^^BG'^-\-HE'K 
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Draw EO perpendicular to BF. 

Then the triangles BCH, EOF are similar and (since 
BC = EO) equal in all respects ; therefore EF = BH. 

Now BF^ = BE‘^ + EF\ 

or BC . BF+ BF . FC = BH.BE+BE. EH+ EF\ 

But, the angles HCF, HEF being right, H, G, F, E are 
concyclic, and BG . BF = BH . BE. 

Therefore, by subtraction, 

BF.FG= BE.EH+EF^ 

= BE .EH+BIH 
= BH .HE+EH^ + BH^ 

= EB.BH+EH^ 

= FB.BC+EHK 

Taking away the common part, BG . CF, we have 
CF-^ = BG^ + EH\ 

Now suppose that we have to draw BHE through B in 
such a way that HE = k. Since BC, EH are both given, we 
have only to determine a length x such that a? = BG^ + k^, 
produce BC to F so that CF = x, draw a semicircle on BF as 
diameter, produce AD to meet the semicircle in E, and join 
BE. BE is thus the straight line required. 

Prop. 7.3 (pp. 784-6) proves that, if D be the middle point 
of BG, the base of an isosceles triangle ABC, then BC is the 
shortest of all the sti'aight lines tlu'ough 1) terminated by 
the straight lines AB, AC, and the nearer to BC is shorter than 
the more remote. 

There follows a considerable collection of lemmas mostly 
showing the equality of certain intercepts made on straight 
lines through one extremity of the diameter of one of two 
semicircles having their diameters in a straight line, either 
one including or partly including the other, or wholly ex- 
ternal to one another, on the same or opposite sides of the 
diameter. 
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I need only draw two figures by way of illustration. 

In the first figure (Prop. 83), ABC, DEF being the semi- 
circles, BEKG is any straight line through G cutting both ; 
FG is made equal to AD ; AB is joined ; OH is drawn per- 
pendicular to BK produced. It is required to prove that 



BE = KH. (This is obvioirs when from L, the centre of the 
semicircle DEF, LM is drawn perpendicular to BK.) H E,K 
coincide in the point M' of the semicircle so that B'GIK is 
a tangent, then B'M' =■ M'H' (Props. 83, 84). 

In the second figure (Prop. 91) D is the centre of the 
semicircle ABG and is also the extremity of the diameter 
of the semicircle DEF. If BEOF be any straight line through 



Fig. 2. 

F cutting both semicircles, BE = EG. This is clear, since DE 
is perpendicular to BO. 

The only problem of any difficulty in this section is Prop. 
86 (p. 796). Given a semicircle ABG on the diameter AG 
and a point D on the diameter, to draw a semicircle passing 
through D and having its diameter along DG such that, if 
GEB be drawn touching it at E and meeting the semicircle 
ABG in B, BE shall be equal to AD. 
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Tlift problem is i-educed to a problem contained in Apollo- 
nius’s Determinate Section thus. 

Suppose the problem solved by the semicircle DEF, BE 
being equal to AD. Join E to the centre G of the semicircle 



DEF. Pi’oduce DA to U, making IIA equal to AD. Let K 
be the middle point of Dd 

Since the triangles ABC, GEG are similar, 

A(d : GG'^ = BE '^ : EV- 

= AD'‘‘\ EC'^, by hypothesis, 

= AD^-.GC-- DG'^ (since DG = GE) 

= AG^-AD'^ : DG'^ 

= HG.DG:DG-^ 

= HG : DG. 

Therefore 

IIG ; DG = AD ^ : GC^-DG^ 

= AD^:2Dr.GK. 

Take a straight lim; L such that AD- = L . 2 DC\ 
therefore IIG : DG = L : GK, 

or HG . GK = L . DG. 

Therefore, given the two straight lines HD, DK (or the 
three points H, D, K on a straight line), we have to find 
a point G between D and K such that 

HG.GK = L.DG, 

which is the second e'fitagma of the third Problem in the 
Determinate Section of Apollonius, and therefore may be 
taken as solved. (The problem is the equivalent of the 
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solution of a certain quadratic equation.) Pappus observes 
that the problem is always possible (requires no Siopia/ios), 
and proves that it has only one solution. 

(5) Lemmas on the treatise ‘ On contacts ’ hy Apollonius. 

These lemmas are all pretty obvious except two, which are 
important, one belonging to Book I of the treatise, and the other 
to Book II. The two lemmas in question have already been set 
out A propos of the treatise of Apollonius (see pp. 182-5, above). 
As, however, there are several cases of the first (Pi’ops. 105, 
107, 108, 109), one case (Prop. 108, pp. 836-8), different froln 
that before given, may be put down here : Given a circle and 
two points D, E within it, to dratv straight lines through D, E 
to a point A on the circumference in such a way that, if they 
meet the circle again in B, C, BG shall be parallel to DE. 

We proceed by analysis. Suppose the problem solved and 
DA, EA drawn (‘ inflected ’) to A in such a way that, if AD, 

AE meet the circle again in B, C, 
BC is parallel to DE. 

Draw the tangent at B meeting 
ED produced in F. 

Then Z FBD = Z AGB = AAED-, 

therefore A, E, B, F are concyclic, 
and consequently 

FD.DE= AD.DB. 

But the rectangle AD . DB is given, since it depends only 
on the position of D in relation to the circle, and the circle 
is given. 

Therefore the rectangle FD . DE is given. 

And DE is given ; therefore FD is given, and therefore F. 

If follows that the tangent FB is given in position, and 
therefore B is given. Therefore BDA is given and conse- 
quently AE also. 

To solve the problem, therefore, we merely take F on ED 
produced such that FD . DE = the given rectangle made by 
the segments of any chord through D, draw the tangent FB, 
join BD and produce it to A, and lastly draw AE through to 
C ; BG is then parallel to DE. 



THE mLlEGTION. BOOK VIT 


417 


The other problem (Prop. 117, pp. 848-50) is, as we have 
seen, equivalent to the following: Given a circle and three 
2 xnnt 8 D, E, F in a straight line external to it, to inscribe in 
the circle a triangle ABC such that its sides pass severally 
through the three points D, E, F. For the solution, see 
pp. 182-4, above. 

(e) The Lemmas to the Plane Loci of Apollonius (Props. 
119-26, pp. 852-64) are mostly propositions in geometrical 
algebra woi*ked out by the methods of Eucl., Books 11 and VI. 
We may mention the following : 

Prop. 122 is the well-known proposition that, if D be the 
middle point of the side BG in a triangle ABC, 

BA^ + AG^= 2{AD^+DG^). 

Props. 123 and 124 are two cases of the same proposition, 
the enunciation being marked by an expression which is also 
found in Euclid’s Data, Let AB : BG be a given ratio, and 

A DEC B 

A 0 C B E 


let the rectangle CA .AD lie given; then, if BE is a mean 
proportional between DB, BG, ‘the square on AE \s greater 
by the rectangle GA . AD than in the ratio of AB to BG to the 
square on EG\ by which is meant that 

A B 

AE-^ = GA.AD-\- j~.EC\ 


or {AE^--GA.AD)-.EG^ = AB.BG. 

The algebraical equivalent may be expressed thus (if AB=a, 
BG = b, AD = c, BE = a) : 

(xTb)'^ 1) 

Prop. 125 is remarkable : If C, D be two points on a straight 
line AB, 

AD^+^‘ DB^ = AG^+AG.GB+^‘ GD\ 


If 


X 


= y/{a—c)h, then 
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This is equivalent to the general relation between four 
points on a straight line discovered by Simson and therefore 
wrongly known as Stewart’s theorem : 

AD^ . BG+£D ^ . GA + CD^ . AB + BG .CA . AB = 0. 

(Simson discovered this theorem for the more genei’al case 
where D is a point outside the line ABG.) 

An algebraical equivalent is the identity 

{(I — a)^ (6 — <■) + {d — hf (r — a) + {d — e)'^ (a — h) 

+ {b—e) (c — d) (a—b) = 0. 

Pappus’s proof of the last-mentioned lemma is perhaps 
worth giving. 


A 


F 



G, D being two points on the straight line AB, take the 
point F on it such that 

FD:DB = AG.GB. (1) 

Then FB .BD^AB : BG, 

and {AB- FB ) : {BG- BD) = AB : BG, 

or AF:GD = AB.BG, 

and therefore 

AF.GD:GD^ = AB.BG. (2) 

From (1) we derive 


and from (2) 


GB 

BG 


. DF^ = FD . DB, 

GIF = AF, GB. 


We have 'now to prove that 

AD'^ + BD .DF= AG^ + AG .GB + AF . GB, 
or AB^ + BB . BF = GA . AB + AF. CD, 
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i.e. (if DA . il(7 be subtracted from each side) 
that AD .DG + FD.DB = AG.DB + AF.CD, 
i.e. (if CD be subtracted from each side) 
that FD .DC-\-FD .DB = AC . DB, 

or FD.CB = AC.DB: 

wliich is true, since, by (1) above, FD : DB = AC : CB. 

{Q Lemmas io the 'Porisms' of Eudid. 

The 38 Lemmas to the Porlsms of Euclid form an important 
collection which, of course, has l)een included in one form or 
other in the ‘ re.storations ’ of the orij^inal treatise. Chasles ' 
in particular {(ives a classification of them, and we cannot 
do better than use it in this place : ‘ 23 of the Lemmas relate 
to rectilineal figures, 7 refer to the harmonic ratio of four 
points, and 8 have reference to the circle. 

‘ Of the 23 relating to rectilineal figures, 6 <leal with the 
quadiilateral cut by a transversal; 6 with the equality of 
the anharmonic ratios of two systems of four points arising 
from the intersections of four straight lines issuing from 
one point with two other straight lines ; 4 may be regarded as 
expressing a property of the hexagon inscribed in two straight 
lines; 2 give the relation between the areas of two triangles 
which have two angles ecjual or supplementary ; 4 others refer 
to certain systems of straight lines; and the last is a case 
of the problem of the Cutting-off of an area.' 

The lemmas relating to the quadrilateral and the transversal 
are 1, 2, 4, 5, 6 and 7 (Props. 127, 128, 130, 131, 132, 133), 
Prop. 130 is a general proposition about any transversal 



whatever, and is equivalent to one of the equations by which 
we express the involution of six points. If A, A'; B, B'; 
C, C' be the points in which the transversal meets the pairs of 

’ Charles, Les tixtis livivs de Ponsmea d'Euclide, Paris, 1860, pp. 74 sq. 
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opposite sides and the two diagonals respectively, Pappus’s 
residt is equivalent to 

_ GA 

A'B'TBG' ~ (TA' ‘ 

Props. 127, 128 are particular cases in which the transversal 
is parallel to a side; in Prop. 131 the transversal passes 
through the points of concourse of opposite sides, and the 
result is equivalent to the fact that the two diagonals divide 
into proportional parts the straight line joining the points of 
concourse of opposite sides: Prop. 132 is the paidicular case 
of Prop. 131 in which the line joining the points of concourse 
of opposite sides is parallel to a diagonal; in Prop. 133 the 
transversal passes through one only of the points of concourse 
of opposite sides and is parallel to a diagonal, the result being 
0A2 = CB . GB\ 

Props. 129, 136, 137, 140, 142, 145 (Lemmas 3, 10, 11, 14, 16, 
19) establish the equality of the anharmonic ratios which 
four straight lines issuing from a point determine on two 
transversals ; but both transversals are supposed to be drawn 
from the same point on one of the four straight lines. Let 



AB, AC, AD he cut by transversals II BCD, HEFO. It is 
required to prove that 

HE.FQ HB.GD 
HO.EF~>HD.BC' 

Pappus gives (Prop. 129) two methods of proof which are 
practically equivalent. The following is the proof ‘by com- 
pound ratios ’. 

Draw HK parallel to A F meeting DA and AE produced 
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in K, L \ and draw LM parallel to AD meeting GH pro- 
duced in M. 


Then 


HE . FG _ HE FG _ LH AF _ LU 
EG . EF~ EF ' EG ~ AF ‘ EK ~ EK ' 


In exactly the same way, if DE produced meets LM in M' 
we prove that 


Therefore 


EB . CD _ LE 
HD.BG~ EK' 
EE.FG __ EB.CD 
EG.EF~ ED.BC' 


(The proposition is proved for EBCD and any other trans- 
versal not passing through E by applying our proposition 
twice, as usual.) 

Props. 136 , 142 are the reciprocal; Prop. 137 is a particular 
case in which One of the transversals is parallel to one of the 
straight lines. Prop. 140 a reciprocal of Prop. 137 , Prop. 145 
another case of Prop. 129 . 

The Lemmas 12 , 13 , 15 , 17 (Props. 138 , 139 , 141 , 143 ) are 
e(juivalent to the property of the hexagon inscribed in two 
straight lines, viz. that, if the vertices of a hexagon are 
situate, three and three, on two straight lines, the points of 
concourse of opposite sides are in a straight line ; in Props. 
138 , 141 the straight lines are parallel, in Props. 139 , 143 not 
parallel. 

Lemmas 20, 21 (Props. 146 , 147 ) prove that, when one angle 
of one triangle is equal or supplementary to one angle of 
another triangle, the areas of the triangles are in the ratios 
of the rectangles contained by the sides containing the ec^ual 
or supplementary angles. 

The seven Lemmas 22 , 23 , 24 , 25 , 26 , 27 , 34 (Props. 148-53 
and 160 ) are propositions relating to the segments of a straight 
line on which two iutermetliate points are marked. Thus : 

Props. 148 , 150 , 

If 0, D be two points on AB, then 
(tt) ii 2 AB. CD = CB\ AD^ = AC^ + Dm ; 


A C D B 

I I . I 


(6) if 2AC.BD = CD'\ AB^ = AD^ + GBK 
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Props. 149, 151. 

If AB.BG=: BD\ 

then {AD ± DC) BD = AD . DC, 

iAD±DC)BG= DG\ 

A C 8 p 

A 5 S ? 

and {AD±DG)BA = AD'^. 

Props. 152, 153. 

If AB:BG= A D^: DG\ then AR . RC' = BD'K 
A S ? 

ADC B 

Prop. 160. 

If AB ; BG=AD : DG, then, if A’ be tlie middle point of AG, 
BE. ED = EG\ 

BD.DE= AD.DG, 

EB.BD ^AB.BG. 

A E D C B 

1 — ( 1 

The Lemmas about the circle include the harmonic proper- 
ties of the pole and polar, whether the pole is external to the 
circle (Prop. 154) or internal (Prop. 161). Prop. 155 is a 
problem, Given a segment of a circle on AB as base, to inflect 
straight lines AG, BG to the segment in a given ratio to one 
another. 

Prop. 156 is one which Pappus has already used earlier 
in the GMection. It proves that the straight lines drawn 
from the extremities of a chord {DE) to any point {F) of the 
circumference divide harmonically the diameter {AB) perpen- 
dicular to the chord. Or, if ED, FK be parallel chords, and 
EF, DK meet in G, and EK, DF in H, then 

AU:HB=^AG:GB. 
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Since AB bisects 1)E perpendicularly, {axcAE) — (arc J-H) 
and Z EFA = Z AFD, or AF bisects the angle EFD. 



Since the angle AFB is right, FB bisects AHFG, the supple- 
ment of Z EFD. 

Therefore (Eucl. VI. 3) GB : BH = GF .FH ^ GA : AH, 
and, alternately and inversely, AH : HB = AG : GB. 

Prop, 157 is remarkable in that (without any mention of 
a conic) it is pi’actically identical with Apollonius’s Coiiicts 
III. 15 about the foci of a central conic. Pappus’s theorem 
is as follows. Let AB ho the diameter of a semicircle, and 



fi’om A, B let two straight lines AE, BJ) be drawn at right 
angles to AB. Let any straight line DE meet the two perpen- 
dicular’s in D, E and the semicii’cle in F. Further, let FG be 
drawn at right angles to DE, meeting AB produced in G. 

It is to be proved that 

AG.GB^ AE.BD 

Since F, D, G, B are concyclic, Z BDG — Z BFG. 
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And, since AFB,EFG are both right angles, /.BFG—LAFE. 

But, since A, E, G, F are concyclic, LAFE = A AGE. 

Therefore Z BDG — LA GE ; 

and the right-angled triangles DBG, GAE are similar. 

Therefore AG'.AE=^BD \ GB, 

or AG.GB = AE.DB. 

In Apollonius G and the corresponding point G' on BA 
produced which is obtained by drawing F'G' perpendicular to 
ED (where DE meets the circle again in F') are the foci 
of a central conic (in this case a hyperbola), and DE is any 
tangent to the conic ; the rectangle AE . BD is of course equal 
to the square on half the conjugate axis. 

(t]) The Lemmas to the Conics of Apollonius (pp. 918-1004) 
do not call for any extended notice. There are a large number 
of propositions in geometrical algebra of the usual kind, 
relating to the segments of a straight line marked by a number 
of points on it ; propositions about lines divided into proi)or- 
tional segments and about similar figures; two propositions 
relating to the construction of a hyperbola (Props. 204, 206) 
and a proposition (208) proving that two hyperbolas with the 
same asymptotes do not meet one another. There are also 
two propositions (221, 222) equivalent to an obvious trigono- 


E' 


, 'I 



metrical formula. Let ABOD be a rectangle, and let any 
straight line through A meet DC produced in E and BC 
(produced if necessary) in F. 

Then EA . AF = ED . DC + CB . BF. 
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For EA"^ + AF^ = + 1)^=^ + ilB* + 


= ED^ + BC‘^ + CD^ + BFK 
Also EA^ + AF'^ = EF^ + 2EA.AF. 

Therefore 

2EA.AF= EA^ + AF‘^ - EF^ 

= ED'^ + BC'^ + CD-^ + BF^ - EF^ 

= {ED^ + cn^) + {BC^ + BF-) - EF'^ 

= EG'^ + 2 ED . DC + GF^ + 2CB. BF- EF- 
= 2ED.DG+2CB.BF; 
i.e. *EA .AF= ED . DC + CB . BF. 


This is equivalent to sec 6 cosec 6 = tan 6 + cot 6. 


The algebraical ec^uivalents of some of the results obtained 
by the usual geometrical algebra may be 'added. 

Props. 178, 179, 192-1. 

(tt + 2 6) tt + (6 + u! j — X) = ((t + 6 + a') (tt + 6 — x). 

Prop. 195. 4 a- = 2 { ( a — .r) (tt + u:) + (ct — y) (a + y) + + y * } . 

Prop. 196. 

(a + b — x)'-^ + {a + b + xy^ — (x — 6 )- + (x + b)'^ + 2 (tt + 26) a. 


Props. 197, 199, 198. 

If (x + y + Cl) ct + X" — (ti 4* x)“, ' 

or if (x + y + a) tt + X- = (a + yf, - 

or if {x + y~a)a + (x-a)- = y^, , 


then X = y. 


Pi’ops. 200, 201. If (« +6)x = 6^ then ^ uud 

tt 0 'JO 

(26 + tt)a = (tt + 6) (tt + 6 — x). 


Prop. 207 . If (tt + 6)6 = 2 tt“, then a = 6 . 

{6) The two Lemmas to the Surface-Loci of Euclid have 
already been mentioned as significant. The first has the 
appearance of being a general enunciation, such as Pappus 
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is fond of giving, to cover a class of propositions. The 
enunciation may be translated as follows : ‘ If A R be a straight 
line, and CD a straight line parallel to a straight line given in 
position, and if the ratio AD . DB : DG^ be given, the point G 
lies on a conic section. If now AB be no longer given in 
position, and the points A, B are no longer given but lie 
(respectively) on straight lines AE, EB given in position, the 
point G raised above (the plane containing AE, EB) lies on 
a surface given in position. And this was proved.’ Tannery 

was the first to explain this intelligibly ; 
and his interpretation only requires the 
very slight change in the text of sub- 
stituting ev6e(ais for evOeia in the phrase 
yivrjrai Se rrpbs Biau evBeia rats AE, EB. 
It is not clear whether, when AB ceases 
to be given in position, it is still given 
in length. If it is given in length and A, B move on the lines 
AE, EB respectively, the surface which is the locus of G is 
ft complicated one such as Euclid would hardly have been 
in a position to investigate. But two possible cases are 
indicated which he may have discussed, (1) that in which AB 
moves always parallel to itself and varies in length accord- 
ingly, (2) that in, which the two lines on which A, B move are 
parallel instead of meeting at a point. The loci in these two 
cases would of course be a cone and a cylinder respectively. 

The second Lemma is still more important, since it is the 
first statement on record of the focus-directrix property of 
the three conic sections. The proof, after Pappus, has been 
set out above (pp. 119-21). 

(<) An U'lbcdlocated Lemma. 

Book VII ends (pp. 1016-18) with a lemma which is not 
given under any particular treatise belonging to the Treasury 
of Analysis, but is simply called ‘ Lemma to the ’AvaXvopepos ’. 
If ABG be a triangle right-angled at B, and AB, BG be 
divided at F, G so that AF -.FB^BG : GG = AB : BG, and 
if AEG, GEF be joined and BE joined and produced to D, 
then shall BD be perpendicular to AG. 

The text is unsatisfactory, for there is a long interpolation 
containing an attempt at a proof by reductio ad absurdum ; 
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but the genuine proof is indicated, although it breaks off 
before it is quite complete. 

Since AF:FB=^BG.QC, 

AB:FB = BC:GG, 

or AB:BC=FB:GC. 

But, by hypothesis, A B : BC = BG : GC ; 

therefore BF = BG. 

From this point the proof apparently proceeded by analysis. 
‘ Suppose it done ’ (yeyot'lTO)), i.e. suppose the proposition true, 
and BED perpendicular to J.C^. 


B 



Then, by similarity of tx'iangles, AD : DB = AB : BC ; 

therefore AF:FB=AD:DB, and consequently the angle 
ADB is bisected by DF. 

Similarly the angle BDC is bisected by DG. 

Therefore each of the angles BDF, BDG is half a right 
angle, and consequently the angle FDG is a right angle. 
Therefore B, G, D, F are concyclic ; and, since the angles 

FDB, BDG are equal, FB = BG. 

This is of course the result above proved. 

Evidently the interpolator tried to clinch the argument by 
proving that the angle BDA could not be anything but a right 
angle. 


Book VIII. 

Book VIII of the Cdlection is mainly on mechanics, although 
it contains, in addition, some propositions of purely geometrical 
interest. 


428 


PAPPUS OF ALEXANDRIA 


Historical preface. 

It begins with an interesting preface on the claim of 
theoretical mechanics, as distinct from the merely practical 
or industrial, to be regarded as a mathematical subject. 
Archimedes, Pinion, Heron of Alexandria are referred to as 
the principal exponents of the science, while Carpus of Antioch 
is also mentioned as having applied geometry to ‘certain 
(practical) arts’. 

The date of Carpus is uncertain, though it is probable that 
he came after Geminus; the most likely date seems to be the 
first or second century A.u. Simplicius gives the authority of 
lamblichus for the statement that Carpus squared the circle 
by means of a certain curve, which he simply called a curve 
generated by a double motion.^ Proclus calls him ‘ Cai’pus the 
writer on mechanics (d /iij^^apiKos) ’, and quotes from a work of 
his on Astronomy some remarks about the relation between 
problems and theorems and the ‘priority in order’ of the 
former.* Proclus also mentions him as having held that an 
angle belongs to the category of quantity (irocroy), since it 
represents a sort of ‘ distance ’ between the two lines forming 
it, this distance being ‘extended one way’ (e^’ ey Siearm) 
though in a different sense from that in which a line represents 
extension one way, so that Carpus’s view appeared to be.‘ the 
greatest possible paradox ’ ; Carpus seems in reality to have 
been anticipating the modern view of an angle as representing 
divergeiwe rather than distance, and to have meant by k<f>’ %y 
in one sense (rotationally), as distinct from one way or in one 
dimension (linearly). 

Pappus tells us that Heron distinguished the logical, i.e. 
theoretical, part of mechanics from the practical or manual 
(XfipovpyiKoy), the former being made up of geometry, arith- 
metic, astronomy and physics, the latter of work in metal, 
architecture, carpentering and painting ; the man who had 
been trained from his youth up in the sciences aforesaid as well 
as practised in the said arts would naturally prove the best 
architect and inventor of mechanical devices, but, as it is diffi- 
cult or impossible for the same person to do both the necessary 

‘ Simplicius on Arist. Categ., p. 192, Kalbfleisch. 

* Proclus on Eucl. I, pp. 241-3. “ Ib., pp. 126. 25-126. 6. 
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mathematics and the practical work, he who has not the former 
must perforce use the resources which practical experience in 
his particular art or craft jfives him. Other varieties of 
mechanical work included by the ancients under the''general 
term mechanics were (1) the use of the mechanical powers, 
or devices for moving or lifting great weights by means of 
a small force, (2) the construction of engines of war for 
throwing projectiles a long distance, (3) the pumping of water 
from great depths, (4) the devices of ‘ wonder-workers ’ 
(Oavfiaaiovpyoi), some depending on pneumatics (like Heron 
in the P neumatiea), some using strings, &c., to produce move- 
ments like those of living things (like Heron in ‘Automata and 
Balancings ’), some employing floating l)odies (like Archimedes 
in ‘ Floating Bodies ’), others using water to measure time 
(like Heron in his ‘ Water-clocks’), and lastly ‘ sphere-making 
or the construction of mechanical imitations of the movements 
of the heavenly bodies with the uniform circular motion of 
water as the motive power. Archimedes, says Pappus, was 
held to be the one person who had understood the cause and 
the reason of all these various devices, and had applied his 
extraordinarily versatile genius and inventiveness to all the 
purposes of daily life, and yet, although this brought him 
unexampled fame the world over, so that his name was on 
eveiy one’s lips, he disdained (according to Carpus) to write 
any mechanical work save a tract on sphere-making, but 
diligently wrote all that he could in a small compass of the 
most advanced parts of geometry and of subjects connected 
with arithmetic. Carpus himself, says Pappus, as well as 
others applied geometry to practical arts, and with reason : 
‘ for geometry is in no wise injured, nay it is by nature 
capable of giving substance to many arts by being associated 
with them, and, so far from being injured, it may be said, 
while itself advancing those arts, to be honoured and adorned 
by them in return.’ 


The 6l>ject of the Book. 

Pappus then describes the object of the Book, namely 
to set out the propositions which the ancients established by 
geometrical methods, besides certain useful theorems dis- 
covered by himself, but in a shorter and clearer form and 
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in better logical sequence than his predecessors had attained. 
The sort of questions to be dealt with are (1) a comparison 
between the force required to move a given weight along 
a horizontal plane and that required to move the same weight 
upwards on an inclined plane, (2) the finding of two mean 
proportionals between two unequal straight lines, (3) given 
a- toothed wheel with a certain number of teeth, to find the 
diameter of, and to construct, another wheel with a given num- 
ber of teeth to work on the former. Each of these things, he says, 
will be clearly understood in its proper place if the principles 
on which the ‘ centrobaric doctrine ’ is built up are fir.st set out. 
It is not necessary, he adds, to define what is meant by ' heavy ’ 
and ‘light’ or upward and downward motion, since these 
matters are discussed by Ptolemy in his Mathematica', but 
the notion of the centre of gravity is so fundamental in the 
whole theory of mechanics that it is essential in the first 
place to explain what is meant by the ‘ centre of gravity ’ 
of any body. 


On the centre of gravity. 

Pappus then defines the centre of gravity as ‘the point 
within a body which is such that, if the weight be conceived 
to be suspended from the point, it will remain at rest in any 
position in which it is put The method of determining the 
point by means of the intersection, first of planes, and then of 
straight lines, is next explained (chaps. 1,2), and Pappus then 
proves (Prop. 2) a proposition of some difficulty, namely that, 
if D, E, F ho points on the sides BG, OA, A 5 of a triangle ABC 

such that BD:DG:=GE:EA = AF: FB, 


then the centre of gravity of the triangle ABO is also the 
centre of gravity of the triangle DEF. 

Let H, K be the middle points of BG, GA respectively; 
join AH, BK. Join HK meeting DE in L. 

Then AH, BK meet in G, the centre of gravity of the 
triangle ABG, and AG = 2 GH, BG = 2 GK, so that 


GA :AK = AB:HK = BG: GK = AG : GH. 

‘ Pappus, viii, p. 1030. 11-13. 
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Now, by hypothesis, 

CE:EA = BD:DC, 
whence CA : AE = BG : CD, 

and, if we halve the antecedents, 

AK:AE= HC.GD-, 

therefore AK : EK = HC ; HD or BH ; HD. 


A 



whence, comjx>iieiido, CE ; EK = BD: DH. (1) 

But AF :FB= BD : DC = (BD : DH ) . (DH : DC) 

= {GE:EK).iDH:DC). (2) 

Now, ELD being a transversal cutting the sides of the 
triangle KHC, we have 

HL : KL = (CE : EK ).(DH: DC). (3) 

[This is ‘ Menelaus’s theorem ’ ; Pappus does not, however, 
quote it, but proves the relation ad hoc in an added lemma by 
drawing CM parallel to DE to meet HK produced in M. The 
proof is easy, for j^i . ^ . 

= (HD:DC).{CE:EK).] 

It follows from (2) and (3) that 

AF: FB = HL : LK, 

and, since AB is parallel to HK, and AH, BK are straight 
lines meeting in G, FGL is a straight line. 

[This is proved in another easy lemma by reductio ad 
absuvdum.') 
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We have next to prove that EL — LD, 

Now [again by ‘Menelaus’s theorem’, proved ad hoc by 
drawing CN parallel to UK to meet ED produced in iV] 

EL : LD = {EK : KC ) . {CH : HD). (4) 

But, by (1) above. CE : EK = BD:DH; 
therefore CK : KE = BH : HD = CH : HD, 
so that (EK :KC) .(CH : HD) = I, and therefore, from (4), 

EL = LD. 

It remains to prove that FC = 2GL, which is obvious by 
parallels, since FG : GL = AG: GH = 2:1. 

Two more propositions follow with reference to the centre 
of gravity. The first is. Given a rectangle with AB, BC as 
adjacent sides, to draw from C a straight line meeting the side 
opposite BC in a point D such that, if the trapezium ADCB is 
hung from the point D, it will rest with AD, BC horizontal. 



In other words, the centre of gravity must be in DL drawn 
perpendicular to BC. Pappus proves by analysis that 
CJA = ZBL^, so that the problem is reduced to that of 
dividing BC into parts BL, LG such that this relation holds. 
The latter problem is solved (Prop. 6) by taking a point, 
say X, in CB such that (JX = 3 AB, describing a semicircle on 
BO as diameter and drawing XF at right angles to BC to 
meet the semicircle in F, so that AF* = BG'^, and then 

dividing GB at X so that 

CX:XB = GA:AF(=|:i^3 = v/3:l). 

The second proposition is this (Prop. 7). Given two straight 
lines AB, AC, and B a fixed point on AB, if CD be drawn 




THE COLLECTION. BOOK VIII 


483 


with its extremities on AC, AB and so that AC : BD is a given 
ratio, then the centre of gravity of the triangle ADC will lie 
on a straight line. 

Take E, the middle point of AC, and F a point on DE such 
that DF = 2 FE. Also let // be a point on BA such that 
BH = 2 HA. Draw FG parallel to AC. 

Then AG = ^AD, and AH=^AB- 
therefore HG = ^ BD. 

Also FG = %AE=^ AC. Therefore, 
since the ratio AC:BD is given, the 
ratio GlI : GF is given. 

And the angle FGH (= A) is given ; 
therefore the triangle FGH is given in 
species, and consequently the angle GHF 
is given. And H is a given point. 

Therefore HF is a given straight line, and it contains the 
centre of gravity of the triangle ADC. 



The inclined liUtne. 

Prop. 8 is on the construction of a plane at a given inclina- 
tion to another plane parallel to the horizon, and with this 
Pappus leaves theory and proceeds to the practical part. 
Prop. 9 (p. 105 4 . 4 sq.) investigates the problem ‘Given 
a weight which can be drawn along a plane parallel to the 
horizon by a given force, and a plane inclined to the horizon 
at a given angle, to find the force recjuired to draw the weight 
upwards on the inclined plane’. This seems to be the first 
or only attempt in ancient times to investigate motion on 
an inclined plane, and as such it is curious, though of no 
value. 

Let A be the weight which can be moved by a force C along 
a horizontal plane. Conceive a sphere with weight equal to A 
placed in contact at L with the given inclined plane ; the circle 
OGL represents a section of the sphere by a vertical plane 
passing through E its centre and LK the line of greatest slope 
drawn through the point L. Draw EGH horizontal and there- 
fore parallel to MN in the plane of section, and draw LF 
perpendicular to EH. Pappus seems to regard the plane 
as rough, since he proceeds to make a system in equilibrium 
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about FL as if L were the fulcrum of a lever. Now the 
weight A acts vertically downwards along a straight line 
through E. To balance it, Pappus supposes a weight B 
attached with its centre of gravity at 0. 


Then A:B^GF:EF 

= {EL-EF):EF 

[= (1— sin 0):sin 6, 

where Z KMN = ; 

and, since LKMN\& given, the ratio A'F: EL, 
and therefore the ratio (EL — EF ) : EF, is 
given ; thus B is found. 

Now, says Pappus, if D is the force which will move B 
along a horizontal plane, as C is the force wliich will move 
A along a horizontal plane, the sum of 0 and D will be tlie 
force required to move the sphere upwards on the inclined 
plane. He takes the particular case where 6 = 60®. Then 
sin 6 is approximately J (he evidently uses | . ff for ^ ■/ 3), 



and 


A:B = 16:104. 


Suppose, for example, that A = 200 talents; then B is 1300 
talents. Suppose further that C is 40 man-power ; then, since 
D:C = B: A, Z) = 260 man-power ; and it will take D + C, or 
300 man-power, to move the weight up the plane! 

Prop. 10 gives, from Heron’s Bai'ulcua, the machine con- 
sisting of a pulley, interacting toothed wheels, and a spiral 
screw working on the last wheel and tumed by a handle; 
Pappus merely alters the proportions of the weight to the 
force, and of the diameter of the wheels. At the end of 
the chapter (pp. 1070-2) he repeats his construction for the 
finding of two mean proportionals. 


Construction of a conic through jive jxdnts. 

Chaps. 13-17 are more interesting, for they contain the 
solution of the problem of constructing a conic through jive 
given 'points. The problem arises in this way. Suppose we 
are given a broken piece of the surface of a cylindrical column 
such that no portion of the circumference of either of its base 
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is left intact, and let it be required to find the diameter of 
a circular section of the cylinder. We take- any two points 
A, B on the surface of the fragment and by means of these we 
find five points on the surface all lying in one plane section, 
in genei'al oblique. This is done by taking five different radii 
and drawing pairs of circles with A, B as centres and with 
each of the five radii successively. These pairs of circles with 
equal radii, intersecting at points on the surface, determine 
five points on the plane bisecting at right angles. The five 
points are then represented on any plane by triangulation. 

Suppose the points are A, B, C, D, E and are such that 
no two of the lines connecting the different paii-s are parallel. 



This case can be reduced to the construction of a conic through 
the five points A, B, D, E, F where EF is parallel to AB. 
This is shown in a subsequent lemma (chap. 16). 

For, if EF be drawn through E parallel to AB, and if CD 
meet AB in 0 and EF in O', we have, by the well-known 
proposition al»out intersecting chords, 

CO .OD:AO.OB = CO ' . O'D : EO ' . O'F, . 

whence O'F is known, and F is determined. 

We have then (Prop. 13) to construct a conic through A, B, 
D, E, F, where EF is parallel to AB. 

Bisect AB, EF at F, W ; then VW produced both ways 
is a diameter. Draw DR, the chord through D parallel 
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to this diameter. Then li is determined hy means of the 
relation 

RQ.GD:BG.GA = RH.HD:FH.HE (1) 

in this way. 

Join DB, RA, meeting EF in K, L respectively. 

Then, by similar triangles, 

RG.GD: BG . GA = {RH ; IIL) . {DH : HK) 

= RH.HD:KH.HL. 

Therefore, by (1), FH . HE = KH . IIL, 

whence HL is determined, and therefore L. The intersection 
of AL, determines R, 

Next, in order to find the extremities P, P' of the diameter 
through F, W, we draw ED, RF meeting PP' in M, E respec- 
tively. 

Then, as before, 

FW. WEiFW, WP = FH. HE: RH. HD, by the ellipse, 

= FW.WE-.NW.WM, by similar triangles. 

Therefore P' W. WP = NW. WM ; 

and similarly we can find the value of P'V . VP. 

Now, says Pappus, since P'W.WP and P'F.FP are given 
areas and the points V, W are given, P, P' are given. His 
determination of P, P' amounts (Prop. 14 following) to an 
elimination of one of the points and the finding of the otlier 
by means of an equation of the second degree. 

Take two points Q, Q' on the diameter such that 

P'V.VP=WV.VQ, (a) 

P'W.WP ^VW.WQ' (fi) 
Q, Q' are thus known, while P, P' remain to be found. 

By (a) P'F: VW= QV: VP, 

whence P'W:VW= PQ : PF. 

Therefore, by means of ()8), 

PQ:PF= Q'W-.WP, 
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so that PQ:QV=Q'W:PQ', 

or PQ.PQ'=:QV.Q'W. 


Thus P can be found, and similarly P'. 

The conjugate diameter is found by virtue of the relation 

(conjugate diam.)^ ; PP''^ — i> : PP'. 


where is the latus rectum to PP' determined by the property 
or the curve AV‘-.PV.V1<’. 


Problem, Given two conjugate diameters of an ellipse, 
to find the axes. 

Lastly, Pappus sliows (Prop. 1 4, chap. 1 7) how, when we are 
given two conjugate diameters, we can find the axes. The 
construction is as follows. Let AB, CD be conjugate diameters 
[CD being the greater), E the centre. 

Pi’oducc EA to II so that 

EA . All = DIP. 

Through .^1 draw B'G parallel to CD. Bisect Ell in K, and 
draw KL at right angles to Eli meeting FG in L. 



With L as centre, and LE as radius, describe a circle cutting 
GF in G, F. 

Join EF, EG, and from A draw AM, AN parallel to EF, EG 
respectively. • 
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Take points P, R on EG, EF such that 

EF^ = GE. EM, and EB? = FE. EN. 

Then EP is half the major axis, and ER half the minor axis. 
Pappus omits the proof. 

Problem of seven heoeagons in a circle. 

Prop. 19 (chap. 23) is a curious problem. To inscribe seven 
equal regular hexagons in a circle in such a way that one 




is about the centre of the circle, while six othera stand on its 
sides and have the opposite sides in each case placed as chords 
in the circle. 

Suppose GllKLNM to be the liexagon so described on HK, 
a side of the inner hexagon ; OKL will then be a straight line. 
Produce OL to meet the circle in P. 

Then OK = KL = LN. Therefore, in the triangle OLN, 
OL — 2LN, while the included angle OLN (= 120°) is also 
given. Therefore the triangle is given in species; therefore 
the ratio ON : NL is given, and, since ON is given, the side NL 
of each of the hexagons is given. 

Pappus gives the auxiliary construction thus. Let AF be 
taken equal to the radius OP. Let AC = \AF, and on AC as 
base describe a segment of a circle containing an angle of 60°. 
Take CE equal Ui ^ AC, and draw EB to touch the circle at B. 
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Then he proves that, if we join AB, A B is equal to the length 
of the side of the hexagon required. 

Produce BO to D so that BD — BA, and join DA. ABD 
is then equilateral. 

Since EB is a tangent to the segment, AE . EC = EB'‘‘ or 
AE-.EB — EB-.EC, and the triangles EAB, EBC are similar. 

Therefore BA^ : BC'^ = AE^ : EB^ = AE-. EC = % \ 

and BC =%BA -^BD, so that BC = 2 CD. 

But CF=2CA -, therefore AC:CF= D(J:CB, and AD. BF 
are parallel. 

Therefore BFi AD = BC : CD — 2:1, so that 
'BF= 2AD= 2AB. 

Also IFBC = ABDA ^ Q0°, so that lABF = \ 20°, and 
the triangle ABF is therefore ecjual and similar to the required 
triangle NLO. 

Construction of toothed tvheels and indented screws. 

The rest of the Book is devoted to the construction (1) oi 
toothed wheels with a given number of teeth equal to those of 
a given wheel, (2) of a cylindrical helix, the cocMias, indented 
so as to work on a toothed wheel. The text is evidently 
defective, and at the end an interpolator has inserted extracts 
about the mechanical powers from Heron’s Mechanics. 
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ALGEBRA: DIOPHANTUS OF ALEXANDRIA 

Beginnings learnt from Egypt. 

In algebra, as in geometry, the Greeks learnt the beginnings 
from the Egyptians. Familiarity on the part of the Greeks 
with Egjj^ptian methods of calculation is well attested. (1) 
These methods are found in operation in the Heronian writings 
and collections. (2) Psellus in the letter published by Tannery 
in his edition of Diophantus speaks of ‘ the method of arith- 
metical calculations used by the Egyptians, by which problems 
in analysis are handled’; he adds details, doubtless taken 
from Anatolius, of the technical terms used for different kin<ls 
of numbers, including the poAvers of the unknown (juantity. 
(3) The scholiast to Plato’s Charmides 165 E says that ‘part?i 
of XoyumKrj, the science of calculation, are the so-called Greek 
and Egyptian methods in multiplications and divisions, and 
the additions and subtractions of fractions ’. (4) Plato himself 
in the Laws 819 A-c says that free-born boys should, as is the 
practice in Egypt, learn, side by side with reading, simple 
mathematical calculations adapted to their age, which should 
be put into a form such as to combine amusement with 
instruction : problems about the distribution of, say, apples or 
garlands, the calculation of mixtures, and other questions 
arising in military or civil life. 

‘ Hau ’-calculations. 

The Egyptian calculations hero in point (apart from their 
method of writing and calculating in fractions, which, with 
the exception of §, were always decomposed and written 
as the sum of a diminishing series of ali(iuot parts or sub- 
multiples) are the jtau-calculations. Hau, meaning a heap, is 
the term denoting the unknown quantity, and the calculations 
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in terms of it are equivalent to the solutions of simple equations 
with one unknown quantity. Examples from the Papyrus 
Rhind correspond to the following equations : 

^x-\-x= 19, 

^x + ^x + ^x-^ X = 33, 

(a; + '§£c) + =10. 

The Egyptians anticipated, though only in an elementary 
form, a favourite method of Diophantus, that of the ‘false 
supposition’ or 'regula falsi’. An arbitrary assumption is 
made as to the value of the unknown, and the true value 
is afterwards found by a comparison of the result of sub- 
stituting the wrong value in the original expression with the 
actual data. Two examples may be given. The first, from 
the Papyrus Rhind, is the problem of dividing 100 loaves 
among five persons in such a way that the shares are in 
arithmetical progression, and one-seventh of the sum of the 
first three shares is c(iual to the sum of the other two. If 
a + id, a + Zd, u + 2d, u + d^ a bo the shares, then 

Za + 9d = 7{2a + d), 
or d 

Ahines says, without any explanation, ‘make the difference, 
as it is, 6^’, and then, assuming a = 1, writes the series 
23, 17^, 12, 6j, 1. The addition of these gives 60, and 100 is 
If times 60. Ahmes says simply ‘multiply If times’ and, 
thus gets the correct values 38f, 29f, 20, lOf f. If. 

The second example (taken from the Berlin Papyrus 6619) 
is tUe solution of the equations 

x^ + y^=: 100, 

x:y= 1 : f , or y - ^x. 

X is first assumed to be 1 , and x^ -t- y'^ is thus found to be f f . 
In order to make 100, ff has to be multiplied by 64 or 8'^. 
The true value of x is therefore 8 times 1 , or 8. 

Arithmetical epigrams in the Greek Anthology. 

The simple equations solved in the Papyrus Rhind are just 
the kind of equations of which we find many examples in the 
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arithmetical epigrams contained in the Greek Anthology. Most 
of these appear under the name of Metrodorus, a grammarian, 
probably of the time of the Emperors Anastasius I (a.d. 491- 
518) and Justin I (a.d. 518-27). They were obviously only 
collected by Metrodorus, from ancient as well as more recent 
sources. Many of the epigrams (46 in number) lead to simple 
equations, and several of them are problems of dividing a num- 
ber of apples or nuts among a certain number of persons, that 
is to say, the very type of problem mentioned by Plato. For 
example, a number of apples has to bo determined such that, 
if four persons out of six receive one-third, one-eighth, one- 
fourth and one-fifth respectively of the whole number, while 
the fifth person receives 10 apples, there is one apple left over 
for the sixth person, i.e. 

Just as Plato alludes to bowls (^idXai) of different metals, 
there are problems in which the weights of bowls have to 
be found. We are thus enabled to understand the allusions of 
Proclus and the scholiast on Charmides 165 E to nrjXiTai 
and (fuaXirai dpidfiot, ‘numbers of apples or of bowls’. 
It is evident from Plato’s allusions that the origin of such 
simple algebraical problems dates back, at least, to the fifth 
century b.c. 

The following is a classification of the problems in the 
Anthology. (1) Twenty-three are simple equations in one 
unknown and of the type shown above; one of these is an 
epigram on the age of Diophantus and certain incidents of 
his life (xiv. 126). (2) Twelve are easy simultaneous equations 

with two unknowns, like Dioph. I. 6 ; they can of course be 
reduced to a simple equation with one unknown by means of 
an easy elimination. One other (xiv. 51) gives simultaneous 
equations in three unknowns 

x=.y-\-^z, y = z-\-^x, 0 =lO+^y, 
and one (xiv. 49) gives four equations in four unknowns, 

03 + 2/ = 40, 03 + 0 = 45, 03 + w = 36, a3 + 2/ + 0 + 'M- = 60. 

With these may be compared Dioph. 1. 16-21, as well as the 
general solution of any number of simultaneous linear equa- 
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fcions of this type with the same number of unknown quantities 
which was given by Thymaridas, an early Pythagorean, and 
was called the eirdvBijfta, ‘ flower ’ or ‘ bloom ’ of Tb3nnaridas 
(see vol. i, pp. 94-6). (3) Six more are problems of the usual 
type about the filling and emptying of vessels by pipes ; e.g. 
(xiv. 130) one pipe fills the vessel in one day, a second in two 
and a third in three ; how long will all three running together 
take to fill it? Another about brickmakers (xiv. 136) is of 
the same sort. 

Indeterminate equations of the first degree. 

The Anthology contains (4) two indeterminate equations of 
the first degree which can be solved in positive integers in an 
infinite number of ways (xiv. 48, 144) ; the first is a distribu- 
tion of apples, 3 a; in number, into parts satisfying the equation 
x — 3y =1 y, where y is not less than 2; the second leads to 
three equations connecting four unknown quantities : 

x + y = x^ + y^, 

X = 2y,, 

■x^ = 3y. 

the general solution of which is x = 4k, y = k, a;^ = 3/fc, 

= 2 k. These very equations, which, however*, are made 
determinate by assuming that a; + y = a;^ + yj = 100, are solved 
in Dioph. I. 12. 

Enough has been said to show that Diophantus was not 
the inventor of Algebra. Nor was he the first to solve inde- 
terminate problems of the second degree. 

Indeterminate equations of second degree before 

Diophantus. 

Take first the problem (Dioph. II. 8) of dividing a square 
numlrer into two squares, or of finding a right-angled triangle 
with sides in rational numbers. We have already seen that 
Pythagoras is credited with the discovery of a general formula 
for finding such triangles, namely, 
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where w is any odd number, and Plato with another formula 
of the same sort, namely {2nY + {n^—\Y = (»*+ 1)“. Euclid 
(Lemma following X. 28) finds the following more general 
formula 

+ mn<f ) ^ (w 

The Pythagoreans too, as we have seen (vol. i, pp. 91-3), 
solved another indeterminate problem, discovering, by means 
of the series of ‘ side- ’ and ‘ diameter-numbers any number 
of successive integral solutions of tlie equations 

2x^—y^ = ± b 

Diophantus does not particularly mention this ecjuation, 
but from the Lemma to VI. 15 it is clear that he knew how 
to find any number of solutions when one is known. Thus, 
seeing that 2a:“ — 1 =y^ is satisfied by a; = 1, y = 1, he would 
put 

2(1 4- — 1 = a scpiare 

= ( 2 >x- 1)-, say ; 

whence x = (4 + 2^>)/ (^r — 2). 

Take the value = 2, and we have a: = 4, and ./;+ 1 = 5; 
in this case 2 . 5^ — 1 =49 = 7'^. Putting a; + 5 in place of x, 
we can find a still higher value, and so on. 

Indeterminate equations in the Heronian collections. 

Some further Greek examples of indeterminate analysis are 
now available. They come from the Constantinople manuscript 
(probably of the twelfth century) from which Schbne edited 
the Mdrica of Heron ; they have been published and translated 
by Heiberg, with comments by Zeuthen.* Two of the problems 
(thirteen in number) had been pulblished in a less complete 
form in Hultsch’s Heron (Geeponicus, 78, 79); the others 
are new. 

I. The first problem is to find two rectangles such that the 
perimeter of the second ds three times that of the first, and 
the area of the first is three times that of the second. The 

^ Bibliotheca mathematica, viii,, 1907-8, pp. 118-34. See now Geom. 
24. 1-13 in Heron, vol. iv (ed. Heiberg), pp. 411-26. 
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number 3 is of course only an illustration, and the problem is 
equivalent to the solution of the equations 

(1) U + U = 71(03 + 2/) 

(2) xy = n.uv 

The solution given in the text is equivalent to 

03 = 2 /t'* — 1, y — 2w'‘ 
u = <j-(4 a® — 2), V = n 

Zeuthen suggests that the solution may have been obtained 
thus. As the probhiin is indeterminate, it would be natural 
to start with some hypothesis, e.g. to put v = n. It would 
follow from equation (1) that u is a multiple of n, say iiz. 
We have then 

x + y = 1 + :, 

while, by (2), j-y = a^z, 

whence xy — (x + y) — >r, 

or (03 — vi.^) (y — /r*) = /t.® ( (i® — 1 ). 

An obvious solution is 


X— u® = 11®— 1, y^ — ii'‘\ 
which gives 3 = 2n®— 1+2 /j.® — 1 = 4 a® — 2, so that 
H = HZ = a(4 a® — 2). 

II. The second is a similar problem about two rectangles, 
equivalent to the solution of the e(|uations 

(1) x-{ y =. u+ V 

(2) xy = n . uv 
ancf the .solution given in the text is 

x + y = ^i + v — /t® — 1, (3) 


'W = a— 1, V — n{n^ — \y 
x=n^—l, y= u^(n — l) 


( 4 ) 


In this case trial may have been made of the assumptions 
V = nx, y = n^u, 
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when equation (1) would give 

{n — \)x = {n^— l)tt, 

a solution of which is x = n^ — \, u = ii — 1. 

III. The fifth problem is interesting in one respect. We are 
asked to find a right-angled triangle (in rational numbers) 
with area of 5 feet. We are told to multiply 5 by some 
square containing 6 as a factor, e.g. 36. This makes 180, 
and this is the area of the triangle (9, 40, 41). Dividing each 
side by 6, we have the triangle required. The author, then, 
is aware that the area of a right-angled triangle with sides in 
whole numbers is divisible by 6. If we take the Euclidean 
formula for a right-angled triangle, making the sides a . mn, 
a . ^(m®— -a®), a . ^(m® + a®), where a is any number, and m, n 
are numbers which are both odd or both even, the area is 

\mn{m—n) (m + 7i)a®, 

and, as a matter of fact, the number ma(m— -a) (m + a) is 
divisible by 24, as was proved later (for another purpose) by 
Leonardo of Pisa. 

IV. The last four problems (10 to 13) are of great interest. 
They are different particular cases of one problem, that of 
finding a rational right-angled triangle such that the numerical 
sum of its area and its perimeter is a given number. The 
author’s solution depends on the following fonnulae, where 
a, h are the perpendiculars, and c the hypotenuse, of a right- 
angled triangle, S its area, r the radius of the inscribed circle, 
and 8 = ^(a + 6+c) ; 

S = rs = ^ab, r + s=a + b, c = 8 — r. 

(The proof of these formulae by means of the usual figure, 
namely that used by Heron to prove the formula 

S = V {s(8—a)(8—h)(8—c)}, 

is easy.) 

Solving the first two equations, in order to find a and b, 
we have 

= 5 [®’ + «+ 

which formula is actually used by the author for finding a 
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and h. The method employed is to take the sum of the area 
and the perimeter /S+28, separated into its two obvious 
factors 8(r + 2), to put 8{r-\-2) = A (the given number), and 
then to separate A into suitable factors to which s and r + 2 
may be equated. They must obviously be such that ar, the 
area, is divisible by 6. To take the first example where 
A = 280 : the possible factors are 2 x 140, 4 x 70, 5 x 56, 7 X 40, 
8 X 35, 10 X 28, 14 X 20. The .suitable factors in this case are 
'>’ + 2 = 8, s = 35, because r is then equal to 6, and rs is 
a multiple of 6. 

The author then says that 

a = -^0 + 35- v/{(G + 35)2-8 .6. 35J] = ^(41- 11 = 20, 

fc = -1(41 + 1)= 21, 

0 = 35-0 = 29. 

The triangle is therefore (20, 21, 29) in this case. The 
triangles found in the other three cases, by the same method, 
are (9, 40, 41), (8, 15, 17) and (9, 12, 15). 

Unfortunately there is no guide to the date of the problems 
just given. The probability is that the original fonnulation 
of the most important of the problems belongs to the period 
Itetween Euclid and Diophantus. This supposition best agrees 
with the fact that the problems include nothing taken from 
the great collection in the Arithmetica. On the other hand, 
it is strange that none of the seven problems above mentioned 
is found in Diophantus. The five relating to rational right- 
angled triangles might well have been included by him ; thus 
he finds rational right-angled triangles such that the area plus 
or minus one of the perpendiculars is a given number, but not 
the rational triangle which has a given area; and he finds 
rational right-angled triangles such that the area plus or minus 
the sum of two sides is a given number, but not the rational 
triangle such tliat the sum of the area and the three sides is 
a given number. Tlie omitted problems might, it is true, have 
come in the lost Books ; but, on the other hand. Book VI would 
have been the appropriate place for them. 

The crowning example of a difficult indeterminate problem 
propounded before Diophantus’s time is the Cattle-Problem 
attributed to Archimedes, de.scribed above (pp. 97-8). 
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Numerical solution of quadratic equations. 

The geometrical algebra of the Greeks has been in evidence 
all through our history from the Pythagoreans downwards, 
and no more need be said of it here except that its arithmetical 
application was no new thing in Diophantus. It is probable, 
for example, that the solution of the quadratic equation, 
discovered first by geometry, was applied for the purpose of 
finding numerical values for the unknown as early as Euclid, 
if not earlier still. In Heron the numerical solution of 
equations is well established, so that Diophantus was not the 
first to treat equations algebraically. What he did was to 
take a step forward towards an algebraic notation. 

The date of Diophantus can now be fixed with fair certainty. 
He was later than Hypsicles, from whom he quotes a definition 
of a polygonal number, and earlier than Theon of Alexandria, 
who has a quotation from Diophantus’s definitions. The 
possible limits of date are therefore, say, 150 B.c. to A.D. 350. 
But the letter of Psellus already mentioned says that Anatolius 
(Bishop of Laodicea about a.d. 280) dedicated to Diophantus 
a concise treatise on the Egyptian method of reckoning; 
hence Diophantus must have been a contemporary, so that he 
probably flourished a.d. 250 or not much later. 

An epigram in the Anthology gives some personal particulars: 
his boyhood lasted ^th of his life ; his beard grew after y^gth 
more ; he married after 4^th more, and his son was born 5 years 
later; the son lived to half his father’s age, and the father 
died 4 years after his son. Thus, if x was his age when 
he died, 

|a; + x^ya: + ^a:+5 + |»:+4 = x, 
which gives x = 8i. 

Works of Diophantus. 

The works on which the fame of Diophantus rests are : 

(1) the Arithmetica (originally in thirteen Books), 

(2) a tract On Polygonal Numbers. 
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Six Books only of the former and a fragment of the latter 
survive. 

Allusions in the Arithmetica imply the existence of 

(3) A collection of propositions under the title of Porisms ; 
in three propositions (3, 5, 16) of Book V, Diophantus quotes 
as known certain propositions in the Theory of Numbers, 
prefixing to the statement of them the words ‘ We have it in 
the Porisms that . . 

A scholium on a passage of lamblichus, where lamblichus 
cites a dictum of certain Pythagoreans about the unit being 
the dividing line (nedSpiou) between number and aliquot parts, 
says ‘ thus Diophantus in the Morkustica .... for he describe.s 
as “parts” the progression without limit in the direction of 
less than the unit ’. The Moriastica may be a separate work 
by Diophantus giving rules for reckoning with fractions ; but 
I do not feel sure that the reference may not simply be to the 
definitions at the beginning of the ArUhmetica. 

The AriiJmetica. 

The seveti lost Books and their 'pLace. 

None of the manuscripts which we possess contain more 
than six Books of the Arithmetica, the only variations being 
that some few divide the six Books into seven, while one or 
two give the fragment on Polygonal Numbers as VIII. The 
missing Books were evidently lost at a very early date. 
Tannery suggests that Hypatia’s commentary extended only 
to the first six Books, and that she left untouched the remain- 
ing seven, which, partly as a consequence, were first forgotten 
and then lost (cf. the oise of Apollonius’s Conics, where the 
only Books which have survived in Greek, I-IV, are those 
on which Eutocius commented). There is no sign that even 
the Arabians ever possessed the missing Books. The Fakhri, 
an algebraical treatise by Abu Bckr Muh. b. al-Hasan al- 
Karkhi (d. about 1029), contains a collection of problems in 
determinate and indeterminate analysis which not only show 
that their author had deeply studied Diophantus but in many 
cases are taken direct from the Arithmetica, sometimes with 
a change in constants; in the fourth section of the work, 

>599.a Q g 
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between problems corresponding to problems in Dioph. II 
and III, are 25 problems not found in Diophantus, but 
internal evidence, and especially the admission of irrational 
results (which are always avoided by Diophantus), exclude 
the hypothesis that we have here one of the lost Books. 
Nor is there any sign that more of the work than we possess 
was known to Abu’l Wafa al-Buzjanl (a.d. 940-98) who wrote 
a ‘commentary on the algebra of Diophantus’, as well as 
a ‘ Book of proofs of propositions used by Diophantus in his 
work’. These facts again point to the conclusion that tlie 
lost BOoks wore lost before the tenth century. 

The old view of the place originally occupied by the lost 
seven Books is that of Nesselmann, who argued it with great 
ability.^ According to him (1) much less of Diophantus is 
wanting than would naturally be supposed on the basis of 
the numerical proportion of 7 lost to 6 extant Books, (2) the 
missing portion came, not at the end, but in the middle of 
the work, and indeed mostly between the first and second 
Books. Nesselmann’s general argument is that, if we care- 
fully read the last four Book&, from the third to the sixth, 
we shall find that Diophantus moves in a rigidly defined and 
limited circle of methods and artifices, and seems in fact to be 
at the end of his resources. As regards the possible contents 
of the lost portion on this hypothesis, Nesselmann can only 
point to (1) topics which we should expect to find treated, 
either because foreshadowed by the author liimself or as 
necessary for the elucidation or completion of the whole 
subject, (2) the Porisms; under head (1) come, (a) deter- 
minate equations of the second degree, and (6) indeterminate 
equations of the first degree. Diophantus does indeed promise 
to show how to solve the general quadratic ax~ + bx±c = 0 so 
far as it has rational and positive solutions ; the suitable place 
for this would have been between Books I and II. But there 
is nothing whatever to show that indeterminate equations 
of the first degree formed part of the writer’s plan. Hence 
Nesselmann is far from accounting for the contents of seven 
whole Books ; and he is forced to the conjecture that the six 
Books may originally have been divided into even more than 
seven Books ; there is, however, no evidence to support this. 

* Nesaelmann, .Algebra der Griechen, pp. 264-73. 
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Relation of the ‘ Pwiama ' to the Arithmetica. 

Did the Porimis form part of the Arithmetica in its original 
form 1 The phrase in which they are alluded to, and which 
occurs three times, ‘We have it in the Porisms that . . suggests 
that they were a distinct collection of propositions concerning 
the properties of certain numbers, their divisibility into a 
certain number of sc|uares, and so on ; and it is possible that 
it was from the same collection that Diophantus took the 
numerous other propositions which ho assumes, explicitly or 
implicitly. If the collection was part of the Arithmetica, it 
would bo strange to quote the propositions under a separate 
title ‘Tlie Porisms’ when it would have been more natural 
to refer to particular propositions of particular Books, and 
more natural still to say tovto yhp npoSiSeiKTai, or some such 
phrase, ‘ for this has been proved ’, without any reference to 
the particular place where the proof occurred. The expi’ession 
‘Wo have it in the Porisme’ (in the plural) would be still 
more inappropriate if the PorUms had been, as Tannery 
supposed, not colloete<l together as one or more Books of the 
Arithmetica, but scattered about in the work jis corollaries to 
particular propositions. Hence I agree with the view of 
Hultsch that the Porisms were not included in the Arith- 
metica at all, but formed a separate work. 

If this is right, wo cannot any longer hold to the view of 
Nesselmann that the lost Books were in the middle and not at 
the end of the treatise ; indeed Tannery produces strong 
arguments in favour of the contrary view, that it is the last 
and most difficult Books which are lost. He replies first to 
the assumption that Diophantus could not have proceeded 
to problems more difficult than those of Book V, ‘If the 
fifth or the sixth Book of the Arithmetica had been lost, who, 
pray, among us would have believed that such problems had 
ever been attempted by the Greeks ? It would be the greatest 
error, in any case in which a thing cannot clearly be proved 
to have Ixicn unknown to all the ancients, to maintain that 
it could not have been known to some Greek mathematician. 
If we do not know to what lengths Archimedes brought the 
theory of nunvbers (to say nothing of other things), let us 
admit o\ir ignorance. But, between the famous problem of the 

« ir 2 
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cattle and the most difficult of Diophantus’s problems, is there 
not a sufficient gap to require seven Books to fill it? And, 
without attributing to the ancients what modei-n mathe- 
maticians have discovered, may not a number of the things 
attributed to the Indians and Arabs have been drawn from 
Greek sources? May not the same be said of a problem 
solved by Leonardo of Pisa, which is very similar to those of 
Diophantus but is not now to be found in the Arithmetical 
In fact, it may fairly be said that, when Chasles made his 
reasonably probable restitution of the Porisms of Euclid, he, 
notwithstanding that he had Pappus’s lemmas to help him, 
undertook a more difficult task than he would have undertaken 
if he had attempted to fill up seven Diophantine Books with 
numerical problems which the Greeks may reasonably be 
supposed to have solved.’ ^ 

It is not so easy to agree with Tannery’s view of the relation 
of the treatise On Polygo}ial Numbers to the Arithmetica. 
According to him, just as Serenus’s treatise on the sections 
of cones and cylinders was added to the mutilated Conics of 
Apollonius consisting of four Books only, in order to make up 
a convenient volume, so the tract on Polygonal Numbers was 
added to the remains of the Arithmetica, though forming no 
part of the larger work.^ Thus Tannery would seem to deny 
the genuineness of the whole tract on Polygonal Numbers, 
though in his text he only signalizes the portion beginning 
with the enunciation of the problem ‘ Given a number, to find 
in how many ways it can be a polygonal number ’ as ‘ a vain 
attempt by a commentator ’ to solve this problem, Hultsch, 
on the other hand, thinks that we may conclude that Dio- 
phantus really solved the problem. The tract begins, like 
Book I of the Arithmetica, with definitions and preliminary 
propositions; then comes the difficult problem quoted, the 
discussion of which breaks oft* in our text after a few pages, 
and to these it would be easy to tsick on a great variety of 
other problems. 

The name of Diophantus was used, as were the names of 
Euclid, Archimedes and Heron in their turn, for the pur- 
pose of palming oft* the compilations of much later authors. 

' Diophantus, ed. Tannery, vol. ii, p. xx. 

“ /6., p. xviii. 
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Tannery includes in his edition three fragments under the 
heading ‘ Diophantus Pseudepigraphus The first, which is 
not ‘ from the Arithmetic of Diophantus ’ as its heading states, 
is worth notice as containing some particulars of one of ‘ two 
methods of finding the square root of any square number’; 
we are told to begin by writing the number ‘according to 
the an’angement of the Indian method’, i.e. in the Indian 
numerical notation which reached us through the Arabs. The 
second fragment is the work edited by C. Henry in 1879 as 
OjMsc'uZvm de mvlt^^licatioiie et diviaioae sexagesimalibua 
Diophanto vd Pappo attribuendum. The third, beginning 
with Ato<f>duTov firiireSofteTpiKd is a Byzantine compilation 
from later reproductions of the yecofieTpovixeya and orc/jfo- 
perpoiSpeva of Heron. Not one of the three fragments has 
anything to do with Diophantus. 

Commentators from Hypatia dowmvards. 

The first commentator on Diophantus of whom we hear 
is Hypatia, the daughter of Theon of Alexandria; slie 
was murdered by Christian fanatics in a.d. 415. I have 
already mentioned the attractive hypothesis of Tannery that 
Hjqratia’s commentary extended only to our six Books, and 
that this accounts for their .survival when the rest were lost, 
It is possible that the remarks of Psellus (eleventli century) at 
the l)eginning of his letter about Diophantus, Anatolius and 
the Egyptian method of arithmetical reckoning were taken 
from Hypatia’s commentary. 

Georgius Pachymeres (1240 to about 1310) wrote in Greek 
a paraphrase of at least a portion of Diophantus. Sections 
26-44 of this commentary relating to Book I, Dcf. 1 to Prop 
11, survive. Maximus Planudes (about 1260-1310) abso wix)tc 
a systematic commentary on Books I, II. Arabian commen- 
tators were Abu’l Wafa al-Biizjanl (940-98), Qusto b. Luqa 
al-Ba'labakkl (d. about 912) and probably Ibn al-Haithani 
(about 965-1039). 


Trandations and editions. 

To Regiomontanus belongs the credit of being the fii’st tc 
call attention to the work of Diophantus as being extant in 
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Greek. In an Oratio delivered at the end of 1463 as an 
introduction to a course of lectures on astronomy which he 
gave at Padua in 1463-4 he observed: ‘No one has yet 
translated from the Greek into Latin the fine thirteen Books 
of Diophantus, in w’hich the very flower of the whole of 
arithmetic lies hid, the ars rd et cemus which to-day they 
call by the Arabic name of Algebra.’ Again, in a letter dated 
February 5, 1464, to Bianchini, he writes that he has found at 
Venice ‘Diofantus, a Greek arithmetician who has not yet 
been translated into Latin Rafael Bombelli was the first to 
find a manuscript in the Vatican and to conceive the idea of 
publishing the work; this was towards 1570, and, with 
Antonio Maria Pazzi, he translated five Books out of the 
seven into which the manuscript was divided. The translation 
was not published, but Bombelli took all the problems of the 
first four Books and some of those of the fifth and embodied 
them in his Algebi'a (1572), interspersing them with his own 
problems. 

The next writer on Diophantus was Wilhelm Holzmann, 
who called himself Xylander, and who with extraordinary 
industry and care produced a very meritorious Latin trans- 
lation with commentary (1575). Xylander was an enthusiast 
for Diophantus, and his preface and notes are often delightful 
reading. Unfortunately the book is now very rare. The 
standard edition of Diophantus till recent years was that of 
Bachet, who in 1621 published for the first time the Greek 
text with Latin translation and notes. A second edition 
(1670) was carelessly printed and is untrustworthy as regards 
the text ; on the other hand it contained the epoch-making 
notes of Fermat; the editor was S. Fermat, his son. The 
great blot on the work of Bachet is his attitude to Xylandex’, 
to whose translation he owed niore than he was willing to 
avow. Unfortunately neither Bachet nor Xylander was able 
to use the best manuscripts ; that used by Bachet was Parisinus 
2379 (of the middle of the sixteenth centuiy), with the help 
of a transcription of part of a Vatican MS. (Vat. gr. 304 of 
the sixteenth century), while Xylander’s manuscript was the 
Wolfenbiittel MS. Guelferbytanus Gudianus 1 (fifteenth cen- 
tury). The best and most ancient manuscript is that of 
Madrid (Matritensis 48 of the thirteenth centuiy) which was 
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unfortunately spoiled by corrections made, especially in Books 
I, II, from some manuscript of the ‘ Planudean ’ class ; where 
this is the case recourse must be had to Vat. gr. 191 which 
was copied from it befqre it had suftered the general alteration 
referred to ; these are the first two of the manuscripts used by 
Tannery in his definitive edition of the Greek text (Teubner, 
1893, 1895). 

Other editors can only be shortly enumerated. In 1585 
Simon Stevin published a French version of the first four 
Books, based on Xylander. Albert Girard added the fifth and 
sixth Books, the complete edition appearing in 1625. German 
translations were brought out by Otto Schulz in 1822 and by 
G. Wertheiin in 1890. Poselger translated the fragment on 
Polygonal Numbers in 1810. All these translations depended 
on the text of Bachet. 

A reproduction of Diophantus in modern notation with 
introduction and notes by the present writer (second edition 
1910) is based on the text of Tannery and may claim to be the 
most complete and up-to-date edition. 

My account of the Arithmetica of Diophantus will be most 
conveniently arranged under three main headings (1) the 
iiotiition and definitions, (2) the principal methods employed, 
so far as they can be generally stated, (3) the nature of the 
contents, including the assumed Porisms, with indications of 
the devices by which the problems are solved. 


Notation and definitions. 

In his work Die Algebra der (rriecheti Nesselmann distin- 
guishes three stages in the evolution of algebra. (1) The 
first stage he calls ‘Rhetorical Algebra’ or reckoning by 
means of complete words. The characteristic of tliis stage 
is the absolute want of all symbols, the whole of the calcula- 
tion being carried on by means of complete words and forming 
in fact continuous prose. This fii*st stage is represented by 
such writers as lamblichus, all Arabian and Persian algebraists, 
and the oldest Italian algebraists and their followers, including 
Regiomontanus. (2) The second stage Nesselmann calls the 
‘ Syncopated Algebra essentially like the first as regards 
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literary style, but marked by the use of certain abbreviational 
symbols for' constantly recurring quantities and operations. 
To this stagp belong Diophantus and, after him, all the later 
Europeans until about the middle of the seventeenth century 
(with the exception of Vieta, who was the first to establish, 
under the name of Logistica speciosa, as distinct from Logistica 
num&roaa, a regular system of reckoning with letters denoting 
magnitudes as well as numbers). (3) To the third stage 
Nesselmann gives the name of ‘Symbolic Algebra’, which 
uses a complete system of notation by signs having no visible 
connexion with the words or things which they represent, 
a complete language of symbols, which entirely supplants the 
‘ rhetorical ’ system, it being possible to work out a solution 
without using a single word of ordinary language with the 
exception of a connecting word or two here and there used for 
clearness’ sake. 


Sign for the unJenown (= a;), and its origin, 

Diophantus’s system of notation then is merely abbrevia- 
tional. We will consider first the representation of the 
unknown quantity (our x). Diophantus defines the unknown 
quantity as ‘ containing an indeterminate or undefined multi- 
tude of units’ (nXrjdos povdSoav dopiarov), adding that it is 
called dpid/ios, i.e. ■nwmfeer simply, and is denoted by a certain 
sign. This sign is then used all through the book. In the 
earliest (the Madrid) MS. the sign takes the form q, in 
Marcianus 308 it appears as S. In the printed editions of 
Diophantus before Tannery’s it was represented by the final 
sigma with an accent, s', which is sufficiently like the second 
of the two forms. Where the symbol takes the place of 
infiected forms dpiBpSv, dpidpov, &c., the termination was put 
above and to the right of the sign like an exponent, e.g. s" for 
dpiOpou as for rby, s®" for dpiBpov', the symbol was, in 
addition, doubled in the plural cases, thus ss*^ ss”*, &c. The 
coefficient is expressed by putting the required Greek numeral 
immediately after it ; thus ss" ta = 1 1 dpiBpol, equivalent 
to lla, s'a = tc, and so on. Tannery gives reasons for think- 
ing that in the archetype the case-endings did not appear, and 
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that the sign was not duplicated for the plural, although such 
duplication was the practice of the Byzantines. That the 
sign was merely an abbreviation for the word dpiO/ios and no 
algebraical symbol is shown by the fact that it occurs in the 
manuscripts for dpiOfios in the ordinary sense as well as for 
dpidpos in the technical sense of the unknown quantity. Nor 
is it confined to Diophantus. It appears in more or less 
similar forms in the manuscripts of other Greek mathe- 
maticians, e.g. in the Bodleian MS. of Euclid (D’Orville 301) 
of the ninth century (in the forms 9 99, or* as a curved line 
similar to the abbreviation for /cat), in the manuscripts of 
the Sand-reckoner of Archimedes (in a form approximat- 
ing to y), where again there is confusion caused by the 
similarity of the signs for dpidpSs and /cat, in a manuscript 
of the Geodaeeia included in the Heronian collections edited 
by Hultsch (where it appears in various forms resembling 
sometimes sometimes p, sometimes o, and once with 
case-endings superposed) and in a manuscript of Theon of 
Smyrna. 

What is the origin of the sign? It is certainly not the 
final sigma, as is proved by several of the forms which it 
takes. I found that in the Bodleian manuscript of Diophantus 
it is written in the form larger than and quite unlike the 
final sigma. This form, combined with the fact that in one 
pliice Xylander’s manuscript read ap for the full word, suggested 
to me tliat the sign might be a simple contraction of the first 
two letters of dpidpos. This seemed to l/e confirmed by 
Gardthausen’s mention of a contraction for ap, in the form up 
occurring in a papyrus of A.D. 154, since the transition to the 
form found in the manuscripts of Diophantus might easily 
have been made through an intermediate form The loss of 
the downwjird stroke, or of the loop, would give a close 
approximation to the forms which we know. This hypothe.sis 
as to the origin of the sign has not, so far as I know, been 
improved upon. It has the immense advantage that it makes 
the sign for dpidpiSs similar to the signs for the powers of 
the unknown, e.g. for Svva/iis, for Kdfios, and to the 

O 

sign M for the unit, the sole difference being that the two 
letters coalesce into one instead of being separate. 
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aignsfoT the powers of the unknown and their reciprocals. 

The powers of the unknown, corresponding to our x^, ... a;®, 
are defined and denoted as follows : 

a? is S^uafiis and is denoted by 

x^ „ Kvfios „ „ „ K\ 

X* „ Svi'afioSvvafiis „ „ A'A, 

a:® „ SvuapoKvfios „ „ AK\ 

a:® „ KvfioKvfios „• „ „ K'K. 

Beyond the sixth power Diophantus does not go. It should 
be noted that, while the terms from kv^os onwards may be 
used for the powers of any ordinary known number as well as 
for the powers of the unknown, SiSvdpis is restricted to the 
square of the unknown ; wherever a particular square number 
is spoken of, the term is Terpayoovos dpidpos. The term 
SvpapoSvpapii occurs once in another author, namely in the 
Metrica of Heron where it is used for the fourth power of 
the side of a triangle. 

Diophantus has also terms and signs for the reciprocals of 
the various powers of the unknown, i.c. for 1/a;, \/x^.... 
As an aliquot part was ordinarily denoted by the corresponding 
numeral sign with an accent, e.g, y'= -g, ia'= Diophantus 
has a mark appended to the symbols for x,x^... to denote the 
reciprocals; this, which is used for aliquot parts as well, is 
printed by Tannery thus, With Diophantus then 

dpiOpoa-TOP, denoted by is eciuivalent to 1 / x, 

Svpapoarop, „ A^^ „ „ 1 / x\ 

and so on. . ' 

The coefficient of the term in x, x^ ... or 1/a;, l/x^... is 
expressed by the ordinary numeral immediately following, 
e.g. AK'^ = 26a;®, a'^^ ap = 260 /x\ 

Diophantus does not need any signs for the operations of 
multiplication and division. Addition is indicated by mere 
juxtaposition; thus a A'^ ty y c corresponds to a;® + 13a:® + 5a;. 

* Heron, Metrica, p. 48. 11, 19, Schone. 
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Wlicn there are units in addition, the units are indicated by 

o o 

the abbreviation M ; thus K'^aA'’''£yseM/S corresponds to 
»;■*+ 13a;2 + 5«: + 2. 


The sign (A) for minus mul its meaning. 

For subtraction alone is a sign used. The full term for 
wantiwj is Aeti/fir, as opposed to virap^is, a foi'thcoming, 
which denotes a 2 ^>iilive term. The symbol used to indicate 
a VMuting, corresponding to our sign for minus, is A, which 
is described in the text as ti ‘ yfr turned downwards and 
truncated ’ (W eWirrh kdreo vevov). The description is evidently 
interpolated, and it is now certain that the sign has nothing 
to do with yjr. Nor is it confined to Diophantus, for it appears 
in practically the same form in Heron’s Metrica,^ whei*e in one 
place the reading of the manuscript is govdSav o8 T I'S', 
74 — In the manuscripts of Diophantus, when the sign 
is resolved by writing the full word instead of it, it is 
genei'ally resolved into \€i'y{r€i, the dative of Xelrjn^, but in 
other places the symbol is used instead of parts of the verb 
Xdireiv, namely Xtirdv or Xftyfra^ and once even Xincoan ; 
sometimes Aetr/rei in the manuscripts is followed by the 
ucctisative, which shows that in these cases the sign was 
tvrongly resolved. It is therefore a question whether Dio- 
phantus himself ever used the dative Xecyfrei for minus at all. 
The use is certainly foreign to classical Greek. Ptolemy has 
in two places Xet^as/ and Xa'irov(ray respectively followed, 
properly, by the accusative, and in one case he has rd diro 
TTjs FA Xei^Bh ino tov diro rrjs ZF (where the meaning is 
ZF^ — FA^). Hence Heron would probably have written a 
participle where the T occurs in the expression quoted above, 
say fiovd&ov o6 Xeirjracrcor Tea-aapaKaiSeKarov. On the whole, 
therefore, it is probable that in Diophantus, and wherever else 
it occurred, A is a compendium for the root of the verb AeiTrctr, 
in fact a A with I placed in the middle (cf. A, an abbreviation 
for rdXayTov). This is the hypothesis which I put forward 
in 1885, and it seems to be confirmed by the fresh evidence 
now available as shown above. 


* Heron, Metrica, p. 156. 8, 10. 
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Attached to the definition of minus is the statement that 
‘a wanting (i.e. a minus) multiplied by a wanting makes 
a forthcoming (i.e. a plus ) ; and a wanting (a minus) multi- 
plied by n forthcoming (a plus) makes a wanting (a minus) \ 
Since Diophantus uses no sign for plus^ he has to put all 
the positive terms in an expression together and write all the 
negative terms together after the sign for minus; e.g. for 

+ 1 he necessarily writes a y i; A 6 M a. 

The Diophantine notation for fractions as well as for large 
numbers has been fully explained with many illustrations 
in Chapter II above. It is only necessary to add here that, 
when the numerator and denominator consist of composite 
expressions in terms of the unknown and its powers, he puts 
the numerator first followed by fioptco or fiopiov and the 
denominator. 

Thus A^ ^ M €p fiopicp A^A a M A A^ ^ 

= {QOX^ + 2520) /{x^ + 900 ^QOx^), [VI. 12] 


y O O 

and A le A M €i/ popi<p A^A a M A^- A A^ 

= (15r«‘^-36)/(aj^ + 36~12/") [VI. 14]. 

For a term in an algebraical expression, i.e. a power ot* x 
with a certain coefficient, and the term containing a certain 
number of units, Diophantus uses the word cT5oy, ‘species’, 
which primarily means the particular power of the variable 
without the coefficient. At the end of the definitions he gives 
directions for simplifying equations until each side contains 
positive terms only, by the addition or subtraction of coeffi- 
cients, and by getting rid of the negative terms (which is done 
by adding the necessary quantities to both sides) ; the object, 
he says, is to reduce the equation until one term only is left 
on each side ; ‘ but ’, he adds, ‘ I will show you later how, in 
the case also where two terms are left equal to one term, 
such a problem is solved*. We find in fact that, when he has 
to solve a quadratic equation, he endeavours by means of 
suitable assumptions to reduce it either to a simple equation 
or a jmre quadratic. The solution of the mixed quadratic 
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in three terms is clearly assumed in several places of the 
Arithmetica, but Diophantus never gives the necessary ex- 
planation of this case as promised in the preface. 

Before leaving the notation of Diophantus, we may observe 
tliat the form of it limits him to the use of one unknown at 
a time. The disadvantage is obvious. For example, where 
we can begin with any number of unknown quantities and 
gradually eliminate all but one, Diophantus has practically to 
perform his eliminations beforehand so as to express every 
({uantity occurring in the problem in terms of only one 
unknown. When he handles problems which are by nature 
indeterminate and would lead in our notation to an inde- 
terminate ecjuation containing two or three unknowns, he has 
to assume for one or other of these some particular number 
arbitrarily chosen, the effect being to make the problem 
determinate. However, in doing so, Diophantus is careful 
to say that we may for such and such a quantity put any 
number whatever, say such and such a number; there is 
therefore (as a rule) no real loss of generality. The particular 
devices by which he contrives to express all his unknowns 
in terms of one unknown are extraordinarily various and 
clever. He can, of course, use the same variable j in the 
saAnc problem with different significations successively, as 
when it is necessary in the course of the problem to solve 
a subsidiary problem in order to enable him to make the 
coefficients of the different terms of expressions in x such 
as will answer his pur])ose and enable the original problem 
to be solved. Thei'e are, however, two cases, II. 28, 29, where 
for the proper working-out of the problem two unknowns are 
imperatively necessary. We should of course use x and y; 
Diophantus calls the first y jis usual; the second, for want 
of a term, he agrees to call in the first instance ‘one unit’, 
i.e. 1. Then later, having completed the part of the solution 
necessary to find x, he substitutes its value and uses y over 
again for what he had originally called 1. That is, he has to 
put his finger on the place to which the 1 has passed, so as 
to substitute y for it. This is a tour de force in the particular 
cases, and would be difficult or impossible in more complicated 
problems. 
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The methods of Diophantus. 

It should be premised that Diophantus will have in his 
solutions no numbers whatever except ‘rational’ numbers; 
he admits fractional solutions as well as integral, but he 
excludes not only surds and imaginary quantities but also 
negative quantities. Of a negative quantity f&r se, i.e. with- 
out some greater positive quantity to subtract it from, he 
had apparently no conception. Such equations then as lead 
to imaginary or negative roots he regards as useless for his 
purpose; the solution is in these cases dSvvaroi, impossible. 
So we find him (V. 2) describing the equation 4 = 4i« + 20 as 
Atottos, absurd, because it would give a; = — 4. He does, it is 
true, make occasional use of a quadratic which would give 
a root which is positive but a surd, but only for the purpose 
of obtaining limits to the root which are integers or nuinei’ical 
fractions ; he never uses or tries to express the actual root of 
such an equation. When therefore he arrives in the course 
of solution at an equation which would give an ‘irrational’ 
result, he retraces his steps, finds out how his equation has 
arisen, and how ho may, by altering the previous work, 
substitute for it another which shall give a rational result. 
This gives rise in general to a subsidiary problem the solution 
of which ensures a rational result for the problem itself. 

It is difficult to give a complete account of Diophantus’s 
methods without setting out the whole book, so great is the 
variety of devices and artifices employed in the different 
problems. There are, however, a few general methods which 
do admit of differentiation and description, and these we pro- 
ceed to set out under subjects. 

I. Diophantus’s treatment of equations. 

(A) Determinate equations. 

Diophantus solved without difficulty determinate equations 
of the first and second degrees ; of a cubic we find only one 
example in the Arithmetica, and that is a very special ease. 

(1) Pure determinate equations. 

Diophantus gives a general rule for this case without regard 
to degree. We have to take like from like on both sides of an 



DETERMINATE EQUATIONS 463 


ccjuation ahd neutralize negative terms by adding to both 
sides, then take like from like again, until we have one term 
left equal to one term. After these operations have been 
performed, the equation (after dividing out, if both sides 
contain a power of x, by the lesser power) reduces to Ax'** = B, 
and is considered solved. Diophantus regards this as giving 
one root only, excluding any negative value as ‘impossible’. 
No c(juation of the kind is admitted which does not give 
a ‘ rational ’ value, integral or fractional. The value a: = 0 is 
ignored in the case where the degree of the eejuation is reduced 
by dividing out by any power of x. 

(2) Mixed quadratic equaiious. 

Diophantus never gives the explanation of the method of 
solution which he promises in the preface. That he had 
a definite method like that used in the Geometry of Heron 
is proved by clear verbal explanations in different propositions. 
As he requires the eijuation to be in the form of two positive 
terms being ccjual to one positive term, the possible forms for 
Diophantus are 


(a) mx^ + 'px = q, (h) nuir — px^-q, (c) mx^ + q=p>x. 

It does not appear that Diophantus divided by m in order to 
make the first term a square ; rather he multiplied by m for 
this purpose. It is clear that he stated the roots in the above 
cases in a form ecpiivalent to 


(a) ^(i?^^ + mq) 




' ' m 


The explanations which show this arc to be found in VI. 6, 
in IV. 39 and 31, and in V. 10 and VI. 22 respectively. For 
example in V. 10 he has the equation 17£c‘^ + 17 < 'f2x, and he 
says ‘ iftultiply half the coefficient of x into itself and we have 
1296; subtract the protluct of the coefficient of x^ and the 
term in units, or 289. The remainder is 1007, the square root 
of which is not greater than 31. Add half the coefficient of x 
and the result is not greater than 67. Divide by the coefficient 
of x^, and x is not greater than f^.’ In IV. 39 he has the 
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equation 2x^>6x+ 18 and says, ‘To solve this, take the square 
of half the coeflScient of x, i.e. 9, and the product of the unit- 
term and the coefficient of a^, i.e. 36. Adding, we have 46, 
the square root of which is not less than 7. Add half the 
coefficient of x [and divide by the coefficient of a;'^] ; whence x 
is not less than 5.’ In these cases it will be observed that 3 1 
and 7 are not accurate limits, but are the nearest integral 
limits which will serve his purpose. 

Diophantus always uses the positive sign with the radical, 
and there has been much discussion as to whether he knew 
that a quadratic equation has hvo roots. The evidence of the 
text is inconclusive beeause his only object, in every case, is to 
get one solution; in some cases the other root would be 
negative, and would therefore naturally be ignored as ‘absurd’ 
or ‘ impossible ’. In yet other cases where the second root is 
possible it can be shown to be useless from Diophantus’s point 
of view. For my part, I find it difficult or impossible to 
believe that Diophantus was unaware of the existence of two 
real roots in such cases. It is so obvious from the geometrical 
form of solution based on Eucl. II. 5, 6 and that conbiined in 
Eucl. VI. 27-9 ; the construction of VI. 28, too, corresponds 
in fact to the negative sign before the radical in the wise of the 
particular eijuation there solved, while a (piite obvious and 
slight variation of the construction would give the solution 
corresponding to the positive sign. 

The following particular cases of (iua<lratics occurring in 
the Arithmetica may be quoted, with the results stated by 
Diophantus. 


1 

11 

therefore x = 2. 

(IV. 22) 

325x'^ = 3o;+ 18; 

^ 'ib- 

(IV. 31) 

84.<;''^-|-7o;= 7; 

II 

(VI. 6) 

84o:‘-^- 7o; = 7; 

II 

(VI. 7) 

6300;-^- 7305 = 6; 

6 

(VI. 9) 

6300!'^+ 7305 = 6; 

X is rational. 

(VI. 8) 


5x < x^-r-QO < 8x; X not < 11 and not > 12. (V. 30) 
17a:^+ 17 < 72a;< 19a;^-l- 19 ; x not >f^ and not <f|. (V. 10) 
2205 < 05^ + 60 < 2405; x not < 19 but < 21. (V. 30) 
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In the first and third of the last three cases the limits are not 
accurate, but are integral limits which are a fortiori safe. 
In the second f f should have been f and it would have been 
more correct to say that, if x is not greater than f ^ and not 
less than the given conditions are a fortiori satisfied. 

For comparison with Diophantus’s solutions of quadratic 
equations we may refer to a few of his solutions of 

(3) Simultaneous equations involviag qiiadratics. 

In 1. 27, 28, and 30 wo have the following pairs of equations. 
(a) ^ + q = 2a\ (^) ^ + = (y) ^-■q = 2a\ 

I use the Greek letters for the numbers reciuired to be found 
as distinct from the one unknown which Diophantus uses, and 
which I shall call x. 

In (a), he says, let | — = 2x > g). 

It follows, by addition and subtraction, that ^ = u + a;, 
g = a~x\ 

therefore iq = (« + .r) {a — x) — a^ — x- = B, 

and X is found from the pure quadi’atic ecjuation. 

In (/3) similarly he assumes ^ — gz= 2x, and the resulting 

e(piation is + g- = (a + .<)- + (a — x)'^ = 2 (a- + x-) = B. 

In (y) he puts ^-^-g = 2x and solves as in the case of (a). 

(4) Cubic equation. 

Only one very particular case occurs. In VI. 1 7 the problem 
leads to the equation 

.r- + 2 a; + 3 = a;'‘ + 3 a; — 3 a;- — 1 . 

Diophantus says simply ‘ whence x is found to be 4 ’. In fact 
the eqtiation reduces to ^ 

a;^ + a; = 4.a;® + 4. 

Diophantus no doubt detected, and divided out by, the common 
factor a;® + 1, leaving a: = 4. 



466 


DIOPHANTUS OF ALEXANDRIA 


(B) Indeterminate equations. 

DiophantQs says nothing of indeterminate equations of the 
first degree. The reason is perhaps that it is a principle with 
him to admit rational fractional as well as integral solutions, 
whereas the whole point of indeterminate equations of the 
first degree is to obtain a solution in integral numbers. 
Without this limitation (foreign to Diophantus) such equa- 
tions have no significance. 

(a) Indeterminate equations of the second degree. 

The form in which these equations occur is invariably this : 
one or two (but never more) functions of x of the form 
Aa? -J- Bx + G or simpler forms are to be made rational square 
numbers by finding a suitable value for x. That is, we have 
to solve, in the most general case, one or two equations of the 
form Ax^ + Bx + G = y^. 

(1) Single equation. 

The solutions take different forms according to the particular 
values of the coefficients. Special cases arise when one or 
more of them vanish or they satisfy certain conditions. 

1. When A or G or both vanish, the eejuation can always 
be solved rationally. 

Form Bx = y^. 

Form Bx + G = y^. 

Diophantus puts for y^ any determinate square m*, and x is 
immediately found. 

Form Ax^ + Bx = y^. 

TYh 

Diophantus puts for y any multiple of x, as — x. 

2. The equation Ate* + G ^y’^ can be rationally solved accord- 
ing to Diophantus : 

(a) when A is positive and a square, say a^ ; 

in this case we put a^x^ + G= (ax ± m)®, whence 

G-m^ 

x= ± — 

2ma 

(m and the sign being so chosen as to give x a positive value) ; 
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(/8) when C is positive and a square, say ; 
in this case Diophantus puts + = (mx±c)^, and obtains 


X 


2 me 

+ "s r, • 

~ A— m- 


(y) When one solution is known, any number of other 
solutions can be found. This is stated in the Lemma to 
VI. 15. It would be true not only of the cases +_Ax^ + G = i/®, 
but of the general case Ax^ + Bx + C = y'^. Diophantus, how- 
ever, only states it of the case Ax^ — C = y®. 

His method of finding other (greater) values of x satisfy- 
ing the equation when one is known is as follows. If 
Ax^ — G = q-, he substitutes in the oi'iginal equation (a;o + ^) 
for X and (q—kx) for y, where k is some integer. 

Then, since A{xQ + x)^ — G = {q — kx)^, while AxQ—G = (f, 
it follows by suljtraction that 


2x -1- kq) — x^ {lc- — A), 
whence .c = 2(A.ro + ^)/(Z:®— A), 

, ,, I .. . 2 (Aa’,, -H /iV/) 

and the new value oi x is Xq+ ^ - • 

Form Ax^ — c^ — y^. 

Diophantus says (VI. 14) that a rational solution of this 
case is only possible when A is the sum of two squares. 

[In fact, if X — j)/ q satisfies the equation, and Aa;® — c® = &®, 


we have Ap"^ — e~(f ■vk'^q'^, 

Form Aa;® + C' = i/®. 

Diophantus proves in the Lemma to VI. 12 that this equa- 
tion has an infinite number of solutions when A + (7 is a square, 
i. e. in the particular case where a: = 1 is a solution. (He does 
not, however, always bear this in mind, for in III. 10 he 
regards the equation 52 a:® +12 = ?/® as impossible though 
52 4-12 = 64 is a square, just as, in III. 11, 266a;®— 10 = y^ 
is regarded as impossible.) 

Suppose that A-\-G =(f‘, the equation is then solved by 
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substituting in the original equation I + x for x and {q — kx) 
for y, where k is some integer. 


3 . Form + Ra; + C? = 

This can be reduced to the form in which the second term is 

wanting by replacing x by -- 2^ • 

Diophantus, however, treats this case separately and less 
fully. According to him, a rational solution of the equation 
Ax^ + Bx-\-G = y^ is only possible 

(a) when A is positive and a square, say ; 

(fi) when C is positive and a square, say ; 

(y) when AC is positive and a square. 


In case (a) y is put equal to (ux—m), and in case {fi) y is put 
equal to (mx—c). 

Case (y) is not expressly enunciated, but occurs, as it 
were, aceidentally (IV. 31). The equation to be solved is 
3 a; + 1 8 — a:‘‘* = y‘\ Diophantus first assumes 3 ./' + 1 8 — = 4 .i:% 
which gives the quadratic 3a;+18 = but this ‘is not 
rational ’. Therefore the assumption of 4 x^ for y^ will not do, 
‘ and we must find a square [to replace 4] such that 1 8 times 
(this square + 1) + (f)‘^ may be a s<|uarc’. The auxiliary 
equation is therefore 18(m'^+ 1) + f = i/*, or 72m‘^ + 81=a 
square, and Diophantus assumes 72 + 8 1 = (8 m + 9)'“^, wlience 
m= 18. Then, assuming 3;(; + 18 — a;- = (18)'^.c‘'', he obtains the 
equation 325a!‘‘‘ — 3a; — 18 = 0, whence x = that is, -^g. 


( 2 ) Double equatioit. 

The Greek term is SnrXoia-OTijf, SnrXrj iaorys or SnrXrj i(r(oxit. 
Two different functions of the unknown have to be made 
simultaneously squares. The general case is to solve in 
rational numbers the equations 

mx^ + a 05 + a = w'** | 

nx^ + ^x+ h — w^\ 

The necessary preliminary condition is that each of the two 
expressions can be made a square. This is always possible 
when the first term (in x^) is wanting. We take this simplest 
case first. 
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1. DovJble equation ofthejirat degree. 

The ecjuations are 

OLX-\-a = 

fix+h =w^. 

Diophantus has one general incthotl taking slightly different 
forms according to the nature of the coefficients. 

(a) First method of solution. 

This depends upon the identity 

I h {p+q)>-- { = n- 

If the difference between the two expressions in x can be 
separated into two factors p, q, the expressions themselves 
are equated to (^> + 5)]' and (^> — 7)}- respectively. As 
Diophantus himself Siiys in II. 1 1, we ‘ equate either the s(iuare 
of half the difference of the two factors to the lesser of the 
expressions, or the square of half the sum to the greater’. 

We will consider the general case and investigate to what 
particular classes of cases the method is applicable from 
Diophantus’s point of view, remembering that the final (juml- 
rjitic in x must always re<luce to a single e([uation. 

Subtracting, we have {y — ^)x + (a—b) = — 

Separate (ex — P)x + {a — b) into the factors 

/), [{(x-^)x + {a-b)\/p. 

We write accordingly 

P 

u + W — 'p. • . 

mi o , , ((oi—fi)x+(a—b) )- 

Thus u- = = 1 1 — ; 

therefore [{oc- ^)x-\- a — b+p^]'^ (a .c + a). 

This reduces to 

(a - .r2 + 2a! { (a -/S) {a - b) -p ^ (a + /8) !■ 

+ (« — by — 2 (a + b) + ;>■* = 0. 
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In order that this equation may reduce to a simple equation, 
either 

(1) the coefficient of must vanish, or a— jS = 0, 
or (2) the absolute term must vanish, that is, 
p*—2p^ (a + b) + {a — by = 0 , 
or { p^ — (a + />) } 2 = 4^ab, 

so that ab must be a square number. 

As regards condition (1) we observe that it is really sufficient 
if 0 (n^ = /3 m-, since, if a a; + « is a square, (a a; + a) 7i^ is equally 
a square, and, if ^x + b is a squai’e, so is (fix + b)7n^, and 
vice versa. 

That is, (1) we can solve any pair of equations of the form 

ocm^x + a = 

(xa^x + b = w-\ 

Multiply by n~, respectively, and we have to solve the 
equations 

ocrry^i^x+aii^ = n'-' 

(X X + bm^ = , 

Separate the difference, an^—hnv^, into two factors ju, q and 


put 

u' + w' = 'p, 


vf + v/ = q; 

therefore 

= ?(;> + q)‘\ = hip- q) 

and 

a n^x + an^ = ^{p + q)'^, 


ocm^ ii^x + bTri^ = hip—^Y'f 

and from 

either of these e(]uations we get 


^ _ i iP^ + q^)-h 


ocm'^71^ ’ 

since 

p)q = an^—bm^. 


Any factors p>, q can be chosen provided that the resulting 
value of X is positive. 
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Ex. from Diophantus: 

e.*)— 6a; = I 

65-24* = ’ 

therefore 260 — 24 * = u'”'^ 

65-24* =ic'2) ■ 

The difference = 195 = 15.13, say ; 
therefoi'e ^-(15 — 1 3)‘-^ = 65 — 24*; that is, 24* 


(IV. 32) 


64, and * = f . 


Taking now the condition (2) that ab is a .square, we see 
that the equations can be solved in the cases where either 
a and b are l)oth squares, or the ratio of a to 6 is the ratio of 
a square to a square. If the equations are 

Oix+ (r = u^, 


and factors are taken of the difference between the expressions 
as they stand, then, since one factor p, as we saw, satisfies tlie 

equation f p“ — + d ^) ) ^ = 4 

we must have p = 

Ex. from Diophantus: 


10* + 9 = 
5*+ 4 = xoA 


(III. 15) 


The difference is 5* + 5 = 5(*+l); the solution is given by 
(^*+ 3)'“* = 10* + 9, and * = 28. 

Another method is to multiply the equations by squares 
such that, when the expressions are subtracted, the absolute 
terra vanishes. The case can be worked out generally, thus. 
Multiply by and respectively, and we have to solve 

(xd^x + c^d? = I 
jSc^* + = V)^ 

DiflTerencc = (oid^—fic“)x = px.q say. 

Then * is found from the equation 

(xd^x + c^d^ = hipx + qy, 

which gives p^x^ + 2 x{pq—2(x d^) + 5 ^ — 4 = 0 , 
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or, since pq = (xd^ — fic\ 

p^x^ — 2x{(xd^ + fic^) + q^ — 4LC^(P = 0 , 

In order that this may reduce to a simple equation, as 
Diophantus requires, the absolute term must vanish, so that 
q = 2cd. The method therefore only gives one solution, since 
q is restricted to the value 2 cd. 

Ex. from Diophantus ; 


8a; + 4 = 
603 + 4 = 


(IV. 39) 


Difference 2a:; q neces.sarily taken to be 2\/4 or 4; factors 
therefore ^x, 4. Therefore 8x + 4 = ^ (^a3 + 4)‘-*, and x = 112. 


(/3) Second method of solution of a double equation of the 
first degree. 

There is only one case of this in Diophantus, the equations 
being of the form 

kx + n- = 

{h+f)x + n'^ = U''^l 

Suppose hx + = (y + n)'^ ; therefore hx = y- + 2 ny, 

and (h +f)x + n^ = (y + nf + ^ (y- + 2ny). 

It only remains to make the latter expression a square, 
which is done by equating it to (py—n)'^. 

The case in Diophantus is the same as that last mentioned 
(IV. 39). Where I have used y, Diophantus as usual contrives 
to use his one unknown a second time. 


2. Double equations of the secoitd degree. 

The general form is 

+Bx -^-G = u^] 

A'x^ + B'x + G'=n^\ ’ 

but only three types appear in Diophantus, namely 
p^x^ + (xx + a = 

(1) „ „ - , „ ■ , where, except in one case, a = b. 

p^x^ + px + b = w^j 
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+ aa5 + a = ^ 

(The case whei’e the absolute terms are in the ratio of a square 
to a square reduces to this.) 

In all examples of these cases the usual method of solution 
applies. 

(xay^ + ax = ] 

/Srr-^ + ])X = vi^\ 

The usual method does not here serve, and a special artifice 
is required. 

Diophantus assumes 

Then x = a/ (m^ — a) and, by sulwtitution in the second 
equation, we have 

-^r — ^ 5 which must be made a squai’e, 

\iii-—o(/ m-— a 

oi- ((,-/3 + fM{m^ — (x) must be a square. 

We have thei’efore to solve the equation 
abvi^ + a{afi — (xb) = y-, 

which can or cannot be solved by Diophantus’s methods 
according to the nature of the coefficients. Thus it can be 
solved if {aP — (xb)/a is a square, or if a/b is a square. 
Examples in VI. 12, 14. 

{b) Indetermiimle filiations of a degree higher than the 

second. 

(1) Single eqiuitioas. 

There are two classes, namely those in which expressions 
in X have to be made squares or cubes respectively. The 
general form is therefore 

A.c” + Ra;“~^ + ... + Kx—L = y~ or j/®. 

In Diophantus n does not exceed 6, and in the second class 
of cases, where the expression has to be made a cube, a does 
not generally exceed 3. 
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The species of the first class found in the Arithmetica are 
as follows. 

1 . liquation Aar* + Bx^ + Gx + iG = y^. 

As the absolute term is a square, we can assume 

G 

or we might assume y = m^x^ + nx + d and determine m, n so 
that the coefficients of x, in the resulting equation both 
vanish. , 

Diophantus has only one case, a;^ — 3£c^ + 3x + 1 = y^ (VI. 18), 
and uses the first method. 

2. Equation Ax* + Rx® + Gx^ + Dx + E = y^, where either A or 
is a square. 

If A is a square ( = a^), we may assume y = ax-* + --- x + n, 

di it 

determining n so that the term in x** in the resulting eciua- 
tion may vanish. If E is a square (= e®), we may assume 

y = mx® + ^-x + e, determining m so that the term in x*-* in the 

a c 

resulting equation may vanish. We shall then, in either case, 
obtain a simple equation in x. 

3. Equation Ax* + Cx^ + E = y^, but in special cases only where 
all the coefficients are squares. 

4. Equation Ax* -{-E = y\ 

The case occurring in Diophantus is x* + 97 = y^ (V. 29). 
Diophantus tries one assumption, y = x^ — 10, and finds that 
this gives x® = , which leads to no rational result. He 

therefore goes back and alters his assumptions so that he 
is able to replace the refractory equation by x* + 337 = y\ 
and at the same time to find a suitable value for y, namely 
y = X® — 26, which produces a rational result, x = 

6. Equation of sixth degree in the special form 
X®— Ax® + Rx + c® = y\ 

Putting y = x® + c, we have — Ax® + R = 2cx®, and 

B B 

X® = -i — — , which gives a rational solution if — -- is 
A + 2c’ ® A + 2c 
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a square. Where this does not hold (in IV. 18) Diophantus 
harks back and replaces the equation rr'’— 16a;* + a! + 64 = 
by another, x^— 128a;'* + a; + 4096 = y^. 

Of expressions which have to bo made cubes, we have the 
following cases. 

1 . Ax^ + Bx-\-C =■ y\ 

There are only two cases of this. First, in VI. 1, x^—ix + 4 
has to be made a cube, being alrearly a s<iuarc. Diophantus 
naturally makes as — 2 a cube. 

Secondly, a peculiar case occurs in VI. 17, where a cube has 
to be found exceeding a scjuare by 2. Diophantus assumes 
{x—l)^ for the cube and {x + I)-* for the square. This gives 

a;'* — 3 a;-* + 3.C — 1 = + 2x + 3. 


or .r* + .f = 4a:- + 4. We divide out by a;^ + 1, and a: = 4. It 
seems evident that the a.s8umptions were made with knowledge 
and intention. That is, Diophantus knew of the solution 27 
and 25 and deliberately led up to it. It is unlikely that he was 
aware of the fact, observed by Fermat, that 27 and 26 are the 
only integral numbers satisfying the condition. 


2. + Bx^ + Cx + J) = y^, where either A or D is a cube 

number, oi' both are cube numbers. Where A is a cube (a**), 

we have only to assume y = <jtx+ and where D is a cube 


(d**), y = 


C 

3d^ 


X + (1 9 


Where A = «•* and D = (P, we can use 


either assumption, or put y = ax + d. Apparently Diophantus 
used the last assumption only in this case, for in IV. 27 he 
rejects as impossible the equation 8a;^ — a;** + 8a;— 1 = 
because the assumption y = 2x—\ gives a negative value 
X = — x\-, whereas either of the above assumptions gives 
a rational value. 


( 2 ) Double equations. 

Here one expression has to be made a siiuare and another 
a cube. The cases are mostly very simple, e.g. (VI. 19) 

4a; + 2 = ?/| 

2a;+l =5'^j ’ 
thus y^ = 2z^, and s = 2. 
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More complicated is the case in VI. 21 : 

2x^ + 2x = 2 /“ 
a!y‘ + 2x^ + x=z'^j 


Diophantus assumes y = mx, wlience x = 2 / — 2), and 


/ 2 \3 / 2 2 

Vm’"— 2/ ^ Vm'^— 2/ m"— 2 


^11 


or 


2 m* _ 
{ni^ — 2 )* 


We have only to make 2 m*, or 2 m, a cube. 


II. Method of Limits. 

As Diophantu.s often has to find a series of numbers in 
order of magnitude, and as he does not admit negative 
solutions, it is often necessary for him to reject a solution 
found in the usual course because it does not satisfy the 
necessary conditions; he is then obliged, in many cases, to 
find solutions lying withith certain limits in place of those 
rejected. For example : 

1. It is required to find a value of x such that some power of 
it, x^, shall lie between two given numbers, say a and h. 

Diophantus multiplies both a and h by 2’*, 3”, and so on, 
successively, until some /tth power is seen which lies between 
the two products. Suppose that c" lies between op” and ; 
then we can put x = c/ p, for {c /pY lies between a and h. 

Ex. To find a square between 1^ and 2. Diophantus 
multiplies by a square 64; this gives 80 and 128, between 
which lies 100. Therefoi’c or l-l solves the problem 

(IV. 31 (2)). 

To find a sixth power between 8 and 16. The sixth powers 
of 1, 2, 3, 4 are 1, 64, 729, 4096. Multiply 8 and 16 by 64 
and we have 512 and 1024, between which 729 lies; is 
therefore a solution (VI. 21). 

2. Sometimes a value of x has to be found which will give 
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some function of a; a value intermediate between the values 
of two other functions of x. 

Ex. 1 . In IV. 25 a value of x is required such that 8 /{x^ + x) 
shall lie between x and fl!+ 1 . 

One part of the condition give.s 8 > ay' + x^. Diophantus 
accordingly assumes 8 = (a? + 3 )'* = x^ -\-x^ + ^x + -iif, which is 
> «■* + x^. Thus x + ^ = 2 or x = § satisfies one part of 
the condition. Incidentally it satisfies the other, namely 
8/(x^ + x) < a;+l. This is a piece of luck, and Diophantus 
is satisfied with it, saying nothing more. 

Ex. 2 . We have seen how Diophantus concludes that, if 

g(x~—60) > X > — 6 O), 

then X is not less than 1 1 and not greater than 12 (V. 30). 

The problem further requires that — 60 shall be a square. 
Assuming 60 = {x—m)“, we find x — (m^ + OO)/ 2 m. 

Since a: > 11 and < 12 , says Diophantus, it follows that 

24m > m' + 60 > 22 m; 

from which he concludes that m lies between 19 and 21 . 
Putting m = 20 , he finds x = 11 |. 


III. Method of approximation to Limits. 

Here we have a very distinctive methoil called by Diophantus 
Trapia-STTjs or TrapKroTrjros dyayrj. The object is to solve such 
problems as that of finding two or three square numbers the 
sum of which is a given number, while each of them either 
approximates to one and the same number, or is subject to 
limits which may be the same or different. 

Two examples will best show the method. 

Ex. 1 . Divide 13 into two scjuares each of which > 6 (V. 9 ). 

Take half of 13, i.e. 6 ^ and find what small fraction 1 /x'^ 
added to it will give a squai'e ; 

6h+ or 26 + > must be a square. 

^ X‘^ 


thus 
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Diophantus assumes 

26+^ = (5+^^)^ or 26f+l^{5y+lf, 

whence 

y= 10 , and 1 = xffTT) **'*'*-^ ®? + 3 :o 5 ~('Ib')"* 

[The assumption of 5 + ^ as the side is not haphazard ; 6 is 

2 / 

chosen because it is the most suitable as giving the largest 
rational value for y.] 

We have now, says Diophantus, to divide 13 into two 
squares each of which is as nearly as possible e<iual to 

Now 13 = 3 ^ + 2 ^ [it is necessary that the original number 
shall be capable of being expressed as the sum of two squares] ; 

and 3 > -I J- by ^q, 

while 2 <|Jby|J. 

But if we took 3 — 3 ^, 2 +^^ as the sides of two sejuares, 
their sum would be = VtstT’ which is > 13. 

Accordingly we assume 3 — 9®, 2 + 11 a; as the sides of the 
reejuired squares (so that x is not exactly but near it). 

Thus (3-9a;)2 + (2 + lla;)2 = 13, 

and we find x = j|y- 

The sides of the required squares are . 

Ex. 2. Divide 10 into three squares each of which > 3 
(V. 11). 

[The original number, here 1 0 , must of course be expressible 
as the sum of three squares.] 

Take one-third of 10 , i.o. 3^, and find what small fraction 

l/x^ added to it will make a square; i.e. we have to make 

19 1 

3|+ a square, i.e, 30+ Miust be a square, or 30 + —5 

(c ic y 

= a square, where Z /x — \ /y. 

Diophantus assumes 

302/2 + 1 = (5?/ + ly^ 

the coefficient of y, i.e. 5, being so chosen as to make 1 /?/ as 
small as possible ; 
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therefore y = 2, and 1 /x^ = and 3^ + ■ 3^5 = a square. 

We have now, says Diophantus, to divide 10 into three 
squares with sides as near as may be to y-. 

Now 10 = 9 + 1 = 32 + ( 1)2 + ( 1 ) 2 . 

Bringing 3, f, f and y- to a common denominator, we have 

90 18 24 nrtfl 

and 3 > 11 by , 

a ^ 55 37 

S ^ -3TS W 

4 ^ 55 V,„ 31 

5 < -50' Oy 30* 

If now we took 3 — f , | + as the sides of squares, 
the sum of .the squares would be 3 (y)* or -\y , which is >10. 

Accordingly we assume as the sides 3 — 35 £C, f + 37 a;, f + 3 1 a:, 
where x must therefore be not exactly 

Solving (3 — 35.r)2 + (| + 37;r)2 + (| + 31a;)® = 10 , 
or 10-116a;+3565a;2 = 10, 

we find X = ; 

thus the sides of the required squares are -VW'> Wt"* 

the squares themselves are VAyy, WtAt®. -tVxWt - 

Other instances of the application of the method will be 
found in V. 10 , 12 , 13, 14. 

Porisms and propositions in the Theory of Numbers. 

I. Three propositions ai'e quoted as occurring in the Porisms 
(‘ We have it in the Porisms that and some other pro- 
positions assumed without proof may very likely have come 
from the same collection. The three propositions from the 
Porisms are to the following effect. 

1 . If a is a given number and x, y numbers such that 
x + a = m 2 , y + a = n^, then, if xy + avs also a square, m and n 
differ by unity (V. 3). 

[From the first two equations we obtain easily 

ojy + a = a{m^ + n^— 1) + 0 . 2 , 

and this is obviously a square if m^ + n^— I = 2'in')i, or 
m—n = ± 1.] 
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2. If (m+ 1)^ be consecutive squares and a third number 
be taken equal to 2{m® + (m+ 1)^} +2, or 4(m^ + m + l), the 
three numbers have the property that the product of any two 
plvs either the sum of those two or the remaining number 
gives a square (V. 6). 

[In fact, if X, F, Z denote the numbers respectively, 
AF+X+F= (m2 + m+l)^ ZF+X = (m2 + m + 2)-^ 

FX + F+ X = (2m- + 3m + 3)^ FX+ X = (2m2 + 3m + 2f, 

XZ + X+Z = (2m2 + m + 2)2 ZZ + F=(2m‘-' + m +!)'■'.] 

3. The difference of any two cubes is also the sum of two 
cubes, i.e. can be transformed into the sum of two cubes 
(V. 16). 

[Diophantus merely states this without proving it or show- 
ing how to make the transformation. The subject of the 
transformation of sums and ditterences of cubes was investi- 
gated by Vieta, Bachet and Fermat.] 

II. Of the many other propositions assumed or implied by 
Diophantus which are not referred to the Foi'isms we may 
distinguish two classes. 

1. The first class are of two sorts; some are more or less 
of the nature of identical formulae, e.g. the facts that the 
expressions {\{a + h)}^ — ah and (a -l- 1 -I- -f (cH- 1 )‘‘‘ are 
respectively squares, that a{a'^—a)-\-a-\-{a^ — a) is always a 
cube, and that 8 times a triangular number plus I gives 
a square, i.e. 8.^a;(a:-f-l)4-l = (2a:H-l)‘‘*. Others are of the 
same kind as the first two propositions quoted from the 
Poriavus, e.g. 

(1) If X=a^x + 2a, F = (tt+ 2(a+ 1) or, in other 
words, if xX + I = (ax + 1)'^ and a;F-l- 1 = {(a-t- l);i + 1 j^, 
then ZF-f 1 is a square (IV. 20). In fact 

ZF-l-1 = {a(aJf\)x + (2a+\)Y. 

(2) If Z + a = 'nC^, Y ±a = (m -I- 1)''*, and ^ = 2(Z-l-F) — 1, 
then YZ±a, ZX±a, XY ±a are all squares (V. 3, 4). 
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In fact F^±a = {(w+ l)(2m+ l) + 2a}‘'^, 

ZX±a = {m(2m+ i) + 2a}^, 

XY±a= {m{m+l) + ay\ 

(3) If 

X = m“ + 2, F = (m+ 1)^ + 2, Z = 2 [m^ + (m+ 1)'^ + 1 } + 2, 
then the six expressions 

F^-(F+^), ZX-{Z+X), XF-(X + F), 

F^-X, ZX-Y, XY-Z 

are all scjuarcs (V. 6). 

In fact 

Fi?r— (F + ^) = (2 iu- + 3w+ 3)-, YZ— X = (27)1- + Ziiv + iyy &c. 

2. The second class is much more important, consisting of 
propositions in the Theory of Numbers which we find first 
stated or assumed in the Ai'ithmetica. It was in explana- 
tion or extension of these that Fermat’s most famous notes 
were written. How far Diophantus po.->sessed scientific proofs 
of the theorems which he assumes must remain largely a 
matter of speculation. 

(a) TIieoi'eTYis on, the voni'imition of )bui)iberts as the suia 
of t wo s(p.bares. 

(1) Any s(juare numher can be resolved into two squares in 
any number of ways (II. 8). 

(2) Any number whicli is the sum of two s(iuares can be 
resolved into two other scpiares in any number of ways (II. 9). 

(It is implied throughout that the stjuares may be fractional 
as well as integral.) 

(3) If there are two wliole numbers each of which is the 
sum of two s(iuares, the product of the numbers can be 
resolved into the sum of two sipiares in two ways. 

In fact (a^ + &'■*) + dP’) (ac ± bdY + («d + bc)^. 

This proposition is used in III. 19, where the problem is 
to find four rational right-angled triangles with the same 

1523.2 X i 
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hypotenuse. The method is this. Form two right-angled 
triangles from (a, b) and (c, d) respectively, by which Dio- 
phantus means, form the right-angled triangles 

{d^ + b'^, a^ — b^, 2ab) and (c^ + d^, c^—d^, 2cd). 

Multiply all the sides in each triangle by the hypotenuse of 
the other; we have then two rational right-angled triangles 
with the same hypotenuse {a? -I- b^) (c^ -f d^). 

Two others are furnished by the formula above; for we 
have only to ‘ form two right-angled triangles ’ from (ac -f- bd, 
ad— be) and from (ac—bd, ad + hc) respectively. The method 
fails if certain relations hold between a, b, c, d. They must 
not be such that one number of either pair vanishes, i.e. such 
that ad = be or ae = bd, or such that the numbers in either 
pair are equal to one another, for then the triangles are 
illusory. 

In the case taken by Diophantus + = 2^-t- = 5, 

-f. = 3^ + 2^ = 1 3, and the four right-angled triangles are 

(65, 62, 39), (65, 60, 25), (65, 63, 16) and (65, 66, 33). 

On this proposition Fei’mat has a long and interesting note 
as to the number of ways in which a prime number of the 
form 471+1 and its powers can be {a) the hypotenuse of 
a rational right-angled triangle, (6) the sum of two squares. 
He also extends theorem (3) above : ‘ If a prime number which 
is the sum of two squares be multiplied by another prime 
number which is also the sura of two squares, the product 
will be the sum of two squares in two ways ; if the first prime 
be multiplied by the square of the second, the product will bo 
the sum of two sejuares in three ways ; the product of the first 
and the cube of the second will be the sum of two sejuares 
in four ways, and so on ad iiifiidtum,’ 

Although the hypotenuses selected by Diophantus, 5 and 1 3, 
are prime numbers of the form 47t+ 1, it is unlikely that he 
was aware that prime numbers of the form 4 «, + 1 and 
numbers arising from the multiplication of such numbers are 
the only desses of numbers which are always the sum of two 
squares ; this was first proved by Euler. • 

(4) More remarkable is a condition of possibility of solution 
prefixed to V. 9, ‘To divide 1 into two parts such that, if 
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a given number is added to either part, the result will be a 
square.’ The condition is in two parts. There is no doubt as 
to the first, ‘The given number must not be odd’ [i.e. no 
number of the form 471 + 3 or 47 i — 1 can be the sum of two 
squares] ; the text of the second part is corrupt, but the words 
actually found in the text make it quite likely that corrections 
made by Hankel and Tannery give the real meaning of the 
original, ‘ nor must the double of the given number plus 1 be 
measured by any prime number which is less by 1 than a 
multiple of 4’. This is tolerably near the true condition 
stated by Fermat, ‘ The given number must not be odd, and 
the double of it increased by 1 , when divided by the greatest 
scjuare which measures it, must not be divisible by a prime 
number of the form 4 a — 1 .’ 

(/3) On numbers which are tJte s^bm of three squares. 

In V. 11 tlie number 3« + l has to bo divisible into three 
.s((uares. Diophantus says that a ‘must not be 2 or any 
multiple of 8 increased by 2 ’. ’J’hat is, ‘ a number of the 
form 24n+ 7 cannot be the sum of three squares ’. As a matter 
of fact, the factor 3 in the 24 is irrelevant here, and Diophantus 
might have said that a number of the form 8n + 7 cannot be 
the sum of three s(iuares. The latter condition is true, but 
does not include all the numbex’s which cannot be the sum of 
three squares. Fermat gives' the conditions to which a must l)e 
subject, proving that 3rt + 1 cannot be of the form 4" (24A: + 7) 
or 4“ ( 8 / 0 + 7), where k = 0 or any integer. 

(y) (hm position of numbers as the sum of four sifuares. 

There are three problems, IV. 29, 30 and V. 14, in which it 
is required to divide a number into four stjuai'es. Diophantus 
states no necessary condition in this case, as lie does when 
it is a question of dividing a number into three or txco squares. 
Now every number is either a square or the sum of two, three 
or four squares (a theorem enunciated by Fermat and proved 
by Lagrange who followed up results obtained by Euler), and 
this shows that any number can be divided into four squares 
(admitting fractional as well as integral. squares), since any 
square number can be divided into two other stjuares, integral 
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or fractional. It is possible, therefore, that Diophantus was 
empirically aware of the truth of the theorem of Fermat, but 
we cannot be sure of this. 


Conspectus of the Anthmetica, with typical solutions. 

There seems to be no means of conveying an idea of the 
extent of the pi’oblems solved by Diophantus except by giving 
a conspectus of the whole of the six Books. Foi'tunately this 
can be done by the help of modern notation without occupying 
too many pages. 

It will be best to classify the propositions accoriling to their 
character rather than to give them in Diophantus’s order. It 
should be premised that x,y,z... indicating the first, second 
and third . . . numbers required do not mean that Diophantus 
indicates, any of them by his unknown (y) ; he gives his un- 
known in each case the signification which is most convenient, 
his object being to express all his required numbers at once in 
terms of the one unknown (where possible), thereby avoiding the 
necessity for eliminations. Where I have occasion to specify 
Diophantus’s unknown, I shall as a rale call it except when 
a problem includes a subsidiary problem and it is convenient 
to use diflferent letters for the unknown in the original and 
subsidiary problems respectively, in order to mark clearly the 
distinction between them. When in the equations expressions 
are said to be = ... this means simply that they 

are to be made squares. Given numbers will be indicated by 
a, b, c ... m, u ... and will take the place of the numbers used 
by Diophantus, which are always specific numbers. 

Where the solutions, or particular devices employed, arc 
specially ingenious or interesting, the methods of solution will 
be shortly indicated. The character of the book will bo best 
appreciated by means of such illustrations. 

[The problems marked with an asterisk are probably 
spurious.] 

(i) Equations of the first degree with one unknown. 

I. 7. x—a = m{x—b). 

I. 8. x + a = m{x + b). 
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I. 9. a—x = m{b—x). 

I. 10. x + b = m{a—x). 

I. 11, x + b = m{x~a). 

I. 39. {a + x)b + (b + x)a = 2(a + b)x,\ 

or {a + b)x + {b-^-x)a = 2{a + x)b, ~ (a > b) 
or {a + b)x+{a + x)b =z 2{b + x)a. . 

Diophantus states this problem in this form, ‘Given 
two numbers (a, b), to find a third number (x) such that 
the numbers 

(a + x)b, (b+x)a, (a + b)x 

are in arithmetical progression.’ 

The result is of course difierent according to the order 
of magnitude of the three expressions. If a>b (5 and 3 
are the numbers in Diophantus), then (a + x)h < (b + x)a', 
there are consequently three alternatives, since {a + x)b 
must l)e either the least or the middle, and {b + x)a either 
the mid<lle or the greatest of th’e three products. We may 
have 

{(I +x)b < {(i + b)x < (6 + ;r)a, 
or {a + b)x < {a + x)b < {b + x)a, 
or {a + x)b < {b + x)a < {a + b)x, 
and the corresponding equations are as set out above. 

(ii) Determinate systems of equations of the first degree. 

I. 1. x + y = a, x—y = b. 

I. 2. x + y = a, x = my, 

,1. 4. x—y = tt, x=z my. 

1. 3. x + y = a, X = my + b. 

I. 5. x + y = a, ^ necessary condition. 

I. G. cc + T/ = a, — o; 

mn 
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I. 12. x^ + x^ = y^-iry^ = a,x^ = my.^,y^ = nx^{xT^>x,,y^>y^. 

1.13. a;j + a;2 = 2/j + 2/2 = c, + 22 = a) 

■ yi>y>y 

*i = ‘^2/2> 2/i = '>^2:2, z^ = 'px^) 

I. 15. aj + a = miy—a), y + b = n{x—b). 

[Diophantus puts y — ^ + a, where ^ is his unknown.] 
'I. 16 . y + z = a,z + x = b,x-\-y = (‘. [Dioph.puts^ =a; + 2 / + 2 ^-] 
- I. 17 . y + z + w = a, z + to + X = b, w + X + y = v, X + y + z = d, 

V [a; + 2/ + 0 + w = f] 

I. 18. y + Z—X = a, z + x—y=zb, x + y — z = c. 

[Dioph. puts 2 ^ = a; + 2/ + 2 .] 

I. 19. 2 / + 2 + W — a: = «, z + to + x—y =.h, w + x + y — z=c, 

x + y + z — tv = d. 

[ 2 | = x + y + z + w.] 

I. 20. x + y + z = a, x + y = mz, y + z — nx. 

I. 21. X = y+ —z, y — z + - X, z = a + - ti (where x>y>z), 

m 'll an 

with necessary condition. 

II. 18» * - (ia;+,<) + (1 -.+.) = !/- (* </ + '') + (^/■ + «) 

= 2— 2 + f!^ + Q^^y + ^> X + y + z = a. 

[Solution wanting.] 

(iii) Determinate systems of equations reducible to the 

first degree. 

I. 26. ax = bx = a. 

I. 29. x + y = a, x^—y^ — b. [Dioph. puts 2| = x-yi\ 

I. 31. X = my, x^+y^ = 'a(x + y). 

I. 32. X = my, a^ + y"^ = n(x—y). 

I. 33. X = my, x^—y^ = n{x+y). 

I. 34. X = my, x?—y‘‘‘ — n(x—y). 

I. 34. Cor. 1. a? = my, xy = n{x + y). 

Cor. 2. a: = my, xy = n(x—y). 
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{ I. 35. X = my, = nx. 

L 36. x = my, y^ — wy. 

1. 37. X = my, = n{x+y). 

I, 38. X = my, y^ = n{x—y). 

1. 38. Cor. X = my, x^ = ny. 

„ x = my, = ux. 

„ = my, x‘‘ = »i(a; + 2/). 

„ X = my, x:^ = n{x-y). 

II. G*. x — y = a, x^—y^ = x—y + b. 

IV. 36. yz = m{y + z), zx = n{z + x), xy — p{x-\-y). 

[Solved by means of Lemma: see under (vi) Inde- 
terminate e(iuations of the first degree.] 

(iv) Determinate systems rfeducible to equations of 
second degree. 

I. 27. x-\-y =■ a, xy = h. 

[Dioph. states tlie necessary condition, namely that 
^a^ — h must be a square, with the words etrrt toCto 
irXaaryaTiKov, which no doubt means ‘this is of the 
nature of a formula (easily obtiiined) ’. He puts 
®-2/= 2^.] 

I. 30. x—y =1 a, xy = b. 

[Necessary condition (with the same words) 4 & + a^ = 
a S(iuare. a? -f- y is put = 2 ^.] 

I. 28. x + y = a, x^ + y^ = b. 

[N ecessary condition 2 6 — «^ = a square, x — y = 2^.^ 

IV. 1. x^ + y'^ = a, x + y = b. 

[Dioph. puts x—y=2^, whence x=^b + ^, y = ^b—^. 
The numbers a, b ai*e so chosen that {a—^b^)/3b is 
a square.] 

IV. 2. x^- y'^ = a, x—y = h. 

D» + 2/ = 2f] 
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IV. 15 . {y+z)x = a, {3+x)y = h, {x + y)z = c. 

[Dioph. takes the third number z as his unknown ; 
thus x-\-y ■=■ c, / z. 

A.ssume x ■=■ p / z, y = q /z. Then 


pq 


+p = a, 


5 +5 = i.. 


The.sc equations are inconsistent unless p — q — a — h. 
We have therefore to determine p, q by dividing c into 
two parts such that their difference = a—h (cf. I. 1). 

A very interesting use of the ‘false hypothesis’ 
(Diophantus first takes two arbitrary numbers for 3 
such that p + q = c, and finds that the values taken have 
to be corrected). 


The final equation being +'p — "y when; p, q are 


determined in the way described, z^ = pq/{a—p) or 
pq/ (b — q), au<l the numbers a, h, e have to be such that 
either of the.se expressions gives a stjuare.] 


IV. 3-1. ys + {y + z) = a^-l, zx + (z + x) = 

!^’2/ + (•<• + 2/) = 

[Dioph. states as the neces.sary condition for a rational 
.solution that each of the three constants to which the 
three expressions are to be ec^ual must be some S(iuare 
diminished by 1. ^ The true condition is seen in our 
notation by transforming the equations yz + (y + z) = cx, 
zx + (z + x) = a:y + (x + y) — y into 

(2/+l)(3 + l) = a + l, 

( 0 +l)(a;+l) = )8+l, 

(»+l)(2/+l) = y + L 
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whence + l &c,; 

and it is only necessary that (tx + 1) (j8 + 1) (y + 1) should 
be a sejuare, not that each of the expressions cx + 1 , ^ + 1 , 
y + 1 should be a sc^uare. 

Dioph. finds in a Lemma (see under (vi) below) a solu- 
tion kv dopiarTM (indeterminately) of xy + (x + y) = k, 
which practically means findinfj y in terms of a;.] 


IV'’. 35. yz~(y + z) = z.i- — (z + .r) = //—I, 

xy-{x + y) = c'^-l. 

[The remarks on the last proposition apply mutatis 
mutaihdis. The lemma in this case is the indeterminate 
solution of xy — {x + y) = /i:.] 


IV. 37. yz — ct{x + y + z), zx = l)(x+y + z), xy = c{x + y + z). 

[Another interesting case of ‘ false hypothesis ’. Dioph. 
first gives x + y + z an arbitrary value, then finds that 
the result is not rational, and proceeds to solve the new 
problem of finding a value of x + y + zio bike the place of 
the first value. 

li 10 ■= x-\-y -\-z, we have x ■=. cio/y, z = aw/ y, so that 

(to 

zx = acw^/y^ = bwhy hypothesis; therefore y^ = 

For a rational .solution this la.st expression must be 
a square. Suppose, therefore, that w = and we have 


;,! + ?/ + C = i~, y^J-l = 

Eliminating x, y, z, we obtain | = 
and 


i, * = 

(he + ca + ab) / ac. 


X — {be + ca + ab) /a, y = (!)c + ca + ab)/ b, 

z = (be + ca + ah) /c.} 

Lemma to V. 8. yz = a^, zc = b‘^, xy — c^. 
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(v) Systems of equations apparently indeterminate but 
really reduced, by arbitrary assumptions, to deter- 
minate eeiuations of the first degree. 

I. 14, = m(£C + 2/)- [Value of y arbitrarily assumed.] 

II. 3*. xy = m(x-\-y), and mj = m{x — y).\ 

II. 1*. (cf. I. 31). + = m{x-\-y). [ 

-j II. 2*. (cf. I. 34). x^ — y^ = m(x — y). ^ [a: assumed = 2 y.] 

II. 4*. (cf. I. 32). x^-vy^ =m{x—y). 

II. 5*. (cf. I. 33). x^ — y^ = m(x + y). ) 

II. 7*. x^—y^ = m{x—y) + a. [Dioph. assumes x—y= 2.] 


/ T o« 1 1 11 11 

j 1. 22. a; x + ~z = y y ■\ x = z z+ -y. 

I mn. p ^ n '' m p 


m p ~ 'n ' 
[Value of y assumed.] 


T 1 1 11 11 

1. 23. X aj -f - tv = y y + — .a; = s z+ y 

m q n nx p n 

= tv— [Value of y assumed.] 


I. 24. aj-l- —{y + z) = y+ - (s -|- ;c) = s -h \{x + y). 
tix ' n ' p 

[Value oly + z assumed.] 

1.25. x-\- ^{y-\-z^-tjv) =■ y + ^{z + w + ui) 


=■ z •>t-y{w + x + y) = w + ^ (a: + 2 / + «). 


[Value oi y + z+w assumed.] 

II.17». (ct.1.22). a,-(la! + a) + (is+r) 


y- (Lj, + j) + (I (1^ + c) + (i./ + 6). 

[Ratio of X to y assumed.] 
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IV. 33. it; + 1 2/ = m ( 2 / - “2/) ’ V + 

ft 

[Dioph. assumes ^2/ = !•] 



(vi) Indeterminate equations of the first degree. 


Lemma to IV. 34. x}i + {x + y) = a.\ 
„ „ IV. 35. xij-{x-\-y) = a. 

„ „ IV. 3 G. xy = miix + y). - 


[Solutions kp dopi<TT<p. 
y practically found 
in terms of a;.] 


(vii) Indeterminate analysis of the second degree. 
II. 8. X® + 2 /® = 

[y^ =. a^ — x^ must he a square = (mx — a)% say.] 
II. 9. x"^ + y^ = + b'^. [Put x=z^ + a, y = m^~h.] 

II. 10. x^ — y^ = a. 

[Put X = y + m, choosing nt such that to® < a.] 


tll. 11. rt; + a = u®, ;t: + /> = y®. 

Jll. 12. a — X = tt®, h — x = ir. 

( 11 . 13. x — a = x — b = V®. 


[Dioph. .solves II. 11 and 13, (1) by means of the 
‘ double equation ’ (see p. 469 above), (2) without a double 
e(|uation by putting x = ^® + (tand equating (|® + fl) + & 
to (^— to)®. In II. 12 he puts x = « — 

II. 14 = III. 21. x + y = a, x + z^ = u®, y+z^ — v‘\ 


[Diophantus takes z as the unknown, and puts 
u® = ( 5 : + to)®, V® = (0+ a)®. Therefore x = 2mz + m^, 
y = 2113+ a®, and z is found, by substitution in the first 


equation, to be - 


(i — (TO® + a®) 


In order that the solution 


2 (to + n) 

may be rational, to, n must satisfy a certain condition. 
Dioph. takes them such that to® + ii® < a, but it is suffi- 
cient, if TO > n, that a + mn should be > ii®.] 


II. 15 = III. 20. x + y = a, 3®— X = u®, z'^—y = v®. 

[The solution is similar, and a similar remark applies 
to Diophantus’s implied condition.] 
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II. 1 6. 03 = my, + .03 = a^ + y — v^. 

II. 19, x^—y'^ = m{y^ — z^). 

'II. 20. x^ + y = u^, y^ + x = v^. 

[Assume y = 2ma! + m®, and one condition is satisfied.] 

' II. 21. x^—y = y'^—x — v^. 

[Assume a: = ^ + m, y ■= 2m^ + m^ and one condition 
\ is satisfied.] 

'II. 22. .03^ + (03 + 2/) = V?, 2/“ + (® + 2/) = 

[Put x-\-y ■=■ 2'nia3 + m‘‘*.] 
ji. 23. 03^— (03+2/) = 

II. 24. {x-\-yY + x = u^, (x + y)^ + y = v\ 

[Assume 03 = (m‘-^— 1)^'^ y = ()h^— 1)^^ x + y = ^.] 

II. 25. (03 + 2/)^ — 03 = u^, (03 + 2/)^ — 2/ = 

II. 26. xy + a; = xy + y = v^, u + v = o. 

[Put y = '^^‘■^03— 1.] 

,11. 27. xy — x = cnj — y = v’"*, ^^ + ^> = a. 

/II. 28. x^y^ + x- = u^, x^y'^ + y^ = v^. 

III. 29. x^y^—x^ = u^, x^if—y'^ = v^. 

II. 30. xy + {x + y) = xy — {x + y) = v\ 

[Since + «,“'* + 2 mn, is a s/^uare, fissume 

xy = (m^ + 71^) and x + y = 2 mn ; 
put x= 'pi> y = Qii where pq = m^ + it^; then 
(jr7 + </)| = 2mni\] 

II. 31. xy + (x + y) = xy — {x + y) = a: + 2/ = w^. 

[Suppose =■ 2 .2m. m, which is a square, and use 
formula (2 mY + m^±2 .2m.m = a, square.] 

'II. 32. y^ + z = u^, z‘‘ + X = v^, 03^ + 2/ = w^. 

[y = i> ^ + X = 2h{2a^ + a^) + JA'\ 

II. 33. y^ — z-= u^, 03 = v‘‘, x^ — y — w^. 
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’ II. 34. x^-\-{x + y-\-z) = y^ + {x + y + z) = v^, 

z^ + {x+y + z) =w^. 

[Since { ^ (m — n) j ® + mn is a .square, take any number 
separable into two factors (m, n) in three ways. This 
gives three values, say, 2>, <1, f for — Put 

^ = pit y — ^ x + y + s = ; therefore 

ip + q + r)^ = and ^ is found.] 

II. 35. x^—{x + y-\-z) — y^~~{'x+y + z) — 

z^ — (x + y + z) = 

[Use the formula + — ma = a square and 

proceed similarly.] 

III. 1*. (x + y + z)-x-- (x + y + z)~i/ = v\ 

, (x + y + z) — z^ = iv^. 

HI. 2* (x + y + zf + x= {x + y + z)'^ + y=^v^, 

(x + y + z)‘^-\-z = ^v^. 

III. 3*. (ic + y + zf — X — {x+y + z)--y = v\ 

' {x-i-y+ z)*-z = tv-. 

III. J*. x—(x + y + z)^ = u'\ y-{x + y + z)- = 

z~(x + y + z)- = nr^. 

III. 5. x + y + z = y + z-x = u\ z + x-y = v\ 

x + y — z = lir. 

[Tlie first solution of this problem assumes 
f^ = a; + y + 2 = (^ + 1)-, = 1, iC^ = 

whence x, y, z are found in terms of and z.\-x — y 
is then nuulc a .scjuare. 

The altomativo solution, however, is much more ele- 
gant, and can be generalized thus. 

We have to find x, y, z so that 

— x + y + z = ii sijuare , 
x-y-k-z = a .square 

^ • 

a; + y— 5 = a square 
x + y + z = 9. square 

Equate the first three expressions to a®, 6‘^, c®, being 
scjuares such that their sum is also a square = fc®, say. 
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Then, since the sum of the first three expressions is 
itself equal to a? + 2 / + 2 , we have 

X = + y = - 1(02 + 0 = ^(a'i + 6 ‘-^).] 

III. 6. x + y + z = y + z = z + x = v^, x+y = 

III. 7. £c— 2 / = y—z, y + z = u^ 0 + a; = v^, x + y = 

/III. 8 . x + y + z + a = t^, y+z + a — u^, z + x+a = v~, 

I x + y + a — tvK 

III. 9. x + y + z—a = y + z— a — z + x — a = 

x+y—a — v)^. 

III. 10. yz + a — v?, 0 a; + a = xy + a = w\ 

[Suppose yz + a = m\ and let y = — z = l /^: 

also let zx + a= n^', therefore x = {w^ — a)^. 

We have therefore to make 

— a) {n^ —a)^^ + aa s/juare. 

Diophantus takes — 25, « = 12 , ri-^ = 16, and 
arrijVes at 52 ^■'‘+12, which is to bo made a square. 
Although 52 . 1" + 12 is a scjuare, and it follows that any 
number of other solutions giving a square are possible 
by substituting 1 + 7 ; for § in the expression, and so on, 
Diophantus says that the equation could easily be solved 
if 52 was a square, and proceeds to solve the problem of 
finding two squares such that each increased by 12 will 
give a square, in which case their product also will be 
a square. In other words, we have to find and 
such that m^ — a, n^—a are both s/juares, which, as he 
says, is easy. We have to find two pairs of squares 
differing by «. If 

a = 2Jq=p'q\ + = {k{v + <l)y\ 

and + « + 

let, then, 'ni'^ = {^{p + q)Y\ = {hip' + q') } 

III. 11. yz—a = zx—a = v'**, xy—a = w'^. 

[The solution is like that of III. 10 mutatis mutandwJ] 
[III. 12. yz + x = V?, zx + y = v*, xnj + z = 

(HI. 13. yz—x = zx — y = w®, xy—z = 
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III. 14. yz + x^ = zx + y^ = v^, ayy + z^ = w^. 

III. 15. yz-\-{y-\-z) = u^, zx + {z + x) = v^, xy-\r{x'\-y) 

[Lemma. If a, « + 1 l)c two consecutive numbers, 
(a + 1 )‘‘ + + (a + 1 is a sijuare. Let 

y = z = (m+ 1)'"*. 

Therefore (m‘^ + 2m + 2)£c + (m+l)^' 

and {m^+l)x-\-m^ 

have to be made sejuares. This is solved as a douVde- 
eciuation ; in Diophantus’s problem m = 2. 

Second solution. Let x be the first number, m the 
second; then {m+\)x + m is a square = n^, say; there- 
fore X = (n^—m) / (m+ 1), while y = m. We have then 


and 


(?n + l)s + m = a square 



= a scpiare 


Diophantus has m = 3, n = 5, so that the expressions 
to be made s(juares are with him 


42 + 3 I 

This is not possible l)ecjiuse, of the corresponding coeffi- 
cients, neither pair are in the ratio of squares. In order to 
substitute, for 6^, 4, coefficients which arc in the ratio 
of a square to a stjuare he then finds two numbers, say, 
j), q to replace 5^, 3 such that 2)q+p-\-q — & square, and 
(/>+!)/(</+ 1) = a sejuare. He assumes ^ and 4^ + 3, 
which satisfies the second condition, and then solves for 
which must satisfy 


4 ^■•^ + 8 ^ + 3 = a s(iuarc = (2 1 say, 
which gives ^ 4| + 3 =: 4|. 

He then solves, for z, the third number, the double' 
equation 

5^2: + 4|- = squarej 
To^ + T 5 = square! 
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after multiplying by 26 and 100 I'cspectively, making 
expressions 

130!»+106 

• • 

130a; + 30 

In the above equations we should only have to make 
+ 1 a square, and then multiply the first by + 1 and 
the second by (m+ 1)'^. 

Diophantus, with his notation, was hardly in a position 
to solve, as we should, by writing 

(y + 1 ) (3^ + 1 ) = + 1 5 

(3 + l)(a;+l) = &'^ + l, 

(x‘ + 1 ) ( 2 / + 1 ) = c'"^ + 1 , 

which gives a; + 1 = ^ [(bi^+ 1) (c- + 1)/ («•" + 1) }> 

III. 16. yz—iy + z) = u^, zx—(t + x) = v^, xy — {x + y) = 

[The method is the same mutatis 'mutandis as the 
second of the above solutions.] 

III. 17. xy-\-{x + y) = j-y + .c = v'^, xy + y = w^. 

,III. 18. xy — {x + y) = u^, xy—x = v-, xy—y — 'W-. 


III. 19. (a/j q* a;.j * 1 ” x>^ ^ 4 )^ ib ”” 



(a-j + x^ + x.^ + x^- + x^ 
{Xi + x^ + x.^-\-x^^ + x.^ 


\'U^ 

\a'- 


(Xy + a'2 + a;^ + x^)^ + x^ 



[Diophantus finds, in the way we have seen (p. 182), 
four diflerent rational right-angled triangles with the 
same hypotenuse, namely (65, 52, 39), (66, 60, 25), (65, 
66, 33), (65, 63, 16), or, what is the same thing, a square 
which is divisible into two squares in four different ways ; 
this will solve the problem, since, if h, p,b ho the three 
sides of a right-angled triangle, h?’ ±2 ph are both squares. 
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Put therefore x^ + x^-\- x^ = Gb 
and ajj = 2 . 39 . 52 x^- 2.25. 60 cCg = 2 . 33 . 56£\ 

Xi = 2.16.63^2. 

this gives 12768^2 _ and | = x’rvVs-] 

IV. 4. x^ + y = u^, x + y = u. 

IV. 6. x^ + y = u, x + y = u^. 

IV. 13. a!+ 1 =1'^ y+l = u^, x + y+l = v^, y — x+l = tv'K 

[Put a; = (m^ + 1)- — 1 = + 2m^ ; the second and 

third conditions require us to find two squares with x as 
difference. The difference + 2m^ is separate^ into 
the factors m^^ + 2m, the square of half the differ- 
ence = + Put this equal to y+1, so 

that 2/ = i — 1 )‘‘i^ + — 1 ) ^ + m‘^ — 1 , and the 

firat three conditions are satisfied. The fourth gives 
(■ni* — 6 m- + 1 ) — 3 m) ^ -I- m- = a square, which 

we can equate to (a^ — m)^.] 

IV. 14. x-^ + 2 /‘'^ + z~ = {.c- — if) 4- {y~ — z-) + (x^ — z^). (x>y> z.) 

IV. 16. x-\-y •\-z — X- -I - y = iC^, y^-\-z — v-, z^ + x = 

[Put 4iji,^ for y, and by means of the factors 2?n,^, 2 
we can satisfy the second condition by making x equal 
to half the difference, or The third condition 

is satisfied by subtracting (4m^)‘'^ from some square, say 
(4m^4-l)'^; therefore z = Sm^+l. By the first con- 
dition 13m^ must be a square. Let it be 169 the 
numbera are therefore 137;‘-^— 1, 52 f, 104 17 ^+ 1 , and 
the last condition gives 108167 ;^ + 221 = a square, 

i.e. 10816 j 7 ^-|- 221 = a sejuare = (1047; + 1)'^, say. This 
gives the value of 7 ;, and solves the problem.] 

IV. 17. x + y + z = t^, x^—y — y'^—s = v'^, z^—x — w^. 

IV. 19. yz+l — ii~, zx+l — v^, xy+l = 

[We are asked to solve this indeterminately (er 
dopiarr^). Put for yz some square minus 1, say 
+ 2m^; one condition is now satisfied. Put 0 = |, so 
that y = + 2m. 

16J3.S K k 
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Similarly we satisfy the second condition by assuming 
zx = 'rv^^^ + 2n ^ ; therefore a? = + 2n. To satisfy the 

third condition, we must have 

(m®n^|^ + 2 m'ji.m + 'n| + 4m'n) + 1 a square. 

We must therefore have ^mn+\ a square and also 
mw(m + «.) = m'n'/(4m'n+ 1 ). The first condition is 
satisfied by 'n. = m+l, which incidentally satisfies the 
second condition also. W e put therefore yz=-{m^+\Y—l 
and zx— { (m+ 1 )^ + 1 1 , and assume that 2 = ^, so that 

y=m^^+2m, a: = (m+l)^^ + 2 (m+l), and we have 
shown that the third condition is also satisfied. Thus we 
have a solution in terms of the undetermined unknown 
*rhe above is only slightly generalized from Diophantus.] 

IV. 20. + l .^^*2 + 1 = t'\ 

x■^x^+i — x^x^-^- 1 = V-, x,;r4+ 1 = %vK 

[This proposition depends on the last, u;, , x^, x^ being 
determined as in that proposition. If tCg corresponds to z 
in that proposition, wo satisfy the condition x.^x ^-\- 1 = w- 
by putting 0330:4 = {(m + 2 )| + 1 1 , and so find x^ in 

terms of after which we have only two conditions more 
to satisfy. The condition a 3 ja :4 + 1 = square is auto- 
matically satisfied, since 

{ (m -I- 1)2^ 4 - 2 (m + 1)} { (m + 2)^1 + 2 (m + 2) J -t- 1 

is a square, and it only remains to satisfy 0 : 20:4 -f 1 = square 
That is, 

(m^|-t-2m) {(m-|-2)^^-f-2(m-h2)} + 1 

^ m^(m 4 - 2)‘^|2-t-2m(m-t-2)(2m-)-2)| + 4m(m4-2) -|- 1 

has to be made a square, which is easy, since the coeflScieni 
of is a square. 

With Diophantus m = 1, so that x^ = 4^ -f 4, x^ = ^ + 2 
033 = ^,034 = 9 ^- 1 - 6 , and 9 -I- 24 13 has to be mad( 
a square. He equates this to (3^—4)^, giving ^ = x^.] 

IV. 21. xz = y^, x—y = u^, x—z = v^, y~z = w^. {x>y>z 

|IV. 22. 03^2-1-03 = xyz + y — xyz + z = w^. 

IIV. 23. xyz—x = v?, xyz—y = v^, xyz—z = w^. 
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|IV. 29. x^-\-y^ + z^-\-w^-\-x + y-\-z + w = a. 

[Since a;*^ + a 5 + ^ is a square, 

(x^+x) + (y‘^ + y) + {z^ + z) + (tv^ + tv) + 1 

is the sum of four squares, and we only have to separate 
a + 1 into four s(iuares.] 

IV. 30. x^ + y^ + z'^ + iv^—{x-\-y + z + ^v) = «. 

IV. 31. x+y — 1, (« + «) {y + h) = u^. 

IV. 32. a: + 2 / + s = a, xy + z = u^, xy—z = ?A 

IV. 39. x—y = m{y—z), y + z = u^, z + x = v\ x + y = io\ 

IV. 40. x- — y^ = m(y — z), y + z = z + x = v^, x + y = vj^. 

f V. 1 . xz — y^, X — (t = u^, y — a — v'^, z — a = w^. 

1 V. 2. xz = y^, x + a — u^, y + a — v^, z + a=rv-. 

V. 3. x + a = r^, y + a = s^, z + a = 

yz + a-= zx + a — v-, xy + ii = xv-. 

V. 4. x—a — r‘‘, y—a = z—a = 

yz — a — u~, zx—a = xxj—a — vfi. 

[Solved hy means of the Forisms that, if a be the 
given number, the numbers m-—a, (m+1)'^— a satisfy 
the conditions of V. 3, and the numbers m^ + a, 
(m + 1 + a the conditions of V. 4 (see p. 479 above). The 

third number is taken to be 2 [ mr + a + {m,+ \y^ + a} — \, 
and the three numbers automatically satisfy two more 
conditions (sec p. 480 above). It only remains to make 

2 {m^ + a + {m, + l)’-^ + tt) — 1 + a a square, 

or 4 + 4 ■ja + 3« + 1 = a sc^uare, 

which is easily solved. 

With Diophantus ^ + 3 takes the place of m in V. 3 
and I takes its place in V. 4, while a is 6 in V, 3 and 6 
in V. 4.] 

V. 5. y^z‘‘ + a?‘ = z'^x^ + xf‘ = x^y^ + z^ — F, 

ifz'‘‘ + xf+^=. V?, + z^" + x?= v^, x^y^ + x^ + 

[Solved by means of the Porism numbered 2 on p. 480. 
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V. 6. x — 2 = r^ y—2 = 8^ z — 2 = 

yz—y—z = V?, zx—z—x = w®, xy—x—y = 

yz—x = u'\ zx—y = xy—z = 

[Solved by means of the proposition numbered (3) on 
p. 481.] 

Lemma '1 to V. 7, xy + x^-Vy^ = 

V. 7. a;2 + (a; + y + 3;) = y’^±{x + y + z) = J 

Iw^ 

z'±{x^y + z) = , • 


V. 


[Solved by means of the subsidiary problem (Lemma 2) 
of finding three rational right-angled triangles with 
equal area. If m, n satisfy the condition in Lemma 1, 
i.e. if mn + m^ + the triangles are ‘ formed ’ from 

the pairs of numbers {p, m), {p, n), (j), m-f-n) respec- 
tively. Diophantus assumes this, but it is easy to prove. 
In his case m = 3, n = 5, so that p = 7. Now, in 
a right-angled triangle, (hypotenuse)^ ± four times area 
is a square. We equate, therefore, x-^-y + z to four 
times the common area multiplied by and the several 
numbers x, y, z to the three hypotenuses multiplied by 
and equate the two values. In Diophantus’s case the 
triangles are (40, 42, 68), (24, 70, 74) and (15, 112, 113), 
and 245| = 3360|2.] 


8. yz±{x + y + z) = 


U‘‘ V 

zx±ix + y + z)=}^^,^> 


xy±{x + y + z) = 




[Solved by means of the same three rational right- 
angled triangles found in the Lemma to V. 7, together 
with the Lemma that we can solve the equations yz-=a^, 
zx = 6®, xy = c**.] 

V. 9. (Of. II. *11). x-{-y = 1, x + a y+a = v^. 

V. 11. x+y + z — 1, x + a = u^, y+a= v\ z + a = w^. 

[These are the problems of wapiaSnjTos dyayyirj 
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described above (pp. 477-9). The problem is ‘ to divide 
unity into two (or three) parts such that, if one and the 
same given number be added to each part, the results are 
all squares ’.] « 


V. 10. 03 + 2/ = 1, x + a = u\ y-\-h = v\ 

V. 12. x + y + z=. 1, x + a = y + h = s + c = w^. 


[These problems are like the preceding except that 
different given numbers are added. The second of the 
two problems is not worked out, but the first is worth 
reproducing. We must take the particular figures used 
by Diophantus, namely a = 2, 6 = 6. We have then to 
divide 9 into two squares such that one of them lies 
between 2 and 3. Take two squares lying between 2 
and 3, say f||, f|^. We have then to find a square 
lying between tliem ; if we can do this, we can make 
9 — a s(|uare, and so solve the problem. 

Put 9 — = (3— m^)^ say, so that ^ = 6m/{'in^+ 1); 
and m has to be determined .so that ^ lies between 

17 n,wl 19 
12' 1~2- 


Therefore 


17 6 m 19 
1 2 ^ + I 12 


Diophantus, as we have seen, finds afortim'i integral 
limits for m by solving these inequalities, making m not 
greater than f ^ and not less than f | (see pp. 463-5 above). 
He then takes m = 3^ and puts 9 — = (3 — 3^^)^^, 
which gives ^ = -ff .] 

V. 13. iC + y + 3 =-a, y-\-z = u\ z + x = v^, x + y = w^. 

V. 14. x+y + z + w = a, x + y + z = y + z+w = t-, 

z + w + x = ^v + x+y = v\ 

[The method is the same.] 

V. 21. x^yH'^+x^ = xY^- + y^ = v% x^y^z^ + z‘‘ = 

V. 22 . x^y‘^z^-x^ = u% xh/z^-y^ = v\ xhfz^-z^ = 

V, 23. x^—x^y^z^ = y^—x^y'^z^ = z^—x^y^z^ — 

[Solved by means of right-angled triangles in rational 
numbers.] 
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V. 24. y^z^+ 1 = u^, 1 = v^, x^y^+ 1 = w^. 

• V. 25. y^z^— 1 = z^x^— 1 = v^, x^y^— 1 = xv^. 

y. 26. 1 —y^z^ = u^, 1 — z^x^ = v^, 1 —x^y'^ = w^. 

[These reduce to the preceding set of three problems.] 

|V. 27. y^ + z^ + a = u^, z^ + x^ + xx = v% x^ + y^ + a = xv^. 

(v. 28. y^ + z^—a = u^, z^ + x^ — a = v\ x^ + y^ — a — xv^. 

V. 30. mx + xfiy = xi^ + a = (x + xj)^. 

[This problem is enunciated thus. ‘A man buys a 
certain number of measures of wine, some at 8 drachmas, 
some at 5 drachmas each. He pays foi’ them a sqxiax'e 
number of drachmas ; and if 60 is added to this number, 
the result is a square, the side of which is ecjual to the 
whole number of measures. Find the number bought at 
each price.’ 

Let ^ = the whole number of measures ; therefore 
^2_60 was the number of drachmas paid, and ^'^ — 60 
= a square, say {^—xnf\ hence ^ = (m‘^ + 60)/ 2 m. 

Now I- of the price of the five-drachma measures + 1 
of that of the eight-drachma measures = therefore 
^■^ — 60, the total price, has to be divided into two parts 
such that of one -f -| of the other = 

We cannot have a real solution of this unless 

i > and < i(^^-60); 

therefore 5^ < — 60 < 8^. 

Diophantus concludes, as we have seen (p. 464 above), 
that I is not less than 11 and not greater than 12. 

Therefore, from above, since ^ = (m‘'' + 60)/ 2 m, 

22m < m^ + 60 < 24m; 

and Diophantus concludes that m is not less than 19 and 
not greater than 21. He therefore puts m = 20. 

Therefore ^ = (m^-l-60) /2m = 11-^, = 132^, and 

^ 2—60 = 72 ^. 

We have now to divide 72|^ into two parts such that 

of one part of the other = 11^. 
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Let the first part = 60; therefore f (second part) 
= 11^ — 0, or second part = 92 — 80. 

Therefore 60 + 92 — 80 = 72j, and 0 = |^| ; 

therefore the number of five-drachma measures is and 
the number of eight-drachma measures ff .] 

Lemma 2 to VI. 1 2. ax^ -\-h = u^ (where a-\-h = c^). | p, 467 

Lemma to VI. 1 5 . ax^ — (where a<P — h — c^).) above.) 

[III. 1 5]. xy +‘x + y = x-\-\ = ( 1 / -h 1 ). 

|[I1I. 16]. xy-{x + y) = u\ x-^ = 

nj 2 

[IV. 32]. x + l= ^Jx-l). 

[V. 21]. x^+l = y'^+l = v^, 0 ^ + 1 = 


(viii) Indeterminate analysis of the third degree. 
IV. 3. x-y = u, xy = u®. 


IV. 6. x?-^y^ = z~-\-y~ = v“. 

IV. 7. x'' + y^ = xjC^, 4 - y^ = v^. 


IV. 8. a; + 2/’’’ = 'U^ x-\-'y=. 'a, 
IV. 9. a; -I- 2 /'* = It, x + y = u^. 


[IV. 10. x^ + y^ = x + y. 


)■ 


H IV. 11. x^—y^ = it’ — y. 
IV. 12. x'^ + y = xf + x. 


the sjune problem, j 


(really reducible 
to the second 
degree.) 


[We may give as examples the solutions of IV. 7y 
IV. 8, IV. 11. 

IV. 7. Since z^ + y“ = a cube, suppose z^ + y^ = x^. 
To make x^ + y^ a square, put = a^ + b\ y‘^ = 2ab, 
which also satisfies x^—y^ = z\ We have then to make 
2 a& a square. Let a = |, 6 = 2 ^ ; therefore a^ + b^ = 5 
2ab = 2 / = 2^, 0 = ^, and we have only to make 

S^‘‘‘ a cube. | = 6, and x^ = 125, 2 /“ = 100, = 25. 
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IV. 8. Supposea:=^, therefore u=(m+ 1)^ 

must be the side of the cube m®^® + and 

= (m® + 3m® + 3m + l)^®. 

To solve this, we must have 3m® + 3m + 1 (the difference 
between consecutive cubes) a square. Put 

3m® + 3m+l = (1— iim)®, and m = (3 + 2 -a) /('a® — 3). 

IV. 11. Assume x= (m + l)|, y — and we have 
to make (3m® + 3m®+ 1)^® equal to 1, i.o. we have 
only to make 3m® + 3m+ 1 a square.] ‘ 

IV. 18. x^ + y — u^, y‘^ + x = v\ 

IV. 24. x+y = a, xy^= u^—u. 

\jy =■ a — x\ therefore ax—x"^ has to be made a cube 
minus its side, say (mx— 1)® — (mas — 1). 

Therefore ax—x^ = m^x^—3 m® x® + 2 mx. 

*9 

To reduce this to a simple equation, we have only to 
put m = ^a.] 

I V. 25. x + y + z = a, xys = { {x - y) + (cr - z) + {y - z ) } ®. 

(.»• >y>z) 

[The cube = i{x—zY. Let x = (m+ 1)|, z — m^,m 
that y — 8^/ (m® + m), and we have only to contrive that 
8 / (m® + m) lies between m and m + 1. Dioph. takes the 
first limit 8 > m® + m®, and puts 

8 = (m + -J)® or m® + m® + §7a + ^\, 

whence m = f ; therefore x = f y = f 2 = 1^. Or, 
multiplying by 15, we have x = 40|, y = 27 z = 25^. 
The first equation then gives ^.] 

f 

flV. 26. xy + x = u^, xy+y = v®. 
llV. 27. xy—x = w®, xy—y = w®. 

IV. 28. xy-\-{x + y) = u®, xy—{x-\-y) = v\ 

[aj + 2 / = -Ku®— V®), xy — ^(w® + v®) ; therefore 
{x—y)^ = ^(tt®— w®)®— 2(u® + 'y®), 
which latter expression has to be made a square. 



INDETERMINATE ANALYSIS 505 


Diophantus assumes u = ^ + l,v = L whence 
i(6f+2)2-2(2f + 6|) 
must be a* square, or 

— + — 12| + l = a square = (3^‘^ — 6^ + 1)^ say ; 

therefore 32^'’ = 36^^, and ^ = |. Tlius u, v are found, 
and then x, y. 

Tlie second (alternative) solution uses the fonnula that 
i(t-i) + (e-p + ^ = a cube. Put x = i, y = 
and one condition is sjitisfied. We then only have to 
make i(i^ — $) — i — ii' — i) or 2|^ a cul>e (less than 
f>), i.e. (l^)^say.] 

IV. 38. {x + y + z)x = -|w(i4+ 1), (x + y + s)y = v-, 

{x + y + z)z = w^, [« + 2/ + s=<^]. 

[Suppose x + y + z then 


therefore 




u{u+ 1 ) 


i* = -2-u(u +!)+?/•- + 7ir\ 


Diophantus puts 8 for w^, but we may take any cube, as 
on^; and he assumes v'^ = (^"— 1)’^ for wliich we miglit 
substitute — We then have the triangular 

number ^u{u+l} = — — Since 8 times a 

triangular number jilus 1 gives a scjuare, 


16 — 871* — 8m^ + 1 = a square = (4 7?^ — A:)'-, say. 


and the problem is solved.] 


V. 16. {x + y-\-zY-\-x = v?, {x-\-y-\-zY + y=.v‘, 

(j; + 2/ + + s = w^. 

[Let x+y-\-z-= 

therefore ^ = { (m“ — 1 ) + (7i“ — 1 ) + (2>^ — 1 ) } ^* ; 

and we have to find three cubes m\ 'n/\ p^ such that 
vi^ + n^ +p^— 3 = a, square. Diophantus assumes as 
the sides of the cubes (Aj+l), (2 — k), 2; this gives 
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9k^ — 9k+ 14 = a square = {Zk—lf, say ; and k is found. 
Retracing our steps, we find ^ and therefore x, y, «.] 

V. 16. {x + y + z)^ — x = u^, {x + y + zy—y=,v^, 

{x + y + z^—z = 'iv^. 

V. 17. x—{x + y + z)^ = u^, y — {x + y + z)^ = v^, 

z~{x + y + zf = w\ 

V. 18. x + y + z = t^, (x + y + zy + x=u^, (x + y + zY + y=v^, 

{x-hy + z'f + s = 

[Put fl3 + 2 / + c = |^ a; = (p‘^-l)|®, 2/ = (7®— 1)^®. 
; = (7'®— 1)1®, whence ^ — {'p^~ 1 +f/* — 1 +7’'^ — 1)|®, so 
that 1 +(/'— 1 + 7 *^— 1 must be made a fourth 
power. Diophantus assumes = (m'^ — 1 q^={m+\Y, 

= {m—l)^, since th*— 277^^ + m®^- 27 n + 77i‘'‘ — 27 »i=7)j<^] 

V. 19. x + y-\-z = {x + y+z^^—x = 

{x + y + zy—y = v^, {x + y-^-zY—z — w^. 

V. 19 a. x + y + z = x—{x + y + zY=^'w^, 

7/ — (a; + 7 / + zf = v^, z—{x + y+ ^)'* = tv\ 

V. 19. b, c. x + y + z = a, {x + y + zy'±x = u^, 

{x + y + zf±y = (x + 7/ + s)" ± c = 7(’^. 

V. 20. x + y + z = —} x—{x + y + zY = u^, 

y — {x + y + zf = 7;^ z — {x + y + zY‘ = w\ 
[IV. 8]. x—y = 1, x''—y^— V?. 

/If 2 

[IV. 9, 10]. x? + f = :^(a: + 7/). 

/II 2 

[IV. 11]. x^-y^ = ^{x-y). 

[V. 15]. £C® + 7/® + s“ — 3 = w^. 

[V. 16]. 3 — (ic* + y^+ s®) = 

[V. 17]. a:® + 7/® + 2® + 3 = 
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(ix) Indeterminate analysis of the fourth degree. 

V. 29. aj* + 2/* + s* = u®. 

[‘ Why says Fermat, ‘ did not Diophantus seek tivo 
fourth powers such that their sum is a s(juare. This 
problem is, in fact, impossible, as by my method I am 
able to prove with all rigour.’ No doubt l^iophantus 
knew this truth empirically. Let = p‘‘, 

= q^. Therefore + O'* = a s(|uare = — r)^ say ; 

therefore = (r-^— — </*)/2r, and we have to make 
this expression a square. 

Diophantus puts r = + 4, </“ = 4, so that the expres- 
sion reduces to + 8) or ip’ / {p‘^ + 4). To make 

this a s(juare, let p- + 4: = (p+ 1)'^, say ; therefore 2^ = 1'2 > 
and = 2^, = 4, r = 6|; or (multiplying by 4) 

2 )^ = 9, = 16, r = 25, which solves the problem.] 

[V. 18]. x^ + y^ + z^ — 3 = u*. 

(See above under V. 18.) 


(x) Pi'oblems of constj'ucting right-angled triangles Avith 
sides in rational numbers and satisfying various 
other conditions. 

[I shall in all cases call tlie hypotenuse z, and the 
other two sides x, y, so that the condition -h y^ = z'^ 
applies in all cases, in addition to the other conditions 
specified.] 

[Lemma to V. 7]. xy = x^y^ = x.pj.^. 

'VI. 1. z — x = V?, z — y = 1^. 

[Form a right-angled triangle from m, so that 
3 = + X = 2m^, y = thus z-y = 2m^ 

< and, as this must be a cube, we put w = 2 ; therefoixj 
3 — 0 ! = 4^-f 4 must be a cube, or ^ — 2=a cube, 

say )i'\ and ^ + 2.] 

^VI. 2. z + x = u^, z + y= 
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VI. 3. ^xy + a = 

[Suppose the required triangle to be h^,p^,b^; there- 
fore + a = a square = say, and the ratio of a 

to 'n^-~^pb must be the ratio of a square to a square. 
To find n, p, fc so as to satisfy this condition, form 

a right-angled triangle from m, — j 
i.e. 2, 

1 <, / 2 <i\ ^ 

therefore hpb = r, • Assume = lm+ - -■ ) 


4 (t^ 1 / 4 (i^ "tlx / 

therefore 4 ft -I- ^ ; and^4<tH ^ — ) r*'’ 

or 4a^+ has to be made a square. Put 

m- 


4:a^m^ + ct(4a2 + 1) = (2am + Jcy\ and we have a solution. 
Diophantus has a = 6, leading to lOOm^ + 505 = a square 
= (10m-l-5)^ say, which gives m = and = 
h, p, b are thus determined in such a way that 
kpb^^ + d = gives a rational solution,] 


VI. 4. \xy—a = v?. 
_ VI. 5. a—\xy — 

C VI. 6. ^xy + x = a. 


[Assume the triangle to be 7t^, p^, h^, so that 
^pb^^+p^ = a, and for a rational solution of this equa- 
tion we must Rave {ipY + o^Hpb) a square, Diophantus 
assumes p=l, h = m, whence ^am + ^ or 2ttm+l 
= a square. 

But, since the triangle is rational, + 1 = a square. 

That is, we have a double equation. Difference 
= 2am = m(m — 2a). Put 


2am+ l = {^(m— m — 2a)}'^ = a^ and'm= (a^— l)/2a. 

The sides of the auxiliary triangle are thus determined 
in such a way that the original equation in ^ is solved 
rationally.] 

VI. 7. ^xy—x — a. 
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fVI. 8. ^xy + {x + y) = a. 

(VI. 9. ^xy—{x + y) — a. 

[With the same assumptions we have in these cases 
to make + + a square. Diophantus 

assumes as before 1 , m for the values of p, b, and obtains 
the double equation 

-J(m+ ly^ + ^am = square^ 

m^+ 1 = square) 

+ (2a + 2)m + 1 = square) 
or 

+ 1 = square) 

solving in the usual way.] 

[VI. 10. ^xy + x + z = a. 

(VI. 11. ^xy~(x+ z) = a. 

[In these cases the auxiliary right-angled triangle has 
to be found such that 

+ = a square. 

Diophantus assumes it formed from 1, m + 1 ; thus 
(k+p)'^ = ^ -I- 2'ni + 2 -1- in^ -j- 2m }“ = (m'** -f 2m -f- 1)^ 

and a{\ph) = a 2m). 

'I'hercfore 

'»i^ + (a + 4)m® + (3a + 6)m^-l-(2a + 4)m-f 1 

= a square 

= {1 +(a + 2)m— m*}^, say; 

and m is found.] 

Lemma 1 to VI. 12. .v = v?, x—y=- v^, ^xy + y — w®. 

jVI. 12. ^xy + x^u^, ^xy + y — v^. 

(VI. 13. ^xy—x = u®, \xy—y = v\ 

[These problems and the two following are interesting, 
but their solutions run to some length; therefore only 
one case can here be given. We will take VI. 12 with 
its Lemma 1 . 
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Lemma 1. If a rational right-angled triangle be formed 
from m, n, the perpendicular sides are 2ma, m^—n^. 
We will suppose the greater of the two to be 2mn. 
The first two relations are satisfied by making m = 2n. 
Form, therefore, a triangle from 2^. The third con- 
dition then gives 6 + 3 = a square or 6 4- 3 = a 

square. One solution is | = 1 (and there are an infinite 
number of others to be found by means of it). If | = 1 , 
the triangle is formed from 1,2. 

VI. 12. Suppose the triangle to be {h^, hi, pi). Then 
= a square = {Jciy\ say, and i=p/ (k^—iph). 
This value must be such as to make + 6^ a square 

also. By substitution of the value of i we get 

{ bpk^ + (p -b)}/ (/o2 - 1 pb )^ ; 

so that bpk^ + ^p^b^p—b) must be a square; or, if p, 
the greater perpendicular, is made a square number, 
bk^ ■\-^pb{ 2 }~b) has to be made a square. This by 
Lemma 2 (see p. 467 above) can be made a sejuaro if 
b + ^lib{p — b) is a square. How to solve these 'pToblems, 
says Diophantus, is shoton in the Lemmas. It is not 
clear how they were applied, but, in fact, his solution 
is such as to make p>> L>~b, and b + ^i:^ all squares, 
namely & = 3, ^ = 4, h= 5. 

Accordingly, putting for the original triangle 3^, 4^, 5^, 
we have 

6 + 4 1 = a sejuare j 
6|^-|- 3| = a square! 

Assuming + 4| = ni^i^, wo have | = 4 /(m'^—6), and 
the second condition gives 

96 12 

m*— 12m^-(-36 ^ m* — 6 ~ 

or 1 2 + 2 4 = a square. 

This can be solved, since m — 1 satisfies it (Lemma 2). 

A solution is = 25, whence | = /g.] 

VI. 14. \xy—z — u^, ^xy—x = v^. 

VI. 15. ^xyq-z — ^xy-\-x = v\ 
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[The auxiliary right-angled triangle in this case must 
he such that 

rn^ hp — ^pb . p {h —p) is a sc^uare. 

If, says Diophantus (VI. 14), we form a triangle from 
the numbers Xy, and suppose that p = 2X^X2, and if 
we then divide out by (Xj — which is equal to h ~p, 
we must find a scpiare /i;® [= m®/ (Xj — Xg)*] such that 
U^hp — \ph . p is a square. 

The problem, says Diophantus, can be solved if Xj, Xg 

are ‘ similar plane numbers ’ (numbers such as ah, — ab). 

' 

This is stated without proof, but it can easily be verified 
that, if = X, Xg , the expression is a square. Dioph. 
takes 4, 1 as the numbers, so that = 4. The equation 
for m becomes 

8.17 — 4. 15. 8. 9 = a s(piare, 
or 136)>(2 — 4320 = a square. 

The solution = 36 (derived from the fact that 
/.•2 = m^/(Xj — .Yg)"'^, or 4 = 
satisfies the condition that 

'm^Kp — \ ph . p{h—p) is a sejuare.] 

VI. 16. = X, i/y\ = y/z. 

[To fiiul a rational right-angled triangle such that the 
number representing the (portion intercepted within 
the triangle of the) bisector of an acute angle is rational. 

A • 

B 

Let the bisector be 6^, the segment BD of the base 3^, 
so that the perpendicular is 4|. 

Let GB = 3 a. Then AG :AB=^ GD : DB, 
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so that AO—i{n — ^). Therefore (Eucl. 1. 47) 
16{n^-2ni + i^) = 16 ^* + 9 h 2 , 
so that i = 7 «? / 32 Ji = [Dioph. has n= 1.] 

' VI. 17. ^xy + z = x + y + z= v\ 

[Let ^ be the area ^ocy, and let z = Since 

xy = 2^, suppose X = 2, y = i- Therefore 2 + P must 
be a cube. As we have seen (p. 475), Diophantus 
takes (m— 1)^ for the cube and (m+l)** for k\ giving 

I m®— 3m® + 3m— l=m2 + 2m + 3, whence m=4. There- 
fore k = 5, and we assume ^xy = ^, z = 25 — ^, with 

X =■ 2, y = i as before. Then we have to make 
{25-if = i + i\ and ^ = %V-.] 

> VI. 18. ^xy + z = w’, x + y + z — v^. 

’ VI. 19. ^xy + x = x + y + z = vK 

[Here a right-angled triangle is formed from one odd 
number, say 2^ + 1, according to the Pythagorean for- 
mula m®+ 1)}‘^ = + 1)}^ where m is an 

odd number. The sides are therefore 2|-|-1, 2|^+2|, 
2|^ + 2^ -1-1 . Since the perimeter = a cube, 

4|H 6^ -f 2 = (4| -f- 2) (I -t- 1) = a cube. 

- Or, if we divide the sides by ^-1-1, 4|-l-2 has to be 
made a cube. 

A • 1 2|3 + 3|2 + i 2i+l 

Again ^xy + x= l = a square, 

which reduces to 2|-t- 1 = a square. 

But 4^ -f 2 is a cube. We therefore put 8 for the cube, 
and ^ = 1^.] 

_ VI. 20. ^xy + x = u^, x+y + z = v\ 

VI. 21. x + y + z = -It*, ^xy + [x + y + z) — v^. 

[Form a right-angled triangle from 1, i.e. (2^, 1, 

-t- 1). Then 2^^ -i- 2 ^ must be a square, and + 2 ^ 
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a cube. Put + so that i = 2/{m^—2), 

and we have to make 

8 8 2 2 m* . 

— — ^ ^ a cube, 

(m^ — 2)‘* 2)^ 2 — 2)^* 

Make 2 m a cube = so that 2 m* = m^n^, and 

g 

m = Aw^: therefore - > and ^ must be made 

greater than 1 , in order that — 1 may be positive. 

Therefore 8 < < 16; 

tliis is satisfied by yt® = or w* = and m — 


VI. 22. a! + 2/ + « = ?t®, ^a;2/ + (aj + 2/ + 2;) = 

[(1) First seek a rational right-angled triangle such 
that its perimeter and its area are given number's, 
say p, m. 

Let the perpendiculars be 2 7 )?^; therefore the hypo- 


tenuse = 2^~ ^ — ^rnd (End. I. 47) 

2'p 


— + ^ ^ — 49n/)^ = >2 

S s s 


or 


2/7 


-1- 4 771 .= 4 77rp^ + » 

that is, (p-^ + 4: m) ^ + 2p. 

(2) In order that this may have a rational solution, 
[\{p^+ — must be a square, 


i.e. 4m^ — ^p^m + ^p* = a square, 

or m^ — ^p'^m + xeP* = a square' 

Also, by the second condition, m + p = & square, 

To solve this, we must take for p some number which 
is both a square and a cube (in order that it may be 
possible, by multiplying the second equation by some 
square, to make the constant term equal to the constant 

15J3.2 L 1 
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term in the first). Diophantus takes jp = 64, making 
the equations 

6144m+ 1048676 = a square’ 
m + 64 = a square, 

Multiplying the second by 16384, and subtracting the two 
expressions, we have as the difference m‘'^— 22 528 m. 

Diophantus observes that, if we take m, 22528 jis 
the factors, we obtain m = 7680, an impossible value for 
the area of a right-angled triangle of perimeter p = 64. 

We therefore take as factors 11m, ^^^m — 2048, and, 
equating the square of half the difference ( = ffm+ 1024) 
to 16384m + 1048576, we have m = 

(3) Returning to the original problem, we have to 
substitute this vahie for m in 

(64-^-2m^)‘-^ = l+4m-^f, 

and we obtain 

78848f--8432^-|-22o = 0, 

the solution of which is rational, namely | (or xfe)- 

Diophantus naturally takes the first value, though the 
second gives the same triangle.] 

VI. 23. = u^ + u, z’^ I X = u^ + v. 

VI. 24. z — u^ + u, X = tfi—v, y = 

[VI. 6, 7]. {^xY + ^mxy = u^. 

[VI. 8, 9]. { i (a: + y) } + ^mxy = uCK 

[VI. 10, 11]. {\{z + x)Y^ + ^'mxy = u\ 

[VI. 12.] y + {x—y).^xy = u^, x = vK (x > y.) 

[VI. 14, 16]. v?zx—\xy.x[z—x) = v^. (v? < or > \xy.) 


The, treatise on Polygonal Numbers. 

The subject of Polygonal Numbers on which Diophantus 
also wrote is, as we have seen, an old one, going back to the 
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Pythagoreans, while Philippus of Opus and Speusippus carried 
on the tradition. Hypsicles (about 170 B.c.) is twice men- 
tioned by Diophantus as the author of a ‘definition’ of 
a polygonal number which, although it does not in terms 
mention any polygonal number beyond the pentagonal, 
amounts to saying that the -nth a-gon (1 counting as the 
first) is 

hn{2 + {n-\){a-2)\. 

Thcon of Smyrna, Nicomachus and lamblichus all devote 
some space to polygonal numbers. Nicomachus in particular 
gives various rules for transforming triangles into squares, 
squares into pentagons, &c. 

1. If we put two consecutive triangles together, we get a square. 
In fact 

^{n — l)n + ^ ii,{n + 1) = n^. 

2. A pentagon is obtained from a sciuare by adding to it 
a triangle the side of which is 1 less than that of the square ; 
similarly a hexagon from a pentagon by adding a triangle 
the side of which is 1 less than that of the pentagon, and so on. 

In fact 

= ^a[2 + {n— 1) {(tt+ 1) — 2}]. 

3. Nicomachus sets out the first triangles, squai’es, pentagons, 
hexagons and heptagons in a diagram thus : 


Triangles 

1 

3 

G 

10 

15 

21 

28 

36 

45 

5 0, 

S(|uarc8 

1 

[ 

1) 

16 

25 

3G 

19 

64 

81 

100, 

Pentagons 

1 

5 

12 

22 

35 

51 

70 

92 

117 

145, 

Hexagons 

1 

G 

15 

28 

45 

66 

91 

120 

153 

190, 

Heptagons 

1 

7 

18 

34 

55 

81 

112 

148 

189 

235, 


and observes that : 

Each polygon is eijual to the polygon immediately above it 
in the diagram plus the triangle with 1 less in its side, i.c. the 
triangle in the preceding column. 

L 1 2 
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4. The vertical columns are in arithmetical progression, the 
common difference being the triangle in the preceding column. 

Plutarch, a contemporary of Nicomachus, mentions another 
method of transforming triangles into squares. Every tri- 
angular nvuviher taken eight times and then increased by 1 
gives a square. 

In fact, 8 . 1) + 1 = (2»i,+ 1)“. 

Only a fragment of Diophantus’s treatise On Polygonal 
Numbers survives. Its character is entirely different from 
that of the Arithmetica. The method of proof is strictly 
geometrical, and has the disadvantage, therefore, of being long 
and involved. He begins with some preliminary propositions 
of which two may be mentioned. Prop. 3 proves that, if a be 
the first and I the last term in an arithmetical progression 
of n terms, and if s is the sum of the terms, 28 — n{l + a). 
Prop. 4 proves that, if 1, 1+&, 1 + 26 , ... 1 + (■«,— 1)6 be an 
A. P., and s the sum of the terms, 

2s = {2 + ('n,— 1)6]. 

The main result obtained in the fragment as we have it 
is a generalization of the formula 8 . + 1) + 1 = {2 n+ ly. 

Prop. 5 proves the fact stated in Hypsicles’s definition and also 
(the generalization referred to) that 

8 P (a — 2) + (a — 4)2 = a square, 

where P is any polygonal number with a angles. 

It is also proved that, if P be the -nth a-gonal number 
(1 being the first), 

8P(a~2) + (a— 4)2 = {2 + (2?i — 1) (a — 2)}2. 

Diophantus deduces rules as follows. 

1. To find the number from its side. 

P — + 1 ) (t6 — 2)} 2 — (a-4 )2 

8(a — 2) 

2. To find the side from the wumber. 






THE TREATISE ON POLYGONAL NUMBERS 517 

The last proposition, which breaks off in the middle, is : 

Given a number, to find in hxm many ways it can be 
polygonal. 

The proposition begins in a way which suggests that 
Diophantus first proved geometrically that, if 

8P(a-2) + (a-4)2= {2 + ( 2 w - 1 ) ( a - 2)]2 

then 2P = «,{2+ ('a-l)(a-2)}. 

Wertheim (in his edition of Diophantus) has suggested a 
restoration of the complete proof of this proposition, and 
I have shown (in my edition) how the proof can be made 
shorter. Wertheim adds an investigation of the main pro- 
blem, but no doubt opinions will continue to differ as to 
whether Diophantus actually solved it. 



XXJ 

COMMENTATORS AND BYZANTINES 

We have come to the last stage of Greek mathematics ; it 
only remains to include in a last chapter references to com- 
mentators of more or less note who contributed nothing 
original but have preserved, among observations and explana- 
tions obvious or trivial from a mathematical point of view, 
valuable extracts from works which have perished, or 
historical allusions which, in the absence of original docu- 
ments, are precious in proportion to their rarity. Nor must 
it be forgotten that in several cases we probably owe to the 
commentators the fact that the masterpieces of the great 
mathematicians, have suiwived, wholly or partly, in the 
original Greek or at all. This may have been the case even 
with the works of Archimedes on which Eutocius wrote com- 
mentaries. It was no doubt these commentaries which 
aroused in the school of Isidorus of Miletus (the colleague 
of Anthemius as architect of Saint Sophia at Constantinople) 
a new interest in the works of Archimedes and caused them 
to be sought out in the various libraries or wherever they had 
lain hid. This revived interest apparently had the effect of 
evoking new versions of the famous works commented upon 
in a form more convenient for the student, with the Doric 
dialect of the original eliminated; this translation of the 
Doric into] the more familiar dialect was systematically 
carried out in those books only which Eutocius commented 
on, and it is these versions which alone survive. Again, 
Eutocius’s commentary on Apollonius’s Conics is extant for 
the first four Books, and it is probably owing to their having 
been commented on by Eutocius, as well as to their being 
more elementary than the rest, that these four Books alone 
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survive in Cli’eek. Tannery, as we have seen, conjectured 
that, in like manner, the first six of the thirteen Books of 
Diophantus’s Arithmelica survive because Hypatia wrote 
commentaries on these Books only and did not reach the 
others. 

The first writer who calls for notice in this chapter is one 
who was rather more than a commentator in so far as he 
wrote a couple of treatises to supplement the Conics of 
Apollonius, I mean Sbrenus. Serenus came from Antinoeia 
or Antinoupolis, a city in Egypt founded by Hadrian (a. d. 
117-38). His date is uncertain, but he most probably be- 
longed to the fourth century A.D., and came between Pappus 
and Theon of Alexandria. He tells us himself that he wrote 
a commentary on the Conics of Apollonius.^ This has 
perished and, apart from a certain proposition ‘of Serenus 
the philosopher, from the Lemmas ’ preserved in certain manu- 
scripts of Theon of Smyrna (to the effect that, if a number of 
rectilineal angles be subtended at a point on a diameter of a 
circle which is not the centre, by equal arcs of that circle, the 
angle nearer to the centre is always less than the angle more 
remote), we have only the two small treatises by him entitled 
On tJie Section of a Cylinder and On the Section of a Cone. 
These works came to be connected, from the seventh century 
onwards, with the Conics of Apollonius, on account of the 
affinity of the subjects, and this no doubt accounts for their 
survival. They were translated into Latin by Commandinus 
in 1566 ; the first Greek text was brought'out by Halley along 
with his Apollonius (i)xford 1710), and we now have the 
definitive text edited by Heiberg (Teubner 1896). 

(a) On the Section of a Cylinder. 

The occasion and the object of the tract On the Section of 
a Cylinder are stated in the preface. Serenus observes that 
many persons who were students of geometry were under the 
jrroneous impression that the oblique section of a cylinder 
was different from the oblique section of a cone known as an 
sllipse, whereas it is of course the same curve. Hence he 
bhinks it necessary to establish, by a regular geometrical 

^ Serenus, Opuscula, ed. Heiberg, p. 52. 25-6. 
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proof, that the said oblique sections cutting all the generators 
are equally ellipses whether tliey are sections of a cylinder or 
of a cone. He begins with ‘ a more general d^tinition ’ of a 
cylinder to include any oblique circular cylinder. ‘ If in two 
equal and parallel circles which remain fixed the diameters, 
while remaining parallel to one another throughout, are moved 
round in the planes of the circles about the centres, which 
remain fixed, and if they carry round with them the straight line 
joining their extremities on the same side until they bring it 
back again to the same place, let the surface described by the 
straight line so carried round be called a cylindrical surface.' 
The cylinder is the figure contained by the parallel circles and 
the cylindrical surface intercepted by them; the parallel 
circles are the hoses, the aaeis . is the straight line drawn 
through their centres; the generating straight line in any 
position is a side. Thirty-three propositions follow. Of these 
Prop. 6 proves the existence in an oblique cylinder of the 
parallel circular sections subcontrary to the series of which 
the bases are two. Prop. 9 that the section by any plane not 
parallel to that of the bases or of one of the subcontrary 
sections but cutting all the generators is not a circle ; the 
next propositions lead up to tbe main results, namely those in 
Props. 14 and 16, where the said section is proved to have the 
property of the ellipse which we write in the form 

qV^.PV.P'V =CD^:GF\ 

and in Prop. 17, where the property is put in the Apollonian 
form involving the lotus rectum, QV^ = PV . VR (see figure 
on p. 137 above), which is expressed by saying that the square 
on the semi-ordinate is equal to the rectangle applied to the 
latus rectum PL, having the abscissa P Yas brejidth and falling 
short by a rectangle similar to the rectangle contained by the 
diameter PP' and the lotus rectum PL (which is determined 
by the condition PL . PP' — DIY^ and is drawn at right angles 
to PV). Prop. 18 proves the corresponding property with 
reference to the conjugate diameter PI/ and the correspond- 
ing lotus rectum, and Prop. 19 gives the main property in the 
form qV^’.PV.P'V = Q'F'* : PV'. P'V'. Then comes the 
proposition that ‘ it is possible to exhibit a cone and a cylinder 
which are alike cut in one and the same cllip.se ’ (Prop. 20). 
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Serenus then solves such problems as these: Given a cone 
(or cylinder) and an ellipse on it, to find the cylinder (cone) 
which is cut in the same ellipse as the cone (cylinder) 
(Props. 21, 22); given a cone (cylinder), to find a cylinder 
(cone) and to cut both by one and the same plane so that the 
sections thus made shall be similar ellipses (Props. 23, 24). 
Props. 27, 28 deal with similar elliptic sections of a scalene 
cylinder and cone ; there are two pairs of infinite sets of these 
similar to any one given section, the first pair being those 
which are parallel and subcontrary respectively to the given 
section, the other pair subcontrary to one another but not to 
either of the other sets and having the conjugate diameter 
occupying the corresponding place to the transverse in the 
other sets, and vice versa. 

In the propositions (29-33) from this point to the end of 
the book Serenus deals with what is really an optical pro- 
blem. It is introduced by a remark about a certain geometer, 
Peithon by name, who wrote a tract on the subject of 
parallels. Peithon, not being satisfied with Euclid’s treat- 
ment of parallels, thought to define parallels by means of an 
illustration, observing that parallels are such lines as are 
shown on a wall or a roof by the shadow of a pillar with 
a light behind it. This definition, it appears, was generally 
ridiculed ; and Serenus seeks to rehabilitate Peithon, who 
was his friend, by showing that his statement is after all 
mathematically sound. He therefore proves, with regard to 
the cylinder, that, if any number of rays from a point outside 
the cylinder are drawn touching it on both sides, all the rays 
pass through the sides of a parallelogram (a section of the 
cylinder parallel to the axis) — Prop. 29 — and if they are 
produced farther to meet any other plane parallel to that 
of the parallelogram the points in whicli they meet the plane 
will lie on two parallel lines (Prop. 30) ; he adds that the lines 
will not seem parallel {vule Euclid’s Optics, Prop. 6). The 
problem about the rays touching the surface of a cylinder 
suggests the similar one about any number of rays from an 
external point touching the surface of a cojie ; these meet the 
surface in points on a triangular section of the cone (Prop. 32) 
and, if produced to meet a plane parallel to that of the 
triangle, meet that plane in points forming a similar triangle 



532 COMMENTATORS AND BYZANTINES 

(Prop. 33). Prop. 31 preceding these propositions is a par- 
ticular case of the constancy of the anharmonic ratio of a 
pencil of four rays. If two sides AB, AG oi a triangle meet 
a transversal through D, an external point, in E, F and another 
ray AG between AB and AG cuts DEF in a point G such 
that ED : DF — EG : GF, then any other transversal through 
D meeting AB, AG, AG in K, L, M is also divided harmoni- 
cally, i.e. KD: DM = KL : LM. To prove the succeeding pro- 
positions, 32 and 33, Serenus uses this proposition and a 
reciprocal of it combined with the harmonic property of the 
pole and polar with reference to an ellipse. 

(|8) On the Section of a Gone. 

The treatise On the Section of a Gone is even less important, 
although Serenus claims originality for it. It deals mainly 
with the areas of triangular sections of right or scalene cones 
made by planes passing through the vertex and either through 
the axis or not through the axis, showing when the area of 
a certain triangle of a particular class is a maximum, under 
what conditions two triangles of a class may be equal in area, 
and so on, and solving in some easy cases the problem of 
finding triangular sections of given area. This sort of investi- 
gation occupies Props. 1-57 of the work, these propositions 
including various lemmas required for the proofs of the 
substantive theorems. Props. 58-69 constitute a separate 
section of the book dealing with the volumes of right cones 
in relation to their heights, their bases and the areas of the 
triangular sections through the axis. 

The essence of the first portion of the book up to Prop, 57 
is best shown by means of modern notation. We will call h 
the height of a right cone, r the radius of the base ; in the 
case of an oblique cone, let 2^ be the perpendicular from the 
vertex to the plane of the base, d the distance of the foot of 
this perpendicular from the centre of the base, r the radius 
of the base. 

Consider first the right cone, and let 2 a; be the base of any 
triangular section through the vertex, while of course 2r is 
the base of the triangular section through the axis. Then, if 
A be the area of the triangular section with base 2x, 

A = a: ■/ (r^ — a:® /t®). 
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Observing that the sum of and — + is constant, we 

see that A^, and tliereforc A, is a inaxiinum when 

£C* = — x^ + K-, or ^ {r^ + h ?) ; 

and, since x is not greater than r, it follows that, for a real 
value of X (other than r), A is less than r, or the cone is obtuse- 
angled, When A is not less than r, the maximum triangle is 
the triangle through the axis and vice versa (Props. 5, 8) ; 
when A = r, the maximum triangle is also right-angled 
(Prop. 13). 

If the triangle with base 2 c is equal to the triangle through 
the axis, h^r^=.c^ or — {c^ — h^) = 0, and, 

since c< r, A =c, so that A<r (Prop. 10). If x lies between r 
and c in this case, (r^ — x-) (x^ — h^) > 0 or x^ (r^ — x‘‘ + h^) >K^r^, 
and the triangle with base 2x is greater than either of the 
equal triangles with bases 2r, 2c, or 2 A (Prop. 11). 

In the case of the scalene cone Serenus compares individual 
triangular sections belonging to one of three classes with other 
sections of the same class as rcgai’ds their area. The classes 
are : 

(1) axial triangles, inclutling all sections through the axis; 

(2) isosceles sections, i.c. the sections the bases of which are 
perpendicular to the projection of the axis of the cone on the 
plane of the base ; 

(3) a set of triangular sections the bases of which are (a) the 
diameter of the circular base which passes through the foot of 
the perpendicular from the vertex to the plane of the base, and 
(6) the chords of the circular base parallel to that diameter. 

After two preliminary pixtpositions (15, 16) and some 
lemmas, Serenus compares the areas of the first class of 
triangles through the axis. If, as we said, 'p is the perpen- 
dicular from the vertex to the plane of the base, d the distance 
of the foot of this perpendicular from the centre of the base, 
and 6 the angle which the base of any axial triangle with area 
A makes with the base of the axial triangle passing through 
p the perpendicular, 

A = rV{p^ -I- sin^ 6). 

This area is a minimum when $ = 0, and increases with $ 
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until 6 = ^TT when it is a maximum, the triangle being then 
isosceles (Prop. 24). 

In Prop. 29 Serenus takes up the third class of sections with 
bases parallel to d. If the base of such a section is 2x, 

A = as V'(r^— 

and, as in the case of the right cone, we must have for a real 
maximum value 

^ {r^+p% while x<r, 

so that, for a real value of x other than r, p must be less than 
r, and, if p is not less than r, the maximum triangle is that 
which is perpendicular to the base of the cone and has 2r for 
its base (Prop. 29). If p<r, the triangle in question is not 
the maximum of the set of triangles (Prop. 30). 

Coming now to the isosceles sections (2), we may suppose 
2 d to be the angle subtended at the centre of the base by .the 
base of the section in the direction away from the projection 
of the vertex. Then 

A = r sin 0V {p^ + (d + r cos d)^} . 

If Aq be the area of the isosceles triangle through the axis, 
we have 

Ag^ —A^ = r^{p^ + d^) — sin^ 6 {p^ -vd^ + r^ cos^ 6 + 2dr cos 6) 

— ^ sin^d cos^ d — 2dr®cos d sin® d. 

If A = Aq, we must have for triangles on the side of the 
centre of the base of the cone towards the vertex of the cone 
(since cos d is negative for such triangles) 

p® + d®< r® 8in®d, and a fortiori + d^<r^ (Prop. 35). 

If 2)^ + d®^r®, Aq is always greater than A, so that Aq is the 
maximum isosceles triangle of the set (Props. 31, 32). 

If A is the area of any one of the isosceles triangles with 
bases on the side of the centi’e of the base of the cone away 
from the projection of the vertex, cos d is positive and Aq is 
proved to be neither the minimum nor the maximum triangle 
of this set of triangles (Props. 36, 40-4). 

In Prop. 46 Serenus returns to the set of triangular sections 
through the axis, proving that the feet of the perpendiculars 
from the vertex of the cone on their , bases all lie on a circle 
the diameter of which is the straight line joining the centre of 
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the base of the cone to the projection of the vertex on its 
plane ; the areas of the axial triangles are therefore propor- 
tional to the generators of the cone with the said circle as 
base and the same vertex as the original cone. Prop. 60 is to 
the effect that, if the axis of the cone is equal to the radius of 
the base, the least axial triangle is a mean proportional 
between tlie greatest axial triangle and the isosceles triangular 
section perpendicular to the base ; that is, with the above nota- 
tion, if r = -I- cV‘‘), then r V ■\-d‘‘):rp = rpipV {r^ — cV^), 

which is indeed obvious. 

Prop. 67 is interesting because of the lemmas leading to it. 
It proves that the greater axial triangle in a scalene cone has 
the greater perimeter, and conversely. This is proved by 
means of the lemma (Prop. 54), applied to the variable sides 
of axial triangles, that if + d? + and a>h'^c>d, 
then a + d<h-\-G {a, d are the sides other than the base of one 
axial triangle, and 6, c those of the other axial triangle com- 
pared with it; and if ABC, dD/i’be two axial triangles and 
0 the centre of the base, BA‘^ + AC^= DA^ + AE^ because each 
of these sums is ecjual to 2 d 0* -h 2 BO^, Prop. 1 7). This proposi- 
tion again depends on the lemma (Props. 52, 53) that, if 
straight lines be ‘inflected’ from tlie ends of the base of 
a segment of a circle to the curve (i. e. if we join the ends 
of the base to any point on the curve) the line (i.e. the sum of 
the chords) is gi'eatest when the point taken is the middle 
point of the arc, and diminishes as the point is taken farther 
and farther from that point. 

Let B be the middle point of the 
arc of the segment ABC, D, E any 
other points on the curve towards 
G ; I say that 

AB + BG>AD+ l)G>AE+EC. 

With B as centre and BA as radius 
describe a circle, and produce AB, 

AD, AE to meet this circle in F, G, 

H. Join FG, GC, HC. 

Since AB = BG = BF, we have AF = AB + BG. Also the 
angles BFG, BGF are equal, and each of them is half of 
the angle ABG. 
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Again LAOG = A AFC = ^lABG — ^lADG; 
therefore the angles DGG, DGG are equal and DG = DG ; 
therefore AG = AD + DG. 

Similarly EH = EG and All = AE+ EG. 

But, by Eucl. III. 7 or 15, AF> AG > AH, and so on ; 
therefore AB-\- BG > AD DG >AE+ EG, and so on. 

In the particular case where the segment ABG is a semi- 
circle AB^ + BG^ = AG^ = AD^ + DG^, &c., and the result of 
Prop. 67 follows. 

Props. 58-69 are propositions of this sort : In equal right 
cones the triangular sections through th^ axis are reciprocally 
proportional to their bases and conversely (Props. 58, 69) ; 
right cones of equal height have to one another the ratio 
duplicate of that of their axial triangles (Prop. 62); right 
cones which arc reciprocally proportional to their bases have 
axial triangles which are to one another reciprocally in the 
triplicate ratio of their bases an<l conversely (Props. 66, 67); 
and so on. 

Theon of Alexandria lived towards the end of the fourth 
century A.D. Suidas places him in the reign of Theodosius I 
(379-96); he tells us himself that he observed a solar eclipse 
at Alexandria in the year 365, and his notes on the chrono- 
logical tables of Ptolemy extend down to 372. 

Commentary on the Syntuxis. 

We have already seen him as the author of a commentary 
on Ptolemy’s Syntaxis in eleven Books. This commentary is 
not calculated to give us a very high opinion of Theon’s 
mathematical calibre, but it is valuable for several historical 
notices that it gives, and we are indebted to it for a useful 
account of the Greek method of operating with sexagesimal 
fractions, which is illustrated by examples of multiplication, 
division, .and the extraction of the square root of a non-square 
number by way of approximation. These illustrations of 
numerical calculation have already been given above (vol. i. 
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pp. 58-63). Of the historical notices we may mention the 
following. (1) Theon mentions the treatise of Menelaus On 
Chords in a Circle, i.e. Menelaus’s Table of Chords, which came 
between the similar Tables of Hipparchus and Ptolemy. (2) A 
quotation from Diophantus furnislies incidentally a lower limit 
for the date of the Arithmetica. (3) It is in the commentary 
on Ptolemy that Theon tells us that the second part of Euclid 
VI. 33 relating to sectors in equal circles was inserted by him- 
self in his edition of the Elements, a notice which is of capital 
importance in that it enables the Theonine manuscripts of 
Euclid to be distinguished from the ante-Theonine, and is 
therefore the key to the question how far the genuine text 
of Euclid was altered in Theon’s edition. (4) As we have 
seen (pp. 207 sq.), Theon, k propos of an allusion of Ptolemy 
to the theory of isoperimetric figures, has preserved for us 
several propositions from the treatise by Zenodorus on that 
subject. 


Theon’s edition of Euclid’s Elements. 

Wii are able to judge of the character of Theon’s edition of 
Euclid by a comparison between the Theonine manuscripts 
and the famous Vatican MS. 190, which contains an earlier 
edition than Theon’s, together with certain fragments of 
ancient papyri. It appears that, while Theon took some 
trouble to follow older manuscripts, it was not so much his 
object to get the most authoritative text as to make what he 
considered improvements of one sort or other, (l) He made 
alterations where he found, or thought he found, mistakes in 
the original; while he tried to remove some real blots, he 
altered other pjissages too hastily when a little more considera- 
tion would have shown that Euclid’s words are right or could 
bo excused, and offer no difficulty to an intelligent reader. 
(2) He made emendations intended to improve the form or 
diction of Euclid ; in general they were prompted by a desire 
to eliminate anything which was out of the common in expres- 
sion or in form, in order to reduce the language to one and the 
same standard or norm. (3) He bestowed, however, most 
attention upon additions designed to supplement or explain 
the original ; {a) he interpolated whole propositions where he 
thought them necessary or useful, e.g. the addition to VI. 33 
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already referred to, a second ease to VI. 27, a porism or corollary 
to II. 4, a second porism to III. 16, the proposition VII. 22, 
a lemma after X. 12, besides alternative proofs here and there ; 
(b) he added words for the purpose of making smoother and 
clearer, or more precise, things which Euclid had expressed 
with unusual brevity, harshness, or carelessness ; (c) he sup- 
plied intermediate steps where Euclid’s argument seemed too 
difficult to follow. In short, while making only inconsider- 
able additions to the content of the Elemienta, he endeavoured 
to remove difficulties that might be felt by learners in study- 
ing the book, as a modern editor might do in editing a classical 
text-book for use in schools ; and there is no doubt that his 
edition was approved by his pupils at Alexandria for whom it 
was written, as well as by later Greeks, who used it almost 
exclusively, with the result that the more ancient text is only 
preserved complete in one manuscript. 

Edition of the Optics of Euclid. 

In addition to the Elements, Theon edited the Optics of 
Euclid ; Theon’s recension as well as the genuine work is 
included by Heiberg in his edition. It is possible that the 
G(xtoiA,rica included by Heiberg in the same voluihe is also by 
Theon. 

Next to Theon should be mentioned his daughter Hypatia, 
who is mentioned by Theon himself as having assisted in the 
revision of the commentary on Ptolemy. This learned lady 
is said to have been mistress of the whole of pagan science, 
especially of philosophy and medicine, and by her eloquence 
and authority to have attained such influence that Christianity 
considered itself threatened, and she was put to death by 
a fanatical mob in March 415. According to Suidas she wrote 
commentaries on Diophantus, on the Astronomical Canon (of 
Ptolemy) and on the Conics of Apollonius. These works 
have not survived, but it has been conjectured (by Tannery) 
that the remarks of Psellus (eleventh century) at the begin- 
ning of his letter about Diophantus, Anatolius, and the 
Egyptian method of arithmetical reckoning were taken bodily 
from some manuscript of Diophantus containing an ancient 
and systematic commentary which may very well have been 
that of Hypatia. Possibly her commentary may have extended 
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only to the first six Books, in which case the fact that Hypatia 
wrote a commentary on them may account for the survival of 
these Books while the rest of the thirteen were first forgotten 
and then lost. 

It will be convenient to take next the series of Neo- 
Platonist commentators. It does not appear that Ammonius 
Saccas (about a.d. 175-260), the founder of Neo- Platonism, or 
his pupil Plotinus (A.D. 204-69), who first expounded the 
doctrines in systematic form, had any special connexion with 
mathematics, but Porphyry (about 232-304), the disciple of 
Plotinus and the reviser and editor of his works, appears to 
have written a commentary on the Elements. This we gather 
from Proclus, who quotes from Porphyry comments on Eucl. 
I. 14 and 26 and alternative proofs of 1. 18, 20. It is possible 
that Porphyry’s work may have been used later by Pappus in 
writing his own commentary, and Proclus may have got his 
references from Pappus, but the form of these references sug- 
gests that he had dii'ect access to the original commentary of 
Porphyry. 

Iamblichus (died about a.d. 330) was the author of a com- 
mentary on the Introductio arithmetica of Nicomachus, and 
of other works which have already been mentioned. He was 
a pupil of Porphyry as well as of Anatolius, also a disciple of 
Porphyry. 

But the most important of the Neo-Platonists to the his- 
torian of mathematics is Proclus (a.d. 410-85). Proclus 
received his early training at Alexandria, where Olympio- 
dorus was his instructor in the works of Aristotle, and 
mathematics was taught him by one Heron (of course a 
different Heron from the ‘ mecluinicus Hero’ of the Metrica, 
&c.). He afterwards went to Athens, where he learnt the 
Neo-Platonic philosophy from Plutarch, the grandson of Nes- 
torius, and from his pupil Syrianus, and became one of its 
most prominent exponents. He speaks everywhere with the 
highest respect of his masters, and was in turn regarded with 
extravagant veneration by his contemporaries, as we learn 
from Marinus, his pupil and biographer. On the death of 
Syrianus he was put at the head of the Neo-Platonic school. 
He was a man of untiring industry, as is shown by the 
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number of books which he wrote, including a large number of 
commentaries, mostly on the dialogues of Plato (e.g. the 
Timaeua, the Republic, the Parmenides, the Gratylus). He 
was an acute dialectician and pre-eminent among his contem- 
poraries in the range of his learning; he was a competent 
mathematician ; he was even a poet. At the same time he 
was a believer in all sorts of myths and mysteries, and 
a devout worshipper of divinities both Greek and Oriental. 
He was much more a philosopher than a mathematician. In 
his commentary on the Timaeus, when referring to the ques- 
tion whether the sun occupies a middle place among the 
planets, he speaks as no real mathematician could have 
spoken, rejecting the view of Hipparchus and Ptolemy because 
0 Oeovpyos (sc. the Chaldean, says Zeller) thinks otherwise, 
‘ whom it is not lawful to disbelieve ’. Martin observes too, 
rather neatly, that ‘ for Proclus the Elements of Euclid had 
the good fortune not to be contradicted either by the Chaldean 
Oracles or by the speculations of Pythagoreans old and new ’. 

Commentary on Euclid, Book I. 

For us the most important work of Proclus is his commen- 
tary on Euclid, Book I, because it is one of the main sources 
of our information as to the history of elementary geometry. 
Its great value arises mainly from the fact that Proclus had 
access to a number of historical and critical works which are 
now lost except for fragments preserved by Proclus and 
others. 

(a) Sources of the Commentary. 

The historical work the loss of which is most deeply to be 
deplored is the History of Geometry by Eudemus. There 
appears to be no reason to doubt that the work of Eudemus 
was accessible to Proclus at first hand. For the later writers 
Simplicius and Eutocius refer to it in terms such as leave no 
doubt that they had it before them. Simplicius, quoting 
Eudemus as the best authority on Hippocrates’s quadratures 
of lunes, says he will set out what Eudemus says ‘ word for 
word ’, adding only a little explanation in the shape of refer- 
ences to Euclid’s Elements ‘owing to the memorandum-lil'e 
style of Eudemus, who sets out his explanations in the abbre- 
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viated form usual with ancient writers. Now in the second 
book of the history of geometry he writes as follows In 
like manner Eutocius speaks of the paralogisms handed down 
in connexion with the attempts of Hippocrates and Antiphon 
to square the circle, ‘with which I imagine that all persons 
are accurately acquainted who have examiTied {tinaKiHfiiiiovi) 
the geometrical history of Eudemus and know the Geria 
Aristotelica ’? 

The references by Proclus to Eudemus by name are not 
indeed numerous ; they are five in number ; but on the other 
hand he gives at least as many other historical data which can 
with great probability be attributed to Eudemus. 

Proclus was even more indebted to Geminus, from whom 
he borrows long extracts, often mentioning him by name — 
there are .some eighteen such references — but often omitting 
to do so. We are able to form a tolerably certain judge- 
ment as to the origin of the latter class of passages on the 
strength of the .similarity of the subjects treated and the views 
expressed to those found in the acknowledged extracts. As 
we have seen, the work of Geminus mainly cited seems to 
have borne the title The DoctHne or Theory of the Mathematics, 
which was a very comprehensive work dealing, in a portion of 
it, with the ‘ classification of mathematics ’. 

We have already discus.sed the question of the authorship 
of the famous historical summary given by Proclus. It is 
divided, as every one knows, into two distinct parts between 
which comes the remark, ‘ Those who compiled histories 
bring the development of this science iip to this point. Not 
nmch younger than these is Euclid, who ’, &c. The ultimate 
source at any rate of the early part of the summary must 
presumably have been the great work of Eudemus above 
mentioned. 

It is evident that Proclus had before him the original works 
of Plato, Aristotle, Archimedes and Plotinus, the SvnjxiKrd of 
Porphyry and the works of his master Syrianus, as well as a 
group of works representing the Pythagorean tradition on its 
mystic, as distinct from its mathematical, side, from Philo- 
laus downwards, and comprising the more or less apocryphal 

' Simplicius on Arist. Phys., p. 60. 28, Diels. 

** Archimedes, ed. Heib., vol. iii, p. 228. 17-19. 
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Upbs Xoyos of Pythagoras, the Orades (XSyia) and Orphic 
verses. 

The following will be a convenient summary of the other 
works used by Proclus, and will at the same time give an 
indication of the historical value of his commentary on 
Euclid, Book I : 

Eudemus : History of Geometry. 

Geminus : The Theory of the Mathematical Sciences. 

Heron: Commentary on the Elements of Euclid. 

Porphyry : 

Pappus : 

Apollonius of Perga : A work relating to elementary 
geometry. 

Ptolemy : On the /xmillel-postulate. 

Posidonius : A book controverting Zeno of Sidon. 

Carpus: Astronomy. 

Syrianus: A discussion on the angle. 

(/3) Character of the Commentary. 

We know that in the Neo-Platonic school the pupils learnt 
mathematics ; and it is clear that Proclus taught this subject, 
and that this was the origin of his commentary. Many 
passages show him as a master speaking to scholars ; in one 
place he speaks of ‘ my hearers Further, the pupils whom 
he was addressing were beginners in mathematics ; thus in one 
passage he says that he omits ‘ for the present ’ to speak of the 
discoveries of those who employed the curves of Nicomedes 
and Hippias for trisecting an angle, and of those who used the 
Archimedean spiral for dividing an angle in a given ratio, 
because these things would be ‘ too difficult for beginners 
But there are signs that the cpmmentary was revised and 
re-edited for a larger public; he speaks for instance in one 
place of ‘ those who will come across his work Thei’e are 
also passages, e.g. passages about the cylindrical helix, con- 
choids and cissoids, which would not have been understood by 
the beginners to whom he lectured. 

' Proclus on End. I, p. 210. 19. 

3 /&., p. 84. 9. 


Ib., p. 272. 12. 



PROCLUS 


533 


The commentary opens with two Prologues. The first is 
on mathematics in general and its relation to, and use in, 
philosophy, from which Proclus passes to the classification of 
mathematics. Prologue II deals with geometry generally and 
its subject-matter according to Plato, Aristotle and others. 
After this section comes the famous summary (pp. 64-8) 
ending with a eulogium of Euclid, with particular reference 
to the admirable discretion shown in the selection of the pro- 
positions which should constitute the Elements of geometry, 
the ordering of the whole subject-matter, the exactness and 
the conclusiveness of the demonstrations, and the power with 
which every question is handled. Generalities follow, such as 
the discussion of the nature of elements, the distinction between 
theorems and pi*oblems according to difterent authoi’ities, and 
finally a division of Book I into three main sections, (1) the 
construction and properties of ti'iangles and their parts and 
the comparison between triangles in respect of their angles 
and sides, (2) the properties of parallels and parallelograms 
and their construction from certain data, and (3) the bringing 
of triangles and parallelograms into relation as regards area. 

Coming to the Book itself, Proclus deals historically and 
critically with all the definitions, postulates and axioms in 
order. The notes on the postulates and axioms are preceded 
by a general discussion of the- principles of geometry, hypo- 
theses, postulates and axioms, and their relation to one 
another ; here as usual Proclus quotes the opinions of all the 
important authorities. Again, when he comes to Prop. 1, he 
discusses once more the difierence between theorems and 
problems, then sots out and explains the formal divisions of 
a proposition, the enunciation (npoTaa-ts), the settiny-out 
{(Kdecis), the definition or specification (Siopiafios), the con- 
sbrnction (/cara<r<cu^), the proof {dnoSei^is), the conclusion 
{a-vpnrepaa-pa), and finally a number of other technical terms, 
e.g. things said to be given, in the various senses of this term, 
the lemma, the case, the porism in its two senses, the objection 
{fv<rTa<ns), the reduction of a problem, reductio ad absurdum, 
analysis and synthesis. 

In his comments on the separate propositions Proclus 
generally proceeds in this way : first he gives explanations 
regarding Euclid’s proofs, secondly he gives a few different 
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cases, mainly for the sake of practice, and thirdly he addresses 
himself to refuting objections which cavillers had taken or 
might take to particular propositions or arguments. He does 
not seem to have had any notion of correcting or improving 
Euclid; only in one place does he propose anything of his 
own to get over a difficulty which he finds in Euclid ; this is 
where he tries to prove the parallel-postulate, after giving 
Ptolemy’s attempt to prove it and pointing out objections to 
Ptolemy’s proof. 

The book is evidently almost entirely a compilation, though 
a compilation ‘ in the better sense of the term ’. The onus 
prohandi is on any one who shall assert that anything in it is 
Proclus’s own ; very few things can with certainty be said to 
be so. Instances are (1) remarks on certain things which he 
quotes from Pappus, since Pappus was the last of the com- 
mentators whose works he seems to have used, (2) a defence 
of Geminus against Carpus, who criticized Geminus’s view of 
the dift'erence between theorems and problems, and perhaps 
(3) criticisms of certain attempts by Apollonius to improve on 
Euclid’s proofs and constructions ; but the only substantial 
example is (4) the attempted proof of the pai’allel-postulate, 
based on an ‘ axiom ’ to the eftect that, ‘ if from ojie point two 
straight lines forming an angle be produced ad injinitum, the 
distance between them when .so produced ad infinitum exceeds 
any finite magnitude (i. e. length) ’, an assumption which 
purports to be the equivalent of a statement in Aristotle.’ 
Philoponus says that Proclus as well as Ptolemy wrote a whole 
book on the parallel-postulate.^ 

It is still not quite certain whether Proclus continued his 
commentaries beyond Book I. He certainly intended to do so, 
for, speaking of the trisection of an angle by means of certain 
curves, he says, ‘ we may perhaps more appropriately examine 
these things on the third Book, where the writer of the 
Elements bisects a given circumference’, and again, after 
saying that of all parallelograms which have the same peri- 
meter the square is the greatest ‘ and the rhomboid least of 
all ', he adds, ‘ But this we will prove in another place, for it 
is more appropriate to the discussion of the hypotheses of the 

‘ Demelo, i. 5, 271 b 28-30. 

’ Philoponus on Anal. Post. i. 10, p. 214 a 9-12, Brandis. 
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second Book*. But at the time when the commentary on 
Book I was written he was evidently uncertain whether he 
would be able to continue it, for at the end he says, ‘ For my 
part, if I should be able to discuss the other Books in the 
'same way, I should give thanks to the gods ; but, if other 
cares should draw me away, 1 beg those who are attracted by 
this subject to complete the exposition of the other Books as 
well, following the same method and addressing themselves 
throughout to the deeper and more shai'ply defined questions 
involved Wachsmuth, finding a V atican manuscript contain- 

ing a collection of scholia on Books I,II, V, VI, X, headed Eis 
EvKXetSou aroixeia wpoXaft^avofitva €k tS>v IIpoKXov anopdSrjv 
Kai Kar’ (nirop^u, and seeing that the scholia on Book I were 
extracts from the extant commentary of Proclus, concluded 
that those on the other Books wei’e also from Proclus; but 
the TTpo- in irpoXap^avopcua rather suggests that only the 
scholia to Book I are from Proclus. Heibei’g found and 
published in 1903 a scholium to X. 9, in which Proclus is 
expressly quoted as the authority, but he does not regard 
this circumstance as conclusive. On the other hand, Heiberg 
has noted two facts which go against the view that Proclus 
wrote on the later Books: (1) the scholiast’s copy of 
Proclus was not much better than our manuscripts ; in 
particular, it had the same lacunae in the notes to I. 36, 
37, and I. 41-3; this makes it improbable that the scholiast 
had further commentaries of Proclus which have vanished 
for us ; (2) there is no trace in the scholia of the notes 
which Proclus promised in the passages already referred to. 
All, therefore, that we can say is that, while the Wachsmuth 
scholia may be extracts from Proclus, it is on the whole 
improbable. 

Ilypotyiwsis of Astronomical Hypotheses. 

Another extant work of Proclus which should be referred 
to is his Hypotyposis of Astronomical Hypotheses, a sort of 
readable and easy introduction to the astronomical system 
of Hipparchus and Ptolemy. It has been well edited by 
Manitius (Teubner. 1909). Three things may be noted as 


* Proclus on Eucl. I, p. 432. 9-15. 
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regards this work. It contains^ a description of the method 
of measuring the sun’s apparent diameter by means of 
Heron’s water-clock, which, by comparison with the corre- 
sponding description in Theon’s commentary to the Syniaxis 
of Ptolemy, is seen to have a common source with it. That 
source is Pappus, and, inasmuch as Proclus has a figure (repro- 
duced by Manitius in his text from one set of manuscripts) 
corresponding to the description, while the text of Theon has 
no figure, it is clear that Proclus drew directly on Pappus, 
who doubtless gave, in his account of the procedure, a figure 
taken from Heron’s own work on water-clocks. A simple 
proof of the equivalence of the epicycle and eccentric hypo- 
theses is quoted by Proclus from one Hilarius of Antioch.* 
An interesting passage is that in chap. 4 (p. 130, 18) where 
Sosigenes the Peripatetic is said to have recorded in his work 
‘ on reacting spheres ’ that an annular eclipse of the sun is 
sometimes observed at times of perigee; this is, so far as 
I know, the only allusion in ancient times to annular eclipses, 
and Proclus himself questions the correctness of Sosigenes’s 
statement. 


Commentary on the Repuhlic. 

The commentary of Proclus on the Reimblic contains some 
passages of great interest to the historian of mathematics. 
The most important is that* in which Proclus indicates that 
Props. 9, 10 of Euclid, Book II, are Pythagorean proposi- 
tions invented for the purpose of proving geometrically the 
fundamental property of the aeries of ‘ side-’ and ‘ diameter-’ 
numbers, giving successive approximations to the value of 
(see vol. i, p. 93). The explanation* of the passage in 
Plato about the Geometrical Number is defective and dis- 
appointing, but it contains an interesting reference to one 
Paterius, of date presumably intermediate betwefen Nestorius 
and Proclus. Paterius is said to have made a calculation, in 
units and submultiples, of the lengths of different segments of 

* Proclus, Ilypotyposis, c. 4, pp. 120-22. 

» Ib., c. 3, pp. 76, 17 sq. 

* ProcU Diadochi in Platonis Rempublicam Commentarii, ed. Kroll, 
vol. ii, p. 27. 

* Ib,, vol. ii, pp. 36-42. 
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straight lines in a figure formed by taking a triangle with 
sides 3, 4, 6 as ABC, then drawing 
BD from the right angle B perpen- 
dicular to AG, and lastly drawing 
perpendiculars DE, DF to AB, BC. 

A diagram in the text with the 
lengths of the segments shown along- 
side them in the usual numerical 
notation shows that Paterius obtained from the data AB = 3, 
BC = 4, CA = 5 the following : 

DC = ye'= 3> 

BD = ^y'u'=2^ -^-, [= 2 |] 

[= If] 

FC = S k' p' = 2 -| ^^0 [ = 2|f] 

FB — ay' tf'/ce' = I 3 [= l^-] 

BE=a%y'i^'u' r=l||] 

EA — a Of — ^ [= 

ThivS is an example of the Egyptian method of stating frac- 
tions preceding by some three or four centui’ies the exposition 
of the same method in the papyrus of Akhmim. 

Makinus of Neapolis, the pupil and biographer of Proclus, 
wrote a commentary or rather introduction to the Data of 
Euclid.^ It is mainly taken up with a discussion of the 
question rt to SeSopfvov, what is meant by given'i There 
were apparently many different definitions of the term given 
by earlier and later authorities. Of those who tried to define 
it in the simplest way by means of a single differentia, three 
are mentioned by name. Apollonius in his work on vf^uafis 
and his ‘general treatise’ (presumably that on elementary 
geometry) described the given as assigned or fixed (reray- 
pfpov), Diodorus called it known {yvapipov ) ; others regarded 
it as rational {ptjTSv) and Ptolemy is classed with these, rather 
oddly, because ‘ he called those things given the measure of 
which is given either exactly or approximately’. Others 

* See Heiberg and Menge's Euclid, vol. vi, pp. 234-56. 
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combined two of these ideas and called it assigned ov fixed 
and procurable or capable of being found (rrSpifiov); others 
* fixed and known and a third class ‘ known and procurable ’■ 
These various views ai‘e then discussed at length. 

Domninus of Larissa, a pupil of Syrianus at the same time 
as. Proclus, wrote a Manual of Introductory Arithmetic 
piSiop dpiOprjTiKtjs fiaayoiygs, winch was edited by Boissonade' 
and is the subject of two ai’ticles by Tannery who also left 
a translation of it, with prolegomena, which has since been 
published.^ It is a sketch of the elements of the theory of 
numbera, very concise and well arranged, and -is interesting 
because it indicates a serious attempt at a reaction against the 
Introductio arithmetica of Nicomachus and a return to the 
doctrine of Euclid. Besides Euclid, Nicomachus and Theon 
of Smyrna, Domninus seems to have used another source*, 
now lost, which was also drawn upon by landilichus. At the 
end of this work Domninus foreshadows a moi'e complete 
treatise on the theory of numbers under the. title Elements of 
Arithmetic {dpidptjTiK^ (rroixelaxTis), but whether this was 
ever written or not we do not know. Another tract 
attributed to Domninus irms ecrri \6yov Ik Xoyov d(f>iXeiv 
(how a ratio can be taken out of a ratio) has been published 
with a translation by Ruelle * ; if it is not by Domninus, it 
probably belongs to the same period. 

A most honourable place in our history must be reserved 
for Simplicius, who has been rightly called ‘the excellent 
Simplicius, the Aristotle-commentator, to whom the world can 
never be grateful enough for the preservation of the frag- 
ments of Parmenides, Empedocles, Anaxagoras, Melissus, 
Theophrastus and others’ (v. Wilamowitz-Mollendortt*). He 
lived in the first half of the sixth century and was a pupil, 
first of Ammonius of Alexandria, and then of Damascius, 
the last head of the Platonic school at Athens. When in the 
year 629 the Emperor Justinian, in his zeal to eradicate 
paganism, issued an edict forbidding the teaching of philo- 

^ Anecdota Graeca, vol. iv, pp. 413-29, 

* Mimoires scientifiques, vol. ii, nos. 35, 40. 

* Revue des etudes yrecques, 1906, pp. 359- 82 ; Mimoires scientijiques, 
vol. iii, pp. 256-81. 

* Revue de Fhilologie, 1883, p. 83 sq. 
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sophy at Athens, the last members of the scliool, including 
Damascius and Simplicius, migrated to Persia, but returned 
about 633 to Athens, where Simplicius continued to teach for 
some time though the school remained closed. 

Extracts from Eudemus. 

To Simplicius we owe two long extracts of capital impor- 
tance for the history of mathematics and astronomy. The 
first is his account, based upon and to a large extent (quoted 
textually from Eudemus’s Ilislonj of Geomelrif, of the attempt 
by Antiphon to square. the circle and of the quadratures of 
lunes by Hippocrates of Chios. It is contained in Simplicius’s 
commentary on Aristotle’s Physics^ and has been the subject 
of a considerable literature extending from 1870, the date 
when Pretschneider first called attention to it, to the latest 
critical edition with translation and notes by Rudio (Teubnei', 
1907). It has already been discussed (vol. i. pp. 183-99). 

The second, and not less important, of the two passages is 
that containing the elaborate and detailed account of the 
system of concentric spheres, as fii’st invented by Eudoxus for 
explaining the apparent motion of the sun, moon, and planets, 
and of the modifications made by Callippus and Aristotle. It 
is contained in the commentary on Aristotle’s De caelo'-^] 
Simplicius ([notes largely from Sosigenes the Peripatetic 
(second centuxy a.d.), observing that he in his turn drew 
from Eudemus, who dealt with the subject in the second 
book of his History of Astronomy. It is this passage of 
Simplicius which, along with a passage in Aristotle’s Meta- 
2 >hysics,^ enabled Schiaparelli to reconstruct Eudoxus’s system 
(see vol. i, pp. 329-34). Nor must it be forgotten that it is in 
Simplicius’s commentary on the Physics* that the extract 
from Geminus’s summary of the Meteorologica of Posidonius 
(xjcurs which was used by Schiaparelli to support his view 
that it was Heraclides of Pontus, not Aristarchus of Samos, 
who first propounded the heliocentric hypothesis, 

Simplicius also wrote a commentaiy on Euclid’s Elements, 
Book I, from which au-Nairizi, the Arabian commentator, 

* Simpl. in Phys., pp. 54-69, ed. Diels. 

® Simpl. on Arist. De cifeio, p. 488. 18-24 and pp. 493-506, ed. Heiberg. 

3 Metaph. A. 8, 1073 b 17-1074 a 14. 

* Simpl. in Phys., pp. 291-2, ed. Diels. 
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made valuable extracts, including the account of the attempt of 
‘ Aganis’ to prove the parallel-postulate (see pp. 228-30 above). 

Contemporary with Simplicius, or somewhat earlier, was 
Eutocius, the commentator on Archimedes and Apollonius. 
As he dedicated the commentary on Book I On the Sphere 
and Cylinder to Ammonius (a pupil of Proclus and teacher 
of Simplicius), who can hardly have been alive after a.d. 510, 
Eutocius was probably born about a.d. 480. His date used 
to be put some fifty yeai*s later because, at the end of the com- 
mentaries on Book II On the Sphere and Cylinder and on 
the Measurement of a Circle, there is a note to the effect that 
‘ the edition was revised by Isidorus of Miletus, the mechanical 
engineer, our teacher'. But, in view of the relation to Ammo- 
nius, it is impossible that Eutocius can have been a pupil of 
Isidorus, who was younger than Anthemius of Tralles, the 
architect of Saint Sophia at Constantinople in 632, whose 
work was continued by Isidorus after Anthemius’s death 
about A.D. 534. Moreover, it was to Anthemius that Eutocius 
dedicated, separately, the commentaries on the first four 
Books of Apollonius’s Conics, addressing Anthemius as ‘ my 
dear friend ’. Hence we conclude that Eutocius was an elder 
contemporary of Anthemius, and that the reference to Isidoi'us 
is by an editor of Eutocius’s commentaries who was a pupil of 
Isidorus. For a like reason, the reference in the commentary 
on Book II On the Sphere and Cylinder^ to a Sia^rjrrjs 
invented by Isidorus ‘ our teacher ’ for drawing a parabola 
must be considered to be an interpolation by the same editor. 

Eutocius’s commentaries on Archimedes apparently ex- 
tended only to the three works. On the Sphere and Cylinder, 
Measurement of a Circle and Plane Equilibriums, and those 
on the Conics of Apollonius to the first four Books only. 
We are indebted to these commentaries for many valuable 
historical notes. Those deserving special mention here are 
(1) the account of the solutions of the problem of the duplica- 
tion of the cube, or the finding of two mean proportionals, 
by ‘ Plato ’, Heron, Philon, Apollonius, Diocles, Pappus, 
Sporus, Menaechmus, Archytas, Eratosthenes, Nicomedes, (2) 
the fragment discovered by Eutocius himself containing the 

* Archimedes, ed. Heiberg, vol. iii, p. 84. 8-11. 
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missing solution, promised by Archimedes in On the Sphere 
and Cylinder, II. 4, of the auxiliary problem amounting 
to the solution by means of conics of the cubic equation 
(a—x)x^ = hc^, (3) the solutions (a) by Diodes of the original 
problem of II. 4 without bringing in the cubic, (6) by Diony- 
sodorus of the auxiliary cubic equation. 

Anthemius of Tralles, the architect, mentioned above, was 
himself an able mathematician, as is seen from a fragment of 
a work of his, On Burning-mirrors. This is a document of 
considerable importance for the history of conic sections. 
Originally edited by L. Dupuy in 1777, it was reprinted in 
Westermann’s JJapaSo^oypd^oi {Scriptores rerum mirabilium 
Graeci), 1839, pp. 149-58. The first and third portions of 
the fragment are those which interest us.^ The first gives 
a solution of the problem. To contrive that a ray of the sun 
(admitted through a small hole or window) shall fall in a 
given spot, without moving away at any hour and season. 
This is contrived by constructing an elliptical mirror one focus 
of which is at the point where the ray of the sun is admitted 
while the other is at the point to wliich the ray is requiretl 
to be reflected at all times. Let B be the hole, A the point 
to which reflection must always take place, BA being in the 
meridian and parallel to the horizon. Let BG be at right 
angles to BA, so that CB is an equinoctial ray ; and let BD be 
the ray at the summer solstice, BE a winter ray. 

Take at a convenient distance on BE and measure FQ 
equal to FA. Draw HFG through F bisecting the angle 
AFQ, and let BG be the straight line bisecting the angle EBC 
between the winter and the equinoctial rays. Then clearly, 
since FG bisects the angle QFA, if we have a plane mirror in 
the position HFG, the ray BFE entering at B will be reflected 
to A. 

To get the equinoctial ray similarly reflected to A, join GA, 
and with G as centre and GA as radius draw a circle meeting 
BG in K. Bisect the angle KG A by the straight line GLM 
meeting BK in L and terminated at M, a point on the bisector 
of the angle CBJ)- Then LM bisects the angle KLA also, and 
KL = LA, and KM = MA. If then GLM is a plane mirror, 
the ray BL will be reflected to A. 

* See Bibliotheca mathematica, viij, 1907, pp. 226-33. 
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By taking the point N on BD such that MN = MA, and 
bisecting the angle NMA by the straight line MOP meeting 
BD in 0, we find that, if MOP is a plane mirror, the ray BO 
is reflected to A. • 

Similarly, by continually bisecting angles and making more 
mirrors, we can get any number of other points of impact. Mak- 
ing the mirrors so short as to form a continuous curve, we get 
the curve containing all points such that the sum of the distances 
of each of them from A and B is constant and equal to BQ, BK, 
or JBAT. ‘ If then ’, says Anthemius, ‘ we stretch a string passed 



round the points A, B, and through the first point ttiken on the 
rays which are to be reflected, the said curve will be described, 
which is part of the so-called “ ellipse ”, with reference to 
which (i.e. by the revolution of which round BA) the surface 
of impact of the said mirror has to be constructed.* 

We have here apparently the first mention of the construc- 
tion of an ellipse by means of a string stretched tight round 
the foci. Anthemius’s construction depends upon two pro- 
positions proved by Apollonius (1) that the sum of the focal 
distances of any point on the ellipse is constant, (2) that the 
focal distances of any point make equal angles with the 
tangent at that point, and also (3) upon a proposition not 
found in Apollonius, namely that the straight line joining 
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the focus to the intersection of two tangents bisects the angle 
between the straight lines joining the focus to the two points 
of contact respectively. 

In the third portion of the fragment Anthemius proves that 
parallel rays can be reflected to one single point from a para- 
bolic mirror of which the point is the focus. The directrix is 
used in the construction, which follow.?, mutatis mutandis, the 
same course as the above construction in the case of the ellipse.' 

As to the supposition of Heiberg that Anthemius may also 
be the author of the Fra<)meiitum mathematicum Bohiense, see 
above (p. 203). 


The Pajyyrus of Akhmim. 

Next in chronological order must apparently be placed 
the Papyrus of Akhmim, a manual of calculation written 
in Greek, which was foxnid in the metropolis of Akhmim, 
the ancient Panopolis, and is now in the Mus^e du 
Gizeh. It was edited by J. Baillet^ in 1892. Accord- 
ing to the editor, it was written between the sixth and 
ninth centuries by a Christian. It is interesting because 
it preserves the Egyptian method of reckoning, with proper 
fractions written as the sum of primary fractions or sub- 
multiples, a method which survived along.side the Greek and 
was employed, and even exclusively taught, in the East. The 
advantage of this papyrus, as compared with Ahmes’s, is that 
we can gather the formulae used for the decomposition of 
ordinary proper fractions into sums of submultiples. The 
formulae for decomposing a pi’oper fraction into the sum of 
two submultiples may be shown thus : 

^ he b + c ^ j b + c 

c . — b . — 

a (I 


( 2 ) 


fcamplos/, = i = 

a _ I 1 

be ~ b + mc , 6 - 1 - nu‘ 1 

c . b . 

a am 


1 2. 

70 77 ' 


18 _ 11 
'34 38* 


' Memoires puhliis par les membres de la Mission archiologiqtte fran^aise 
flu Caire, vol. ix, part 1, pp. 1-89. 
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Ex. 


176 jj/16 + 3.11 


/16 + 3 . 11 \ ' /16 + 3. 11\ 1 

{—7 — ; 'H — 7 — ;3 


3 1 

7 


and again ^ _ ^ 104 . 2 . 7 ^ ^16 + 2 ^ 7 ^ 


/o. ® 1 1 

(3) Tjj! — :j'. jjr + 


cdf cd + df , cd+df 

a a 


1 3 

77 112’ 

_ J_ -1 

1 “ 70 80 

2 


Example. 

28 _ 28 _ 1 1 _ 1 1 
13^ “ 10.12.11 " 120 + m ~ T2^T32 " 90 99 ‘ 

• ^ 28 ~~ ■ 28 


The object is, of course, to choose the factors of the denomi- 
nator, and the multiplier m in ( 2 ), in such a way as to make 
the two denominators on the right-hand side integral. 

When the fraction has to be decomposed into a sum of three 
or more submultiples, we take out an obvious submultiple 
first, then if necessary a second, until one of the formulae 
will separate what remains into two submultiples. Or we 
take out a part which is not a submultiple but which can be 
divided into two submultiples by one of the formulae. 

For example, to decompose The factors of 6 1 6 are 8.7 7 

or 7.88. Take out 55 , and = isis W ~ ss vV ^ > 

and by formula fl), so that wif 's's 

Take . The factors of 6460 are 86.76 or 95.68. Take 
out gV. anti ^ gVVo • Again take out gV. and wo have 

nr actual problem here is to find 

gggrd of ll^-lxV^®) which latter expression reduces to 
• 239. 

The sort of problems solved in the book are (l) the division 
of a number into parts in the proportion of certain given 
numbers, ( 2 ) the solution of simple equations such as this: 
From a certain treasure we take away ^^th, then from the 
remainder xVl-li l^^at remainder, and we ^d 160 units left; 

what was the treasure 1 
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(3) subtractions such as: From 


§ 

SIS TS 6^ YU YT UU U6‘ UU TUU TTU 


111111 
TU TT YU YY YU YY 


subtract 

Answer, 

The book ends with long tables of results obtained (1) by 
multiplying successive numbers, tens, hundreds and thousands 
up to 10,000 by I, &c., up to (2) by multiplying 


all the successive numbers 1, 2, 3 ... w by where n is succes- 

Tl/ 

sively 11, 12, ... and 20; the results are all arranged as the 
sums of integers and submultiples. 


The Geodaesia of a Byzantine author formerly called, with- 
out any authority, ‘ Heron the Younger ’ was translated into 
Latin by Barocius in 1572, and the Greek text was published 
with a French translation by Vincent.^ The place of the 
author’s observations was the hippodrome at Constantinople, 
and the date apparently about 938. The treatise was modelled 
on Heron of Alexandria, especially the Dioptra, while some 
measurements of areas and volumes are taken from the 
Metrica. 


MiCHAEii PsELLUS lived in the latter part of the eleventh 
century, since his latest work bears the date 1092. Though 
he was called ‘ first of philosophers ’, it cannot be said that 
what survives of his mathematics suits this title. Xylander 
edited in 1656 the Greek text, with a Latin translation, of 
a book purporting to be by Psellus on the four mathematical 
sciences, arithmetic, music, geometry and astronomy, but it is 
evident that it cannot be entirely Psellus’s own work, since 
the astronomical portion is dated 1008. The arithmetic con- 
tains no more than the names and classification of numbers 
and ratios. The geometry has the extraordinary remark that, 
while opinions differed as to how to find the area of a circle, 
the method which found most favour was to take the area as 
the geometric mean between the inscribed and circumscribed 
squares; this gives tt = -/ 8 = 2-8284271 ! The only thing of 
Psellus which has any value for us is the letter published by 
Tannery in his edition of Diophantus.^ In this letter Psellus 
says that l)oth Diophantus and Anatolius (Bishop of Laodicea 
about A.D. 280) wrote on the Egyptian method of reckoning, 

* Notices et extfaits, xix, pt. 2, Paris, 1858. 

* Diophantus, vol. ii, pp. 37-42. 

N n 
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and that Anatolius’s account, which was different and more 
succinct, was dedicated to Diopliantus (this enables us to 
determine Diophantus’s date approximately). He also notes 
the difference between the Diophantine and Egyptian names 
for the successive powers of dpidfiSs: the next power after 
the fourth {SvpapoSvvapis = x*), i.e. as®, the Egyptians called 
‘ the first undescribed ’ ((fXoyoj wpcoTos) or the ‘ fifth number ’ ; 
the sixth, a?®, they apparently (like Diophantus) called the 
cube-cube ; but with them the seventh, was the ‘ second 
undescribed ’ or the ‘ seventh number the eighth was the 
‘ quadruple square ’ (TfTpairXfj Svpapis), the ninth (a?®) the 
‘ extended cube ’ (Kfjfios f^fXiKTos). Tannery conjectures that 
all these remarks were taken direct from an old commentary 
on Diophantus now lost, probably Hypatia’.s. 

Georgius Pachymeres (1242-1310) was the author of a 
work on the Quadrivium {^vuraypa tS>v T€<r<rdp(OP padrjpaTOiv 
or Terpafii^Xov). The arithmetical portion contains, besides 
excerpts from Nicomachus and Euclid, a paraphrase of Dio- 
phantus, Book I, which Tannery published in his edition of 
Diophantus ’ ; the musical section with part of the preface was 
published by Vincent,® and some fragments from Book IV by 
Martin in his edition of the Astronomy of Theon of Smyrna. 

Maximus Planudes, a monk from Nicomedia, was the 
envoy of the Emperor Andronicus II at Venice in the year 
1297, and lived probably from about 1260 to 1310. He 
wrote scholia on the first two Books of Diophantus, which 
are extant and are included in Tannery’s edition of Dio- 
phantus.® They contain nothing of particular interest except 
a number of conspectuses of the working-out of problems of 
Diophantus written in Diophantus’s own notation but with 
steps in separate lines, and with abbreviations on the left of 
words indicating the operations (e.g. I»cd. = €K$e<ris, rerp. — 
T€Tpay<ovi(rp6s, <riL>vd. = a‘ijp6e(Tis, &c.); the result is to make 
the work almost as easy to follow as it is in our notation. 

Another work of Planudes is called 'Wij<f>o(l>opia kut' ’IvSovs, 
or Arithmetic after the Indian method, and was edited as Das 

’ Diophantus, vol. ii, pp. 78-122, 

® Notices et extraits, xvii, 1858, pp. 362-533. 

* Diophantus, vol. ii, pp. 125-255. 
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Rechenbuch des Maximus Planudes in Greek by Qerhardt 
(Halle, 18(55) and in a German translation by H. Waeschke 
(Halle, 1878). There was, however, an earlier book under the 
similar title i4px^ /xeyaXj;? kui ‘IvSiKijs ylrr)<f>i<f>opias (sic), 
written in 1252, which is extant in the Paris MS. Suppl. Gr. 
387 ; and Planudes seems to have raided this work. He 
begins with an account of the symbols which, he says, were 

‘ invented by certain distinguished astronomers for the most 
convenient and accurate expression of numbers. There are 
nine of these symbols (our 1, 2, 3, 4, 5,6, 7, 8, 9), to which is 
added another called Tzifra (cyphei-), written 0 and denoting 
/.cro. The nine signs as well as this one are Indian.’ 

But this is, of course, not the first occurrence of the Indian 
numerals; they were known, except the zero, to Gerbert 
(Pope Sylvester II) in the tenth century, and were used by 
Leonardo of Pisa in his Liber abaci (written in 1202 and 
rewritten in 1228). Planudes used the Persian form of the 
numerals, differing in this from the writer of the treatise of 
1252 referred to, who used the form then current in Italy. 
It scarcely belongs to Greek mathematics to give an account 
of Planudes’s methods of subtraction, multiplication, &c. 

Extraction of the square root. 

As regards the extraction of the square root, he claims to 
have invented a method different from the Indian method 
and from that of Theon. It docs not appear, however, that 
there was anything new about it. Let us try to see in what 
the supposed new method consisted. 

Planudes describes fully the methotl of extracting the 
square root of a number with several digits, a method which 
is essentially the same as ours. Tliis appears to be what he 
refers to later on as ‘ the Indian method ’. Then he tells us 
how to find a first approximation to the root when the number 
is not a complete square. 

‘Take the square root of the next lower actual square 
number, and doxrble it : then, from the number the square root 
of which is required, subtract the next lower square number 
so found, and to the remainder (as numerator) give as de- 
nominator the double of the square root already found.’ 

N n 2 
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The example given is •v/(18). Since 4*= 16 is the next 

2 

lower square, the approximate square root is 4 + ^ or 

The formula used is, therefore, (a^ + ~ ® ^ approxi- 

mately. (An example in larger numbers is 

■n/( 1690196789) = 41112 + g|^|^ approximately.) 

Planudes multiplies 4J by itself and obtains 18^^, which 
shows that the value 4 J is not accurate. He adds that he will 
explain later a method which is more exact and nearer the 
truth, a method ‘jvhich I claim as a discovery made by me 
with the help of God ’. Then, coming to the method which he 
claims to have discovered, Planudes applies it to -/b. The 
object is to develop this in units and sexagesimal fractions. 
Planudes begins by multiplying the 6 by 3600, making 21600 
second-sixtieths, and finds the square root of 21600 to lie 
between 146 and 147. Writing the 146' as 2 26', he proceeds 
to find the rest of the approximate square root (2 26' 58" 9'") 
by the same procedure as that used by Theon in extracting 
the square root of 4500 and 2 28' respectively. The differ- 
ence is that in neither of the latter cases does Theon multiply 
by 3600 so as to reduce the units to second-sixtieths, but he 
begins by taking the approximate square root of 2, viz. 1, just 
as he does that of 4500 (viz. 67). It is, then, the multiplication 
by 3600, or the reduction to second-sixtieths to start with, that 
constitutes the difference from Theon’s method, and this must 
therefore be what Planudes takes credit for as a new dis- 
covery. In such a case as V'(2 28') or Theon’s method 
has the inconvenience that the number of minutes in the 
second term (34' in the one case and 43' in the other) cannot 
be found without some trouble, a difficulty which is avoided 
by Planudes’s expedient. Therefore the method of Planudes 
had its advantage in such a case. But the discovery was not 
new. For it will be remembered that Ptolemy (and doubtless 
Hipparchus before him) expressed the chord in a circle sub- 
tending an angle of 120° at the centre (in terms of 120th parts 
of the diameter) as 103^ 55' 23", which indicates that the first 
step in calculating V3 was to multiply it by 3600, making 
10800, the nearest square below which is 103® (= 10609). In 
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the scholia to Eucl., Book X, the same method is applied. 
Examples have been given above (vol. i, p. 63). The supposed 
new method was therefore not only already known to the 
scholiast, but goes back, in all probability, to Hipparchus. 

Two problems. 

Two problems given at the end of the Manual of Planudes 
are worth mention. The first is stated thus : ‘ A certain man 
finding himself at the point of death had his desk or safe 
brought to him and divided his money among his sons with 
the following words, “ I wish to divide my money equally 
between my sons : the first shall have one piece and ^th of the 
rest, the second 2 and ^^th of the remainder, the third 3 and 
^th of the remainder.” At this point the father died without 
getting to the end either of his money or the enumeration of 
his sons. I wish to know how many sons he had and how 
much money.’ The solution is given as (n— 1)'“^ for the number 
of coins to be divided and (ii — 1) for the number of his sons; 
or rather this is how it might be stated, for Planudes takes 
■n = 7 arbitrarily. Comparing the shares of the firat two we 
must clearly have 

l + l(a;-l) = 2 + + — + 2)}, 

n ' n ' 71 

which gives oj = (■n. — 1 )^ ; therefore each of (a — 1) sons received 
(n— 1). 

The other problem is one wliich we have already met with, 
that, of finding two rectangles of equal perimeter such that 
the area of one of them is a given multiple of the area of 
the other. If n is the given multiple, the rectangles are 
(a*— 1, a*) and1(a— 1, n^—n) respectively. Planudes 

states the solution correctly, but how he obtained it is not clear. 

We find also in the Manual of Planudes the ‘ proof by nine ’ 
(i.e. by casting out nines), with a statement that it was dis- 
covered by the Indians and transmitted to us through the 
Arabs. 

Manukl Moschopoulos, a pupil and friend of Maximus 
Planudes, lived apparently under the Emperor Andronicus II 
(1282-1328) and perhaps under his predecessor Michael VIII 
(1261-82) also. A man of wide learning, he wrote (at the 
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instance of Nicolas Rhabdas, presently to be mentioned) a 
treatise on magic squares ; he showed, that is, how the num- 
bers 1, 2, 3 ... could be placed in the compartments of 
a square, divided like a chess-board into small squares, in such 
a way that the sum of the numbers in each horizontal and 
each vertical row of compartments, as well as in the rows 
forming the diagonals, is always the same, namely {n^-\-\). 
Moschopoulos gives rules of procedure for the cases in which 
n=. 2 m + 1 and n = 4m respectively, and these only, in the 
treatise as we have it ; he promises to give the case where 
n = 4m+2 also, but does not seem to have done so, as the 
two manuscripts used by Tannery have after the first two cases 
the words tcAoj tov avrov. The treatise was translated by 
De la Hire,^ edited by S. Gunther,'^ and finally edited in an 
improved text with translation by Tannery.^ 

The work of Moschopoulos was dedicated to Nicolas Arta- 
vasdus, called Rhabdas, a person of some importance in the 
history of Greek arithmetic. He edited, with some additions 
of his own, the Manual of Planudes; this edition exists in 
the Paris MS. 2428. But he is also the author of two lettei's 
which have been edited by Tannery in the Greek text with 
French translation.^ The date of Rhabdas is roughly fixed 
by means of a calculation of the date of Easter ‘ in the current 
year ’ contained in one of the letters, which shows that its 
date was 1341. It is remarkable that each of the two letters 
has a preface which (except for the words SrjXoiXTiv tS>v kv 
toTs dpid/ioTs ^rjTtjfiaTcot' and the name or title- of the person 
to whom it is addressed) copies word for word the first thir- 
teen lines of the preface to Diophantus’s Arithmetica, a piece 
of plagiarism which, if it does not say much for the literary 
resource of Rhabdas, may indicate that he had studied Dio- 
phantus. The first of the two letters has the heading ‘ A con- 
cise and most clear exposition of the science of calculation 
written at Byzantium of Constantine, by Nicolas Artavasdus 

‘ M^m. de I'Acad. Royale des Sciences, 1705. 

® Vermischte Vntersuchungen zur Gesch. d. Math., Leipzig, 1876. 

* ‘Le traits de Manuel Moschopoulos sur les carr^s magiques’ in 
Annuaire de V Association pour V encouragement des itudes grecques, xx, 

1886, pp. 88—118. 

* ‘Notices sur les deux lettres arithnidtiques de Nicolas Rhabdas’ in 
Notices et extvaits des manuscrits de la Bibliotheque Nationals, xxxii, nt. 1, 
1886, pp. 121-252. 
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of Smyrna, arithmetician and geometer, tov 'Pa^Sa, at the 
instance of the most revered Master of Bequests, Georgius 
Chatzyces, and most easy for those who desire to study it.’ 
A long passage, called (K^paais tov SaKTvXtKov fiirpov, deals 
with a method of finger-notation, in which the fingers of each 
hand held in different positions are made to represent num- 
bers.^ The fingers of the left hand serve to represent all the 
units and tens, those of the I’ight all the hundreds and 
thousands up to 9000 ; ‘ for numbers above these it is neces- 
sary to use writing, the hands not sufiicing to represent such 
numbers.’ The numbers begin with the little fingers of each 
hand ; if we call the thumb and the fingers after it the 1st, 
2nd, 3rd, 4th, and 5th fingers in the German style, the succes- 
sive signs may be thus described, premising that, where fingers 
are not either bent or ‘ half-closed ’ [KXivopivoi) or ‘ clpsed ’ 
{(rvaTeXX6pivoi), they are supposed to be held out straight 
{ilCT€lv6p€l/Ol), 

(а) On the left hand : 

for 1, half-close the 6th finger only; 

„ 2, „ „ 4th and 5tli fingers only ; 

„ 3, „ „ 3rd, 4th and 5th fingei’S only ; 

„ 4, „ „ 3rd and 4tli fingers only ; 

„ 5, „ „ 3rd finger only ; 

,, 6, „ ,, 4th ,, ,, 

„ 7, close the 5th finger only ; 

„ 8, „ „ 4th and 6th fingers only ; 

„ 9, „ „ 3rtl, 4th and 5th fingers only. 

(б) The same operations on the right haml give the thou- 

sands, from 1000 to 9000. 

(c) On the left hand: 

for 10, apply the tip of the forefinger to the first joint of 
the thumb so that the resulting figure resembles <r ; 

* A similair description occurs in the works of the Venerable Bede 
(‘ De compute vel loquela digitorum forming chapter i of De temporum 
ratione), where expressions are also quoted from St. Jerome (d. 420 a.d.) 
as showing that he too was acquainted with the system ( The Miscellaneous 
Works of the Venerable Bede, ed. J. A. Giles, vol. vi, 1843, p]^. 141-3). 
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for 20, stretch out the forefinger straight and vertical, 
keep fingers 3, 4, 6 together but separate from it 
and inclined slightly to the palm ; in this position 
touch the forefinger with the thumb ; 

„ 30, join the tips of the forefinger and thumb ; 

„ 40, place the thumb on the knuckle of the forefinger 
behind, making a figure like the letter T ; 

„ 50, make a like figure with the thumb on the knuckle 
of the forefinger iyiside ; 

„ 60, place the thumb inside the forefinger as for 60 and 
bring the forefinger down over the thumb, touch- 
ing the ball of it ; 

„ 70, rest the forefinger round the tip of the thumb, 
making a curve like a spiral ; 

„ 80, fingers 3, 4, 6 being held together and inclined 
at an angle to the p^m, put the thumb across the 
palm to touch the third phalanx of the middle 
finger (3) and in this position bend the forefinger 
above the first joint of the thumb ; 

„ 90, close the forefinger only as completely as possible. 

{d) The same operations on the right lumd give the /m/t- 
dreds, from 100 to 900. 

The first letter also contains tables for addition and sub- 
traction and for multiplication and division ; as these are said 
to be the ‘invention of Palamedes’, we must suppose that 
such tables were in use from a remote antiquity. Lastly, the 
first letter contains a statement which, though applied to 
particular numbers, expresses a theorem to the effect that 

(tto + 1 0«i + . . . + 1 0«‘a,,„) (6„ + 1 06i -t- . . . -I- 1 0"ft„) 

is not > lO”*’*’"'''-, 

where a^, aj ... 6^, 6j ... are any numbers from 0 to 9. 

In the second letter of Rhabdas we find simple algebraical 
problems of the same sort as those of the Antkologia Oraeca 
and the Papyrus of Akhmim. Thus there are five problems 
leading to equations of the type 



RHABDAS 


553 


tXj 00 

Rhabdas solves the equation — + - = a, practically as we 

m a 

should, by multiplying up to get rid of fractions, whence he 
obtains x = miia /(m + n). Again he solves the simultaneous 
equations tc+y = a, mx = ny ; also the pair of equations 


'll X 

a; + -^ = 1/+ - = a. 
m ^ n 


Of course, m, n, a... have particular numerical values in 
all cases. 


Rhahdaa's Rule for approanmating to the square root of 
a non-square number . 

We find in Rhabdas the equivalent of the Heronian formula 
for the approximation to the square root of a non-square 
number A = a* + 6, namely 

h 

/V • 


he further observes that, if a be an approximation by excess, 
then «! = A/a is an approximation by defect, and ^(a-l-aj) 
is an approximation nearer than either. This last form is of 

course exactly Heron’s formula a = ^ -I- • The formula 

was also known to Barlaam (presently to be mentioned), who 
also indicates that the procedure can be continued indefinitely. 

It should here be added that there is interesting evidence 
of the Greek methods of approximating to square roots in two 
documents published by Heiberg in 1899.^ The first of 
these documents (from a manuscript of the fifteenth century 
at Vienna) gives the approximate square root of certain non- 
square numbers from 2 to 147 in integers and proper fractions. 
The numerals are the Greek alphabetic numerals, but they are 
given place- value like our numerals : thus ai; = 18, ol8^= 147, 

~ = —j and so on : 0 is indicated by u or, sometimes, by •. 
fin 2% j' T > * J 

All these square roots, such as -/(21) = 4^^, v/(36) = 6|^|, 

V(ll2) = 10||, and so on, can be obtained (either exactly or, 

in a few cases, by neglecting or adding a small fraction in the 

‘ ‘ Byzantinische Analekten ’ in Abh. zur Qesch. d. Math. iz. Heft, 1899, 
pp. 163 sqq. 
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numerator of the fractional part of the root) in one or other 
of the following ways : 

(1) by taking the nearest square to the given number A, 
say a®, and using the Heronian formulae 



(2) by using one or other of the following approximations, 
where 


< A < (a+ 1)‘^, and A = a^ + b = (a+ ly^ — c, 


namely. 


6 

a + -—f 

2 a 


u -H 


2a + 


h , 
2a 


(a+1)- 


{a + 1 ) - 


' ' 2{a+\) ' ■ ' 2 (a+1) 

or a combination of two of these with 


2 (a+1) 


(3) the formula that, if y < then 
' h a 

a ma + nc c 
b mb + mul d 

It is clear that it is impossible to deny to the Greeks the 
knowledge of these simple fomiulae. 

Three more names and we have done. 

loANNKS Pkdiasimus, also called Galenus, was Keeper of the 
Seal to the Patriarch of Constantinople in the reign of 
Andronicus III (1328-41). Besides literary works of his, 
some notes on difficult points in arithmetic and a treatise on 
the duplication of the cube by him are said to exist in manu- 
scripts. His Geometry, which was edited by Friedlein in 1866, 
follows very closely the mensuration of Heron. 

Baklaam, a monk of Calabria, was abbot at Constantinople 
and later Bishop of Geraci in the neighbourhood of Naples ; 
he died in 1348. He wrote, in Greek, arithmetical demon- 
strations of propositions in Euclid, Book II,^ and a Logistic in 
six Books, a laborious manual of calculation in whole numbers, 

* Edited with Latin translation* by Dasypodius in 1564, and included 
in Heiberg and Menge’s Euclid, vol. v, ad fin. 
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ordinary fractions and sexagesimal fractions (printed at 
Strassburg in 1692 and at Paris in 1600). Barlaam, as we 
have seen, knew the Heronian formulae for finding successive 
approximations to square roots, and was aware that they could 
be indefinitely continued. 

Isaac Argyrus, a monk, who lived before 1368, was one of 
a number of Byzantine translators of Persian astronomical 
works. In mathematics he wrote a Geodueaia and scholia to 
the first six Books of Euclid’s Elevients. The former is con- 
tained in the Paris MS. 2428 and is called ‘a method of 
geodesy or the measurement of surfaces, exact and shortened ’ ; 
the introductory letter addressed to one Colybos is followed 
by a compilation of extracts from the Geometrica and Hlereo- 
metrica of Heron. He is apparently the author of some 
further additions to Rhabdas’s revision of the Manual of 
Planudes contained in the same manuscript. A short tract 
of his ‘ On the discovery of the square roots of non-rational 
square numbers ’ is mentioned as contained in two other inanu- 
.scripts at Venice and Rome respectively (Codd. Marcianus Gr. 
333 and Vaticanus Gr. 1058), where it is followed by a table 
of the sfiuare roots of all numbers from 1 to 102 in sexa- 
gesimal frjictions (e.g. V2 = \ 24' 51" 4 8"', = 1 43' .‘6" O'").* 

* Heiberg, ‘ By/.antinische Aiialekten in Ahh. eur Oesch. d. Math, ix, 
pp. 169-70. 
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On Archimedes's 'proof of the subtangent-pn'operty of 

a spiral. 

The section of the treatise Oit, Spirals from Prop. 3 to 
Prop. 20 is an elaborate series of propositions leading up 
to the proof of the fundamental property of the subtangent 
corresponding to the tangent at any point on any turn of the 
spiral. Libri, doubtless with this series of propositions in 
mind, remarks {Histoire des sciences mathSmatiques en Italie, 
i, p. 31) that'Aprbs vingt sibcles de travaux et de d^ou- 
vertes, les intelligences les plus puissantes viennent encore 
dchouer centre la synthbse difficile du Traits des Spirales 
d’Archimbde.’ There is no foundation for this statement, 
which seems to be a too hasty generalization from a dictum, 
apparently of Fontenelle, in the Histoire de I'Acadimie des 
Sciences pour I'annSe 1704 (p. 42 of the edition of 1722), 
who says of the proofs of Archimedes in the work On 
Spirals : ‘ Elies sent si longues, et si difficiles ^ embras.ser, 
que, comme on Ta pCl voir dans la Preface de 1’ Analyse des 
Infiniment petits, M. Bouillaud a avoud qu’il ne les avoit 
jamais bien entendues, et que Vibte les a injustement soup- 
yonndes de paralogisme, parce qu'il n’avoit pfi non plus 
parvenir k les bien entendre. Mais "toutes les preuves qu’on 
pent donner de leur difficult^ et de leur obscuritd* tournent 
a la gloire d’Archimbde; car quelle vigueur d'esprit, quelle 
quantity de viies diff(^rente8, quelle opini&tretd de travail n’a- 
t-il pas fallu pour lier et pour disposer un raisonnement que 
quelques-uns de nos plus grands gdombtres ne peuvent suivre, 
tout lid et tout disposd qu’il est ? ’ 

P. Tannery has observed^ that, as a matter of fact, no 
mathematicians of real authority who have applied or ex- 
tended Archimedes’s methods (such men as Huygens, Pascal, 
Roberval and Fermat, who alone could have expressed an. 
opinion worth having), have ever complained of the 

* Bulletin des sciences math^matiques, 1895, Part i, pp. 265-71. 
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‘ obscurity ’ of Archimedes ; while, as regards Vieta, he has 
shown that the statement quoted is based on an entire mis- 
apprehension, and that, so far from suspecting a fallacy in 
Archimedes’s proofs, Vieta made a special study of the treatise 
On Sjiircds and had the greatest admiration for that work. 

But, as in many cases in Greek geometry where the analy- 
sis is omitted or even (as Wallis was tempted to suppose) of 
set purpose hidden, the reading of the completed synthetical 
proof leaves a certain impression of mystery; for there is 
nothing in it to show ivhy Archimedes should have taken 
precisely this line of argument, or how he evolved it. It is 
a fact that, as Pappus said, the subtangent-property can be 
established by purely ‘ plane ’ methods, without recourse to 
a ‘solid’ u€v<ris (whether actually solved or merely assumed 
capable of being solved). If, then, Archimedes chose the more 
difficult method which we actually find him employing, it is 
scarcely poasiblc to assign any reason except his definite 
predilection for the form of proof by reductio ad abmrdum 
based ultimately on his famous ‘ Lemma ’ or Axiom. 

It seems worth while to re-examine the whole question of 
the discovery and proof of the property, and to see how 
Archimedes’s argument compares with an easier ‘ plane ’ proof 
suggested by the figures of some of the very propositions 
proved by Archimedes in the treatise. 

In the first place, we may be sure that the pi’operty was 
not discovered by the steps leading to the proof as it stands. 
I cannot but think that Archimedes divined the result by an 
argument corresponding to our use of the differential calculus 
for determining tangents. He must have considered the 
instantaneous direction of the motion of the point P describ- 
ing the spiral, using for this purpose the parallelogram of 
velocities. The motion of P is compounded of two motions, 
one along OP and the other at right angles to it. Comparing 
the distances traversed in an instant of time in the two direc- 
tions, we see that, corresponding to a small increase in the 
radius vector r, we have a small distance traversed perpen- 
dicularly to it, a tiny arc of a circle of radius r subtended by 
the angle representing the simultaneous small increase of the 
angle 6 (AOP). Now r has a constant ratio to $ which we call 
a (when 6 is the circular measure of the angle 6). Consequently 
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the small increases of r and 6 are in that same ratio. There- 
fore what we call the tangent of the angle OPT is r/ a, 
i.e. OT/r = r/a; and 01' = rya, or rd, that is, the arc of a 
circle of radius r subtended by the angle 6. 

To i>rove this result Archimedes would doubtless begin by 
an analysis of the following sort. Having drawn OT perpen- 
dicular to OP and of length equal to the arc ASP, he had to 
prove that the straight line joining P to T is the tangent 
at P. He would evidently take the line of trying to show 
that, if any radius vector to the spiral is di’awn, as 00', 
either side of OP, Q' is alway.s on the side of TP towards 0, 
or, if OQ' meets TP in F, OQ' is always less than OF. Suppose 



that in the above figure OR' is any radius vector between OP 
and OS on the ‘ backward ’ side of OP, and that OR' meets the 
circle with radius OP in R, the tangent to it at P in G, the 
spiral in R', and TP in F'. We have to prove that R, R' lie- 
on opposite sides of F', i.e. that RR' > RF' ] and again, sup- 
posing that any radius vector OQ' on the ‘ forward ’ side of 
OP meets the circle with radius OP in Q, the spiral in O' and 
'TP produced in F, we have to prove that QQ' < QF. 
Archimedes then had to prove that 

(1) F'R -.RO < RR'.RO, and 

(2) FQiQO >QQ':QO. 

Now (1) is equivalent to 

F'R .RO < '(arc RP) : fare ASP\. since RO — PO. 
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But (arc A»S'P) = 07, by hypothesis ; 

therefore it was necessary to prove, alternando, that 

(3) F'R : (arc RP) < RO : OT, or PO : OT, 

i.c. < MO, where OM is perpendicular to SP. 

Similarly, in order to satisfy (2), it was necessary to 
prove that 

(4) /*’Q ; (arc PQ) > PM: MO. 


Now, as a matter of fact, (3) is a fortiori satisfied if 


F'R : {chord RP) < PM : MO ; 

but in the case of (4) we cannot substitute the chord PQ for 
the arc PQ, and we have to substitute PG', where G' is the 

point in which the tangent at P to 
the circle meets OQ produced ; for 
of course PG' > (ax‘c PQ), so that (4) 
is a fortiori satisfied if 

FQ .PG' > PM :M0. 

It is remarkable that Archimedes 
uses for his proof of the’two cases Prop. 
8 and Prop. 7 respectively, and makes 
no use of Props 6 and 9, whereas 
the above argument points precisely to the use of the figures 
of the two latter propositions only. 

For in the figure of Prop. 6 (Fig. 1), if OFP is any I’adius 
cutting AB in F, and if PB produced cuts O'f, the pai'allel to 
AB through 0, in H, it is obvious, by parallels, that 

PF : (chord PB) = OP ; PlI. 



Also PH becomes greater the farther P moves from B 
towards A, so that the ratio PF :PB diminishes continually, 
while it is always less than OB : BT (where BT is the tangent 
at B and meets Oil in T), i.c. always less than BM: MO. 

Hence the relation (3) is always satisfied for any point R' of 
the spiral on the ‘ backward ’ side of P. 

But (3) is equivalent to (1), from wliich it follows that F'R 
is always loss than RR', so that R' always lies on the side 
of TP towards 0. 
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Next, for the point Q' on the ‘ forward ’ side of the spiral 
from P, suppose that in the figure of Prop. 9 or Prop. 7 (Fig. 2) 
any radius OP of the circle meets AB produced in F, and 



the tangent at P in 0 ; and draw BPH, BGT meeting OT, the 
parallel through 0 to AB, in H, 1\ 

Then PF:BG>FG: BG, since PF > FG, 

> OG: GT, by parallels, 

> OB : BT, a fortiori, 

>BM:x\rO; 

and obviously, as P moves away from B towards OT, i.c. as G 
moves away from B along BT, the ratio OGiGT increases 
continually, while, as shown, PF: BG is always > BM : MO, 
and, a fortiori, 

PF : (arc PB) > BM : MO. 

That is, (4) is always satisfied for any point Q' of the spiral 
‘ forward ’ of P, so that (2) is also satisfied, and QQ' is always 
less than QF. 

It will be observed that no vevan, and notliing beyond 
‘ plane ’ methods, is required in the above proof, and Pappus’s 
criticism of Archimedes’s proof is therefore justified. 

Let us now consider for a moment what Archimedes actually 
does. In Prop. 8, which he uses to prove our proposition in 
the ‘backward’ case {Bf, R, F'), he shows that, if PO : OF 
is any ratio whatever less than PO : OT or PM : MO, we can 
find points F', G corresponding to any ratio PO : OF' where 
OT < OF' < OF, i.e. we can find a point F' corresponding to 
a ratio still nearer to PO ; OT than PO : OF is. This proves 
that the ratio RF' : PO, while it is always less than PM : MO, 
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approaches that ratio without limit as R approaches P. But 
the proof does not enable us to say that RF ' : {chord PR), 
which is > RF ' : PG, is also always less than PM : MO. At 
first sight, therefore, it would seem that the proof must fail. 
Not so, however; Archimedes is nevertheless able to prove 
that, if PF and not PT is the tangent at P to the spiral, an 
absurdity follows. For his proof establishes that, if PFis the 
tangent and OF' is drawn as in the proposition, then 

F'O : RO < OR': OP, 

or F'O < OR', ‘ wl^ich is impossible ’. Why this is impossible 
does not appear in Props. 18 and 20, but it folloAvs from the 
argument in Prop. 1 3, which proves that a tangent to the spiral 
cannot meet the curve again, and in fact that the spiral is 
everywhere concave towards the origin. 

Similar remarks apply to the proof by Archimedes of the 
impossibility of the other alternative supposition (that the tan- 
gent at P meets OT at a point U nearer to 0 than T is). 

Archimedes’s proof is thei'efore in both parts perfectly valid, 
in spite of any appearances to the contrary. The only draw- 
back that can be urged seems to be that, if we assume the 
tangent to cut OT at a point very near to T on either side, 
Archimedes’s construction brings us perilously near to infini- 
tesimals, and the proof may appear to hang, as it were, on 
a thread, albeit a thread strong enough to carry it. But it is 
remarkable that he should have elaborated such a difficult 
proof by means of Props. 7, 8 (including the ‘ solid ’ viveris of 
Prop. 8), when the figui'es of Props. 6 and 7 (or 9) themselves 
suggest the direct proof aljove gi\ en, which is independent of 
any vevaris. 

P. Tannery,' in a paper on Pappus’s criticism of the proof as 
unnece.ssarily involving ‘ solid ’ methods, has given another 
proof of the subtangent-property based on ‘ plane ’ methods 
only ; but I prefer the method which I have given above 
because it corresponds more closely to the preliminary proposi- 
tion's actually given by Archimedes. 

' 'I'annery, Memoires sckntifqnes, i, 1912, pp. 300-16. 
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dliaKtop 47. 

dyew/iAcVpiyrof, -ov : ayfOifitT^irjToi fit}-' 
fiViVo) (Plato) iii. 355. 
d^ie^lrrjTo^y that cannot be gone 
through, i.e. infinite 343. 
ddvvaToSy ~ou ii. 462 : dnayoiyt} ui 
dhvvarov, Scc, 372. 
airrjfAay postulate 373. 

aKovtrfJLaTiKol 11. 

oXoyoff, -OP, irrational 84, 1)0 : ntfA 
d\<»yo)i' yfjnfi^<jiip xai puarraiP (DeuiO- 
critus) 156-7, 181 : /iXoyot ioirnfp 
y^iifx^ai (Plato) 157, 
updXtjfjLfxa ii. 287. 

dpdXoyop^ proportional : used as ad- 
jective ^5. 

dpa\v6iJi€POi (roTTos), of 

Analysis 421-2, ii. 399, 400, ii. 
426. 

tij/<i 7 raXii', inversely 385 : dpdmtXip 
Xvais ii. 400. 

dvatTTftfyl/aifTi (cii/acrT/JcV/xo), COHVCf*- 

fcndo 386. 

dpaoTpocfyljf conversion lb, 
dpnaTfioipiKos (tottoj), a class ol locus 
ii. 185. 

’Ai/a</)optKos by Hypsicles 419, ii. 213. 
upcXiTTcip ii. 244. 
d^o)v, axis 341. 

tio/wcTTof, -oPf undefined : nXi^Bus po* 
piidoip dnfjKTTOP ( — unknown, 

94, ii. 456 : evdopio-To) ii. 489. 491. 
MTraywyr/, reduction 372 : drr, its 
dovunroVy reduct to ad ahsurduni 
372. 

ciTTodei^ty, proo/370, ii. 533. 
djroKaTaaTartKosrrj, -di/, recurring 108. 
<i 7 rro-ra(Tiy, distance or dimension 
305 n., or interval 306 ?i. 
dpBrjXos^ ‘shoemaker’s knife’ ii. 23, 
ii. 101-2, ii. 371-7. 
dinOfirjTiKri^ theory of numbers, opp, 
to XoyifTTiKf) 13"16. 


I dptdfiyjTiKos, ‘OP ; {ipiOfirjriKo €t(ra- 

')ci)y 9 of Nicomaclius 97. 
dpiBpuSi number : definitions of 
‘number’ 69-70: in Diophantus, 
used for unknown quantity (x) 

^ 94, ii. 456. 

dpiBpoardp : reciprocal of dpiBpos 
(==a?) in Diophantus ii. 458. 
dpTrd^ovdTTTni, ‘rope-stretchers’ 121- 
2, 178. 

dppr)T 0 Sy “ov, irrational 157. 
dpTittKis dprios, eren-times-even 71, 
with Neo-Pythagoreans =2'’, 72. 
dpTiuKis TTipiTToSf eveu'times'Odd 72. 
dpTioTTi DITTOS^ eveti-oddy restricted 
by l^eo-Pythagoreans to form 
^ 2{2m+lU 72. 

. dpTtoSf -rt, op^ even 70. 

I \\pyai, a lost work of Archimedes 
: ii. 81. 

I 'AarpoBitriai of Eratosthenes ii. 109. 
darpoXii^op dpyapop of Hipparchus 
ii. 256. 

da-vppcrpos, -or, inconiiiiensurable 
157. 

cio-v/iTTTcDTos*, -or, noii-sccant ii. 227. 
dfTvpOiToSf ’"Op, incomposite 72. 
HTopos, -OP, indivisible 181 : Arifto- 
teliail TTCpt droptop ypappoyp 157, 
346 8. 

uTOTToSf -or, absurd ii. 462, 
av^dpiip : rpis nv^fjBiis (Plato) 306-7. 
av^t], TptTt'y 297 : Kvfioip 297. 
nv^rjais 305- 6 «. 
avTopnroTTOirjTtKt) ii. 308. 
d^isf segment of circle less than a 
semicircle ii. 314. 

BapovXKos of Heron ii. 309, ii. 346-7. 
BcXoTTouVd of Heron 18, ii. 298, ii. 
302, ii. 308-9. 

fitdCvip I 0€^ia(rptpost forced or un- 
natural ii. 362. 
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^cD^iarKoSf Mittle altar’, properly a 
wedge-shaped solid ii. 319, ii. 333: 
measurement of(Heron),ii. 332-3: 
(= a-cfirjvia’Kos) of a certain kind 
of solid number 107, ii. 240, ii. 
315. 

ycwfi.iKTid = mensuration 1 6. 
r(ci}!A€Tpoviifva of Heion ii. 318, ii. 
453. 

yXfoX^' (arrow-head), Pythagorean 
name for angle 166. 

yVCHpOVlKT) 18. 

yv^pcsj, gnotnoriy q.V. : Kara yvoapova 
= perpendicular 78, 175. 
yv^mposj -opy known : yv^pipov^ an 
alternative term for bchophov, 
given ii. 537. 

ypojpliJtos, ‘ in the recognized manner’ 
ii. 79. 

ypdppaj ‘figure’ or proposition, of 
theorem of Kucl. 1. 47, 144. 
ypappq : bid or e/c TOiP ypappidp of 

theoretical proof ii. 257, 258. 
ypnppiKtis, -rj, linear : used of 
prime numbers 73 : ypapniKul 
€7rt(7rtt(7€i5, ‘ Considerations on 
Curves ’, by Demetrius ii. 359 : 
ypappiK^s, graphically 93. 
ypacfiftp, to draw or write on 159, 
173 : also to prove 203 n,, 339. 

bebopepus, -rj, -opj given: senses of, 
ii. 537-8. 

beiKpvpiUf to prove 328. 
beip : bd brj 371. 

bfvrepos, tiecondarg : of composite 
numbers 72 : bfvr^pa pvpuis ( = 
10,000^) 40. 

bia^rjTrjSy compasses 308, ii. 540. 
biaipflp : bieXopTi, separando or divi- 
(in transformation of ratios) 

386. 

biaip€<rti : Xoyou, separation of a 
ratio 386 : Trcpl biaip^arecop /3ti8Xtoi', 
On divisions (of figures)^ by 
Euclid 425. 

biuaraaii'f dimension : Trepl biao-rd- 
(Tccoy, a work of Ptolemy ii. 295. 
bidarr^pa, interval 215 : distance 
239. 

b'lavXos, ‘ race-course ’ : representa- 
tions of square and oblong num- 
bers as sums of terms 114. 
bibopai: btbopdpopj given, senses ii. 
537-8. 


bL€^obiK6s (ro/Toy), a species of locus 
ii. 185. 

biiiirdpai I €p Sicorcuy, extended 
one way ii. 428. 

biKoXovpos, -OP, twice-truncated 107. 
bioTTTpa, dioptra, q.V. 
j blOTTTplKrj 18. 

biopi(€LP : bKopiapePT) ropg, Deter- 
minate Section, by Apollonius 
ii. 180. 

biopiapos, definition, delimitation : 
two senses (1) a constituent part 
of a theorem or problem 370, 
(2) a statement of conditions of 
possibility of a problem 303, 319- 
20. 371, 377, 395, 396, 428, ii. 45- 
6, ii. 129-32, ii. 168, ii. 230. 
binXdiaoTqs, double-equation (Dio- 
phantus) ii. 468. 

biTrXovs, -?}, -ovp : bmXrj pvpuis == 
10,000^ (Apollonius) 40 : binXrj 
laoTos, binXrj laaxris, double-equa- 
tion (Diophantus) ii. 468. 
boKLs, beam, a class of solid number 
107, ii. 240. 
boKos == boKis ii. 315. 
bpaxpr^f sign for, 31, 49, 50. 
bvpapis : incommensurable side of 
square containing a non-square 
number of units of area 203-4 : 
square or square root 209 n., 
297 : square of unknown quantity 
(= (Diophantus) ii. 457-8: 
bvi dpd, ‘ in square ’ 187, 308 : 
rerparrXtj bvpapis = eighth power 
(Egypt) ii. 546 ; power in 
mechanics 445. 

bvvapobvpnpis, square ■ square = 
fourth power (Heron) ii. 458 : 
fourth power of unknown (Dio- 
j)hantus) ii. 458, ii. 546. 
bvp(ip6Kvl:ios, square-cube, = fifth 
power of unknown (Diophantus ) 
11. 458. 

bvvapooTop, bvpapvbvpapoiTTOPf &c., 
reciprocals of powers of unknown 
(Diophantus) li. 458. 
bvpa(T0ai,io beequiviilent * in square ’ 
to, i. e. to be the side of a square 
equal to (a given area) : bvpopipq 
305-6 w.^ 

bvpa(TT€vop€pr), opp. to bvpapdpn 

305-6 

dbos, ‘figure’ of a conic ii. 
139: ‘ species’ == particular iiower 
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of unknown, or term, in an equa- 
tion (Diophantus) ii. 4G0. 

(hy fiiay €Uy one : ei/n n\€L(Oy ‘several 
ones* (definition of ‘number’) 
70. 

€l<rrj'^u{T0aiy to introduce or explain 

€K$€(riFy setting^out 870, ii. 588. 
'EKTrtTaaunTa of Democritus 178, 

, 181 . 

iKTrjfinpos (kvkXus) ii. 288. 
eWeiyffi^^ fallmg-short (in application 
of areas), name f^iven to iUipfie by 
Apollonius 150, ii. 138. 

AXiTTryf, -fV, defective (of numbers), 
contrasted with perfect 74, 101 : 
^ fXXlTTfJ* Karoi VfVOV ii. 459. 
eVaXXd^, alternately (in proportions) 
885, 

ivvoiOy notion : koivol com- 

mon notions = axioms 886. 
htrraais, objection 872, ii. 311, ii. 588. 
epraatfy bulging out 6. 
e^fXty/Lior ii. 284. 

€$rjyrf(ri 9 y elucidation ii. 228, ii. 
281-2. 

f^riKO(TTovy or TTp^Tov €^., a 60th ( = 
a minute), d€VTfpop a second, 
See, 45, 

(TTiwOrjpa, (‘bloom’) of Tliymaridas : 
asysteni of linear equations solved 

. 94. 

(TratpTj, contact : ’E7rn(/)nt, Contacts 
or Tanqencies, by Apollonius ii. | 

181. ^ i 

6711, on : TO (rrjpfiop €</)’ oJ (or o5) K, \ 
archaic for *the point K' 199: i 
n €(Ij^ n AB, ‘the straight line ! 
AB^ ib. 

€mpfpifS, supetyactiens, 


I €c/)f*cTuc()ff, a class of locus ii. 185, 
ii. 193. 

I ((fyoSiovy Method ii. 246. 

(vyt'v, lever or balance : TTfpl foySr, 
a work of Archimedes ii. 23-4, 
ii. 851. 

jfPioXiosy ~a, ~ovy ratio of 3/2, 101. 

I fjpi(o^(Xinp y^-oholy&ign for, 81,49, 50. 

SavpaTonnuKT) 18. 

BfoXoyovpfva npiBpr^riK^s 97. 
deViv, position : trapu (sc, ScSo* 
p(pr)u), pamllel to a straight line 
given in position ii. 198: npits 
B((T€i cvBfLais, on straight lines 
given in position ii. 426. 

Bvpeus, shield, old name for ellipse 
489, ii. Ill, ii. 125. 

tXXfodoi : iXXopeprjp used by Plato of 
the earth 314-15. 

j lattKis lao^, equal an equal number 
of times, or equal multiplied by 
equal 204. 

laropiTposy •nvy of equal contour : 
TTfpi l(rou€Tpa)p axqp^irijJPy by Zeno- 
dorus ii. 207, ii, 890. 
latmXfvposy -OP, equilateral : of 
square number (Plato) 204. 
iiTopponia, equilibrium : nepl iaoppo- 
map, work by Archimedes ii. 24, 
ii. 851. 

loos, equal : lo-ou, ex aequali (in 

inoportions) 886 : fit’ Ttrou cV r? • 
Tiipayptn] dinXoylq 886, 
laoTtji or ttraxTis, equation ii. 468, 
io-Topldy inquiry, Pythagoras’s name 
for geometry 166. 
icrxvs'y power (in mechanics) 445. 


■B ratio 1 + , 102. 

m + n 

€jnp6pioi, supetpatiiciilaris = ratio 
of form (« + l)/7«, 90,101: eVt- 
pdpiop buiarrjpa 215. 
€7rnret^op€TpiKd ii. 458. 
cmaripacriaiy weather indications 
^ 177n,ii. 234. 

€7riTpiTos = ratio 4/3, 101 : imTpiro^ 
TrvBpTfV (Plato) 806-7. 

€<r^«TOff : ra ccrxnTtt, extremities 

(TepnprfKrjfy -cy, oblong ; of numbers 
of form w(m + l),‘ 82, 108. 
(vBuypappiKos (dpiBpds) « prime 72. 


I KapTTTtjpy turning-point in race- 
I course 1 14. 

KapnvXos, -rj, •op, curved 249, 841. 
KniopiKrj, Canonicy q. v. 

KopaPy ruler 239 : 'Table (astron.), 

TipOX^lpOiP Kopdpcop buiTnai^ KOl 

yln)(l'o(f>opia, work by Ptolemy ii. 
293: canon (in music), v. KnTaTopq. 

I KaT(iypd(t)iip : to inscribe in or on (c. 

1 gen.) 131. 

KardXoyoiy work by Eratosthenes ii. 
108. 

KaTa(TK€vdC€lP 198 ?J. 

KaTn(rK€vr;y construction (constituent 
part of proposition) 870, ii. 533. 
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KtiT(taT€pi(rfioiy work by Eratosthe- 
nes ii. 108. 

Vararofi^ Kauovos, Sectio canonis, 
attributed to Euclid 17, 444. 

Karovofm^is Twr apiOpayPy naming of 
numbers (Archimedes) ii. 23. 

KnronrpiK^y theory of mirrors 18. 

KfvrpofiapiKiiy problems on centre of 
gi-avity ii. 24, ii. 350. 

Kivrpov, centre : 17 ck toC Kivrpov = 
radius 381. 

K(paTO€i8rjs {y(ovia) 178, 382. 

Kt)pi(i of Sporus 234. 

K\(i€LVy inflect : KiicXdaBm 337. 

Koyxofidtjs ypnpprjy conchoid 238. 

KoiXoydiviov ii. 211. 

KoXovposy -oy, truncated ii. 333: (of 
pyramidal number) 107. 

KoaKivopy sieve (of Eratosthenes) 16, 
100, ii. 105. 

KOxXoH^ijs ypnppr), COchloid 238. 

Kv^oKvfiosy cube-cube, = sixth power 
of unknown (Diophantus) ii. 458. 

KvfioKvfioiTTOVy I’CCiprOCUl of KUjSo- 
kvQos: ii. 458. 

Kifios, cube : Kl^ctiP (Plato) 

297 : cube of unknown (Dio- 
phantus) ii. 458 : Kvfios €S€XiKT(k 
ninth power of unknown 
(Egyptian) ii. 546. 

KVKXiKf) 0t(»>pla, De motu circuJan\ 
by Cleomedes ii. 235. 

kvkXikos, -rjy -oy, circular^ used of 
square numbers ending in 5 or 6, 
108. 

Xelncip : forms used to express minus, 
and sign for (Diophantus), ii. 459. 

Xfiyjris, wanting (Diophantus) : Xeixl/ei 
= minus ii. 459. 

Xefir: K(iT(i Xe^ip, word for word 
183. 

XeTrroPy a fraction (Heron) 43 ; = a 
minute (Ptolemy) 45. 

Xrjppny lemma 373. 

XoyicT/ioy, calculation 13. 

Xoyicrri/cv, art of calculation, opp. 
to dpiOprj^LKT] 13-16, 53. 

Xoyoy, ratio : Xdyoo dnnropriy sectio 
rationiSy by Apollonius ii. 175. 

puOqparuy subjects of instruction 
10-11: term first appropriated 
to mathematics by Pythagoreans 
11 : Tt€p\ tS}p pa6r)pdT<ovy a work 
by Protagoras 179. 


paOtjpaTiKOfy •/}, -dy : /naOrjunriKoi in 

Pythagorean school, opp. to 

OKOvapariKoi 11 : Mn0r)naTiKrf (Tvp» 

Tofiy of Ptolemy ii. 273-4: paOr}- 
pariKcty ra (Plato) 288. 
ptOopioPy boundary ii. 449. 
peiovpop 7Tpo€(rKapi(l>evp€POp (Heron), 
curtailed and pared in front (cf. 
scarify), of a long, narrow, tri- 
angular prism (Heib.) ii. 319. 
pepos: pipj), patis (= proper frac- 
tion) dist. from pspos (aliquot 
part) 42 (cf. p. 294). 
piaoXdfSopy mean finder (of Erato- 
sthenes) ii.'’104, ii. 359. 

p€T€(OpOSy •OP : TTfpl p€T€(i}n(OPy WOlk 

by Posidonius ii. 219, 11. 231-2. 

p(Tc(DpoaK07riKr) 18. 

Mfrp//(7€iy, Mensiuae (Heronian) ii. 
319. 

pi)Kosy length : used by Plato of side 
of square containing a square 
number of units of area 204. 
ptjXirrjs {dpL$p6s)y term for problems 
about numbers of apples (e.g.) 14, 
ii. 442. 

MlKpOS d(TTpOPOp,OVp€pO£ (TOTTOy), Little 
Astronomy li. 273. 
pvdy inina (= 1000 drachmae) : M 
stands for, 31. 

poipny fraction ; l/360th of circum- 
ference or a deg^re 45, 61 : poipn 
TorriKTjy ('^^ Hypsicles) ii. 

214. 

popikf monad or unit 43 : definitions 
of, 69 : popddcjp (Tva-Trjpu = number, 

69 : d€VT€p(adovp€Prj popas = 10, 

TpKodovpivrj p, = 100, &c. (Iambi.) 
114: pnvas Bcarip eyoi'ora = point 
69, 283. 

pdpiopy x)art or fraction : pnpinv or 
(p popicp = divided by (Diophan- 
tus) 44. 

pvpuis (with or without TTp^rt} or 
flTrX^) myriad (10,000), p, Hcvrepa 
or dinXi) 10,000'^, &c. 40. 

pna-Top (solid?) 156, 178. 
v€v€iPy to verge (towards) 196, 239, 
337, ii. 65. 

yei'crcy, inclinatio or ‘verging’, a 
type of problem 235 41, 260, ii. 
199, ii. 385: pevafis in Archi- 
medes ii 65 8 : two books of 
ptvfffLs by Apollonius ii. 189 92 
ii. 401, ii. 412 13. 
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pva-oro^ goal or end of race-couree 
114. 

ojSoXoff, obol ; sign for, 31, 49, 50. 
'oXvfinioviKaiy work by Eratosthenes 
^ ii. 109. 

opv^y a wedge-shaped figure ii. 319, 

^ ii. 333. 

OpyaPOTTOUKTJ IR, 

opOiosy *ay •OP, right or perpendi- 
cular: opOia TrXevpdy lotus rectum 
ii. 139 : dpBia ^inperpo^y * erect 
diameter’, in double hyperbola, 
ii. 134.^ 

dpiCfip : i)pt(rpi€vo9y defined, i.e. de- 
terminate 94, 340. 

6pi(a>p (KvKXos)y dividing circle : 

Aonsrou (Eucl.) 351, 352. 
opoi^y (1) definition 373; (2) limit 
or boundary 293 : (3) term (in a 
proportion) 306 n. 
avdfpia or ovStp, sign for (0), 39,45. 

nd i3tl) Kol /ctpot rap yap, saying of 
Archimedes ii. 18. 

Trap^ ^p dvpaprm (nl KaraydpepniTfTa'}^ 
p/pci)t)y expression for 'parameter 
of ordinates ii. 139. 

7ra/Mij3oXi7,application ; tt. rcii/ )((M)pi<opy 

application of areas 150 : ra €k 
T rjs Trapal'ioXrjs yipnpfva at)p.uay the 
foci of a central conic, ii. 156: 
parabola (the conic) 150, ii. 138. 
11 npado^oypd(j)oi ii. 541. 

TTapdSo^os ypappt)y paradoxical curve 
(of Menelaus) ii. 260-1, ii. 360. 
Trapi'nrqypn 177, ii. 234. 

Ttapacrndp, to pull awry ; napfirwa^ 
ape VOS ii. 398. 

rrapKroTr)^, nearness to equality, ap- 
proximation : TTopiaorr^roi' dycjy/f 
(Diophantus) ii. 477, ii. 500. 
TTtXtKur, axe-shaped figure ii. 315. 
7r(pnd(€iPy to ‘ five ’ ( a= count) 26. 
TTcpraOXos 176, ii. 104. 
ntpaipovaa rrocrorfjf = unit, 69. 

TTfpasy limit or extiemity 293; 
limiting surface 166 : nepas <ni>- 
KXfiopy definition of figure ii. 221. 
nepicra-dpTio?, odtheven : with Neo- 
Pythagoreans is of form 
2«+i(2in+l), 72. 

7repicro*dr, •^, •dp, odd, q.v. 

iTfTTfia 19. 

TTrjXiKo^y -t], •npy how great (of mag- 
nitude) 12. 


TrrjXiKtWrjs, size 384. 
nXdyioSy -a, •np, transverse ; nXayia 
^idp€Tpos or nXevpd ii. 139. 
TrXaa-paTiKnf, -op, (easily) formable 
ii. 487. 

nX/ira)»'iKov, a work by Eratosthenes 
ii. 104. 

nX^Bos, multitude : TrXrfBos €P = unit, 

69 : TrXrjBos capoTp^pop = number, 

70 : 7r\rjBof poid8oi)p ndpiarOPy def. 
of unknown ‘ quantity * 94, ii. 
456. 

n^ivBisy fi bricky a solid number of 
a certain form 107, ii. 240, ii. 
315. 

TToXXnnXfKTieTTipepris, multiplex super* 
partiensy = ratio of form 


p+ ' 103. 


TroXXnnXna-uTTtpdpiof, multiplex SU' 
popart iculoriSy = ratio of form 

7H H , 103. 

n 

TroXXmrXnarios, -g, -ov, multiple 101. 
TToXiWaorror, a compound pulley ii. 

18. 

nopipo^, •op (7ro/)if€tvl, procurable : 

one sense of dstoplpos ii. 538. 
Tropto-jLifl, porism: (1) = corollary, 
(2) a certain type of proposition 
372 -3, ii. 533. 

nocropy quantity, of number, 12. 
TToooTtjSy quantity 69, 70 : numbei 
define<l as TroaoTrjros xvpxi €K popd' 

b(OP crvyKeipepop 70. 

TTpopr^Kq?, prolate (= oblong) 203; 
but distinguished from frfponiyiciyj 
83, 108. 

TTpocraywyiop 3C9. 

TTporafTis = enunciation 370, ii. 
533. 

TT pour os y prime 72. 

7jra)(7iv, case 372. 

nvBpffP, base ; == digit 55-7, 1 15-17 
eVirpiros niBprjp 306-7. 
iTvpapis, pyramid 126. 
nvpfiop, TTvpioPy burning mirror 
n€pi nvpdtovy work by Diodes 
264, ii, 200 ; nepl rov nvpiov, b} 
Apollonius ii. 194. 


piyrdv, •{], rational : used in sense 
of ‘ given * ii. 537. 
poni) : 7re/)l pon&py a inechanica 
work by Ptolemy ii. 295. 
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<rd\ivov of Archimedes ii. 23, ii. 
103. 

(TriK(dfia 49. 

<rKd<f)rjy a form of sun-dial ii. 1, ii. 4. 
aKrjvoyparfiiK^y Bcene-paintiiig 18, ii. 
224. 

2o(l>la, nickname of Democritus 176. 
u-7r€ipa, spur or tore ii. 117 : varie- 
ties of (Tvuex^f, €pn€n\€y^ 

psvn or 67ra\XttTr«v ra), ii. 204. 
iTTd6pr}y plumb-line 78, 309. 

<rrnT^py sign for, 31. 
a‘T€p£op€TpUit solid geometry 12-13. 
(rT€p€op€Tpovp(pa ii. 453. 

-crri/Xif, column, a class of solid 
number, 107. 

cTTiyp^, point 69 : (mypfj dOero^ = 
unit, 69. 

crroix(id}TriSy -6, the writer of Ele- 
ments (oTotYfloi/), used of Euclid 
357. 

(TTpoyyuXoff, -ov, round or circular 
293. 


tTvp7r€pa<rpay conclusion (of proposi- 
tion). 370, ii. 533. 

<rvv6€(rL^ (Xoyou), composition (of a 
ratio) 385. 

arvpra^if, collection : MeydXrf cvv 
Tariff of Ptolemy 348, called 
MaOrjpariKrf auPTn^is ii. 273. 
avvriBivai : ctupBcpti = componendo 
(in proportion) 385. 
auaTua-is, construction 151, 158. 
(r<f>aipiK6si •Tjy •OP, spherical : used of 
cube numbers ending in 5 or 6, 
107-8. 

a(f>’]Ki(rK 09 y stake, a form of solid 
number, 107. 

or^rjvlaKos, wedge, a solid of a certain 
form, measurement of, ii. 332-3 : 
a solid number, 107, ii. 315, ii. 
319. 


(TxcVir, relation 384. 
axriP'nTOfroi€ip, to form a figure ii. 
226. 


TdXaPTop, sign for (T), 31, 50. 

Tapa<r(r€ip : (dt* Ztrov) tp T€Tapaypiprj 
dpoXoyia, in distuthed ptvportion 
386. 

rdtra-iip : rernypepop, assigned «= da^ 
turn ii. 192, ii. 537: ni Karnyopepai 
T€Tayp€Pm (cv^etnt), (straight 
lines) drawn ordinate-wise = or- 
dinates ii. 139: T€Tayu€P<os kot- 
^X^^^ ii- 1^4. 


rayor, speed : ncp'i rax^v, work by 
Eudoxus 329. 

T^Xfios, •«, -or, perfect : TfXcior api^- 

por 74, 101. 

Tcraprnpdpiop, J of obol, sign for, 31, 
49, 50. 

T€Tpay(opL^€iP, to square : n rerpoyo)- 
piCovaa (ypappr}), the qiiadvatrix 
225, ii. 359. 

T€Tpaya>vi(rp6s, squaring 173. 

T€TpaKTVS 75, 99??., 313, ii. 241. 

TerpmrXr) dvvnpt? = 8th power of 
unknown (Egyptian term) ii. 
546. 

rp^pn, segment : used of lunes as 
well as segments of circles 184 : 
segments or sectors 187-9 : rpr]- 
para = l/360th parts of circum- 
ference and 1/1 20th ])arts of 
diameter of circle (Ptolemy) 45. 

Topcvs, shoemaker’s knife, term for 
sector of circle 381. 

Topfj, section : rd n^pl rqv Topr)P 
(Proclus) 324-5. 

TOTTO?, locus : classifications of loci 
218-19, ii. 185 : rdnoi npo^ ypap- 

pair, TOTTOt Trpor €ni(f>np(lais (-a) 

218-19, 439 : rorroi Trpor pcanTrjrat 
ii. 105 : Terror draXuopcror, Trea^ 
su)^ of Analysis, q.v. 

Topror, circle-drawer 78, 308. 

Tpiya)po9 dpiOpo?, triangular number, 

15-16. 

TpiKoXovpof, thrice-truncated 107. 

TpljrXfvpop, three-side, Menelaus’s 
term for spherical tiiangle ii. 
262. 

Tpid>^oXop, sign for, 49. 

vdpia wpofTKOTTfia, watcr-clocks ii. 
309. 

vnnp^is, forthcoming : positive term , 
dist. from negative (Xei>//‘ir) ii. 

, 459. 

vTTfTTipeprjs, suhsuperpartiens, reci- 
procal of CTTLpCpqS 102. 

vmnipdptos, suhsuperpaHicularis, re- 
ciprocal of impopios 101. 

vTTfptioXr), exceeding (in application 
of areas) : name given to hyper- 

^ 150, ii. 138. 

vn’epreXftof, vncpTfXrj^, over- 2 )erfect 
(number) 74, 100. 

*Yno6€(r€is tS>p TiXavtupivoav, work by 
Ptolemy ii. 293. 

ifTToiroXXawXda-ioSy v7T07roXXafrXn(ri€7ri- 
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/i€prW, v7rono\\mT\(i(ri(7Tiu6nio£. &c. 
101-3. 

vTToretWii/, subtend 193 
va-TrXrj^y starting-point (of race- 
course) 114. 


^(i<rcis dnXapoiiu narcpoiv, work by 
Ptolemy, ii. 293. 

f/)£r 2 Xir»;f (dpr^/xnf), (number) of bowls 
(in simple algebraical problems) 
14, ii. 442. ^ ^ 

^iXoKaXia, by Geminus ii. 223. 


X(i\kovs (1th of obol), sign for, 31 : 
48, 50. ^ - 


Xcip, manm, in sense of number of 
men 27. 

Xftpo(i(i\\i(rTpa ii. 309. 

Xpotd, colour or skin : Pythagorean 
name for surface 166, 293. 

Xpovoypa(f>ini, work by Eratosthenes 
ii. 109. 

XpSpn, colour (in relation to sur- 
face) 293. 

X<*>plop^ area 300 n . : ;^a>p(ou dnoTop.^, 
sectio spatii, by Apollonius ii. 


'^t)'fiQ(\iopiii Kar ii. 546. 

'QKVTOKtov of Apollonius 234, ii. 194. 
ii. 253. 
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Abacus 46-8. 

'Abdelmelik al-Shlrazi ii. 128. 
Abraham Echellensis ii. 127. 

Abii Bekr Muh. b. al- Hasan al- 
Karkhl, see al-Karkhl. 

Abu T Fath al-IsfahauT ii. 127. 

Abu ’1 Wafa al-BuzjanI ii. 328, ii. 
450, ii. 453. 

Abu Nasr Mansar ii. 262. 

Achilles of Zeno 275-6, 278-80. 
Adam, James, 305-7, 813. 

Addition in Greek notation 52. 
Adrastus ii. 241, 243, 244. 

Aetius 158-9, 163, ii. 2. 

‘ Aganis’: attempt to prove paral- 
lel-postulate 358, ii. 228-30. 
Agatharchus 174. 

Ahmes (Papyrus Rhind) 125, 130, 
ii. 441. 

Akhmim, Papyrus of, ii. 543-5. 
Albertus Pius ii. 26. 

Al-Chazinl ii. 260-1. 

Alexander the ‘Aetolian’ ii. 242. 
Alexander Aphrodisiensis 184, 185, 
186, 222, 223, ii. 223, ii. 231. 
Alexeiefif, ii. 324-5 n, 

AUFahhrif by al-KarkhI 109, ii. 
449-50. 

Algebra : beginnings in Egypt ii. 
440 : /^aw-calculations ii. 440 -1 : 
Pythagorean, 91-7 : epanthema of 
Thymaridas 94-6. 

Algebra, geometrical, 150 4 : ap* 
plication of areas (q.v.) 150-3: 
scope of geometrical algebra 
153-4 : method of proportion ih. 
Al-Hajjaj, translator of Euclid, 
362 : of Ptolemy ii. 274. 

Alhazen, problem of, ii. 294. 
AUKCtfl of al-KarkhI 111. 
Al-Karkhl : on sum of 
P-f 2-*’ + ...+^" 

109-10, 111, ii. 51,ii. 449. 


Allman, G. .T. 134, 183. 

Almagest ii. 274. 

Alphabet, Greek : derived from 
Phoenician, 31 -2 : Milesian, 33 -4: 
gMasi-numerical use of alphabet, 
35-6 n. 

Alphabetic numerals 31-40, 42-4. 

Amasis 4, 129. 

Amenemhat I 122, Til 122. 

Ameristus 140, 141, 171. 

Amyclas (better Ainyntas) 320-1. 

Amyntas 320 1. 

Analemma of Ptolemy ii. 286-92: 
of Diodorus ii. 287. 

Analysis: already used by Pytha- 
goreans 168 : supposed invention 
by Plato 291-2: absent from 
Euclid’s Elements ^11-2 : defined 
by Pappus ii. 400. 

Anatolius 11, 14, 97, ii. 448, ii. 545-6. 

Anaxagoras : explanation of eclipses 
7, 162, 172 : moon borrows light 
from sun 138, 172, ii. 244 : cen- 
trifugal force and centripetal 
tendency 172-3: geometry 170: 
tried to square circle 173, 220 : 
on perspective 174 : in Erast a e 
22, 174. 

Anaximander 67, 177 : introduced 
gnomon 78,139,140: astronomy 
139, ii. 244 : distances of sun and 
moon 139 : first map of inhabited 
earth ih, 

Anaximenes ii. 244. 

Anchor-ring, see Tore. 

Anderson, Alex., ii. 190. 

Angelo Poliziano ii. 26. 

Angle ‘ of a segment * and ‘ of a 
semicircle’ 179; ‘angle of con- 
tact ’ 178-9, ii. 202. 

Anharmonic property, of arcs of 
great circles ii. 269-70 : of straight 
lines ii.270, ii. 420-1. 
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Anthemius of Tiulles 248, ii. 194, 
ii. 200 3, ii. 518, ii. 540, ii. 
541-3. 

Antiphon 184, 219, 221-2, 224, 
J71. 

Apastamha-HidhaSuim 145-6. 

Apelt, E. F. 880. 

Apelt, 0. 181 n., 182. 

Apices 47. 

Apollodorus, author of Chronica , 
176. 

Apollodorus o Xo-yiaTiKas : distich of, 
131.183, 134, 144, 145. 

Apollonius of Perga ii. 1, ii. 126. 

Arithmetic : (1}kvtoklop 234, ii. 
194, ii. 253 (approximation to 
TT, ih.), ‘tetrads’ 40, continued 
multiplications 54-7. 

Astronomy ii. 195-6: A. and 
Tycho Brahe 317, ii. 196: on 
epicycles and eccentrics ii. 195 6, 
ii. 243 : trigonometry ii. 253. 

Conics ii. 126-75 : text ii. 126- 
8, Arabic translations ii. 127, 
prefaces ii. 128-32, characteris- 
tics ii. 132-3: conics obtained 
From oblique cone ii. 134-8, 
prime property equivalent to 
Cartesian equation (oblique axes) 
ii. 139, new names, parahola, &c. 
150, 167, ii. 138, transformation 
of coordinates ii. 141-7, tangents 
ii. 140-1, asymptotes ii. 148-9, 
rectangles under segments of in- 
tersecting chords ii. 152-3, har- 
monic properties ii. 154-5, focal i 
properties (central conics) ii. 156 - 
7, normals as maxima and mini- 
ma ii. 159-67, construction of 
normals ii. 166-7, number of 
normals through point ii. 168-4, 
propositions giving evolute ii. 
164-5. 

On contacts ii. 181-5 (lemmas 
to, ii. 416-17), three-circle pro- 
blem ii. 182-5. 

Sectio ration is ii. 175 9 (lemmas 
to, ii. 404-5). 

Sectio S2)at I i ii. 179-80, ii. 337, 
ii. 339. 

Determinate section ii. 180-1 
(lemmas to, ii. 405-12). 

Comparison of dodecahedron 
and icosahedron 419 20, ii. 192. 

Duplication of cube 262 3, ii. 
194. I 


* (leneral treatise ’ ii. 192-8, ii. 
253 : on Book* I of Euclid 858. 

vfvticti ii. 68, ii. 189-92 (lemmas 
to, ii. 412 16), rhombus-problem 
li. 190-2, square - problem ii. 
412-13. 

Plane Loci ii. 185-9 (lemmas to, 
ii. 417-19). 

On cochlias 232, ii. 198, ‘ sister 
of cochloid* 225, 281-2, On irra- 
tionals ii. 193, On the burning- 
mirror u, 194, ii. 200-1. 

Application of areas 150-3 : method 
attributed to Pythagoras 150, 
equivalent to solution of general 
quadratic 150-2, 394-6. 

Approximations to \/2 (by means 
of ‘ side- ’ and ‘diuineter-’ num- 
bers) 91 3, (Indian) 146 : to v^8 
(Ptolemy) 45, 62-3, (Archimedes) 
ii: 51-2: to tt 282-5, ii. 194, ii. 
258: to surds (Heron) ii. 323 6, 
cf. ii. 547-9, ii. 558-4 : to cube 
root (Heron) ii. 841-2. 

Apuleius of Madaura 97, 99. 

Archibald, R. C. 425 w. 

Archimedes 3, 52, 54, 180, 199, 202, 
203 ?/., 213, 217, 224-5, 229, 234, 
272, ii. 1. 

Traditions ii. 16-17, engines ii. 
17, mechanics ii. 18, general 
estimate ii. 19-20. 

Works : character of, ii. 20 2, 
works extant ii. 22-8, lost ii. 28- 

5, 103 ; text ii. 25-7, MSS. ii. 26, 
j editions ii. 27 : The Method ii. 20, 

21, 22, 27-34, ii. 246, ii. 317-18 : 
On the Sphere and Cylinder ii. 34- 
50 : Measurement of a circleu. 50- 

6, ii. 253 : On Conoids and Sphe- 
roids ii. 56 -64 : On Spirals 230-1, 
ii. 64 75 (cf. ii. 377-9), ii. 556-61 : 
Sand-rerkoncr ii. 81-5 : Quadm- 
hire of Parabola ii. 85-91 : me- 
chanical works, titles ii. 28-4, 
Plane equilibriums ii. 75-81 : On 
floating Bodies ii. 91-7, problem 
of crown ii. 92-4 : IJber assumj)- 
tormn ii. 101- 3: Cattle-problem 
14, 15, ii. 23, ii. 97-8, ii. 447 : 
Catoptrica 444, ii. 24. 

Arithmetic : octads 40-1, frac- 
tions 42, value of tt 232-8, 234, 
ii. 50-6 : approximations to \/3 
ii. 51-2. 

' Astionoiuy ii. 17 18, sidiere- 
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making ii. 18, on Aristarehns’s 
hypothesis ii. 3-4. 

Conics, propositions in, 438-9, 
ii. 122-6. 

Cubic equation solved by conics 
ii. 45-6. 

On Democritus 180, 327. 

equality of angles of incidence 
and reflection ii. 353-4, integral 
calculus anticipated ii. 41-2, 61, 
62-3, 74, 89-90: Lemma or Axiom 
of A. 326-8, ii. 35 : pcvaeis in, ii. 
65-8 (Pappus on, ii. 68) : on semi- 
regular solids ii. 98-101 : triangle, 
area in terms of sides ii. 103: 
trisection of any angle 240-1. 

Archytas 2, 170, 212-16, ii. 1: on 
^aOrjfjLaTn 11, on logistic 14, on 1 
as odd-even 71 : on means 85, 86: 
no mean proportional between n 
andn + 1, 90,215: on music 214: 
mechanics 213 : solution of pro- 
blem of two mean proportionals 
214, 219, 245, 246-9, 334, ii. 261. 

Argyrns, Tstaac, 224^*., ii. 555. 

Aristaeus : comparison of five regu- 
lar solids 420 : Solid Loci (conics) 
438, ii. 116, 118-19 

Aristaeus of Croton 86. 

Aristarchus of Samos 43, 139, ii, 1- 
15, ii. 251 ; date ii. 2 : o-KiKprj of, 
ii. 1 : anticipated Copernicus ii. 
2-3: other hypotheses ii. 3, 4: 
treatise On sizes and distances of 
Sun and Moon ii. 1, 3, 4-15, tri- 
gonometrical i^urpose ii. 5 : num- 
bers in, 39 : fractions in, 43. 

Aristonophus, vase of, 162. 

Aristophanes 48, 161, 220. 

Aristotelian treatise on indivisible 
lines 157, 346 8. 

Aristotherus 348. 

Aristotle 5, 120, 121 : on origin of 
science 8 : on mathematical sub- 
jects 16-17 : on first principles, de- 
finitions, postulates, axioms 336-8. 

Arithmetic : reckoning by tens 
26-7, why 1 is odd-even 71 : 2 
even and prime 73 : on Pytha- 
goreans and numbers 67 9 : on 
the gnomon 77-8, 83. 

Astronomy : Pythagorean sys- 
tem 164-5, on hypothesis of con- 
centric spheres 329, 335, ii. 244, 
on Plato’s view about the earth 
314 15. 


On the continuous and infinite 
342-3 : proof ot‘ incommensura- 
bility of diagonal91: on principle 
of exhaustion 340 : on Zeno’s 
paradoxes 272, 275-7, 278-9, 282: 
on Hippocrates 22 : encomium on 
Democritus 176. 

Geometry : illustrations from, 
335, 336. 388-40, on parallels 

339, proofs differing from Euclid’s 
338-9, ))ro positions not in Euclid 

340, on quadratures 184-5, 221, 
223, 224 n,, 271, on quadrature 
by lunes (Hippocrates) 184-5, 
198-9 : on Plato and regular 
solids 159 : curves and solids in 
A. 341. 

Mechanics 344 6,445-6: paral- 
lelogram of velocities 346 : ‘Aris- 
totle’s wheel’ ii. 347-8. 

Aristoxenus 24 n., 66. 

Arithmetic (1 j = theory of numbers 
(opp. io \oyniriKr)) 13 16 : early 
‘Elenientsof Arithmetic’ 90, 216:' 
systematic treatises, Nicomachus 
Introd, A)\ 97-112, Theon of 
Smyrnall2-3,Iamblichus,Comm. 
on Nicomachusll3-15, Domninus 
ii. 538. (2) Practical arithmetic : 
originated with Phoenicians 120 - 
1, in'pritnary education 19-20. 

Arithmetic mean, defined 85. 

Arithmetica of Diophantus 15 16, 
ii. 449-514. 

Arithmetical operations: scj? Addi- 
tion, Subtraction, &c. 

Arrow of Zeno 276, 280 1. 

Aryabhatta 234. 

Asclepius of Tralles 99. 

Astronomy in elementary education 
19 : as secondary subject 20-1. 

Aihelhard of Bath, first translator 
of Euclid 362 4. 

Atheriaeus 144, 145. 

Athenacus of Cyzicus 320-1. 

‘ Attic’ (or ‘Herodianic’) numeials 
30-1. 

August, E. F. 299, S02, 361. 

Autolycus of Pitane 348 : works 
On the moving Sphere 348-52, On 
Risings and Settings 352-3 : rela- 
tion to Euclid .‘^5i -2, 

Auverus, C. ii. 26. 

Axioms: Aristotle on, 336 : = Com- 
mon Notions in Euclid 376 : Axiom 
of Archimedes 326-8, ii. 35. 
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Babylonians : civilization of, 8, 9 : 
system of numerals 28 9 : sexa- 
gesimal fractions 29: ‘perfect 
proportion ’ 86. 

Bachet, editor of Diophantus ii. 
454-5, ii. 480. 

Bacon, Roger : on Euclid 867-8. 

Baillet, J. ii. 548. 

Baldi, B. ii. 308. 

Barlaam ii. 824 w., ii. 554-5. 

Barocius ii. 545. 

Barrow, I., edition of Euclid, 369- 
70 : on Book V 384. 

Bathycles 142. 

Baudhayana 8. S. 146. 

Baynard, D. ii. 128. 

Benecke, A. 298, 802-3. 

Benedetti, G. B. 344, 446. 

Bertrand, J. ii. 824 n, 

Bessarion ii. 27. 

Besthorn, R. 0. 362, ii. 310. 

Billingsley, Sir H. 869. 

Bjornbo, A. A. 197 n., 868, ii. 262. 

Blass, C. 298. 

Blass, F. 182. 

Boeckh, A. 50, 78, 815. 

Boetius 37, 47, 90 : translation of 
Euclid 859. 

Boissonade ii. 588. 

Bumbelli, Rafael, ii. 454. 

Borchardt, L. 125, 127. 

Borelli, G. A. ii. 127. 

Bouillaud (Bullialdus) ii. 238. ii. 
556. 

Braunmubl, A. von, ii. 268 -9 ii. 
288, ii. 291. 

Breton (de Champ), P. 486, ii. 860. 

Brctschneider, C. A. 149,188,324 5, 
ii. 589. 

Brochard, V. 276-7, 279 282. 

Brougham, Lord, 486. 

Brugsch, H. K. 124. 

Bryson ‘219, 228-5. 

Burnet, J. ‘208 ‘285, 814-15. 

Butcher, S. H. ‘299,800. 

Buzengeiger ii. 3‘24n. 

Cajori, F. 283 n. 

Calculation, practical : the abacus 
46-8, addition and subtraction 
52, multiplication (i) Egyptian 
52-3 (Russian ?53n.), (ii) (Ireek 
58-8, division 58-60, extraction 
of square root 60-3, of cube root 
63 4, ii. 841 ‘2. 

Callimachus 141-2. 


Call ippus : G r eat Y eai- 1 7 7 : sy s t e m of 
concentric spheres 329, 385, ii. ‘244. 

Cambyses 5. 

Canierarius, Joachim, ii. 274. 

Camerer, J. G. ii. 360. 

Campanus, translator of Euclid 
363-4. 

Canonic = theory of musical inter- 
vals 17. 

Cantor, G. 279. 

Cantor, M. 37-8, 128, 127, 131, 185, 
182, ii. 203, ii. 207. 

Carpus of Antioch 225, ‘232, ii. 
359. 

Case (iTTcixTLs) 37‘2, ii. 588. 

Cassini ii. ‘206. 

Casting out nines 115 17, ii. 549. 

Cato^Hric^ theoiy of mirrors 18. 

Catoptrica : treatises by Euclid (?) 
442, by Theon (?) 444, by Archi- 
medes 444, and Heron 444, ii. ‘294, 
ii. 310, ii. 352-4. 

Cattle-problem of Archimedes 14, 
15, ii. 28, li. 97-8, ii. 447. 

Cavalieri, B. 180, ii. 20. 

Censorinus 177. 

Centre of gravity : definitions ii. 
80‘2, ii. 850-1, ii. 430. 

Ceria Aristotelica ii. 581. 

Chalcidius ii. ‘242, ‘244. 

Chaldaeans : measurement of angles 
hyells ii. 215-16 : order of planets 
ii. ‘242. 

Charniandrus ii. 859. 

Chasles, M. ii. 19, ‘20: on Porisms 
485-7, ii. 419. 

Chords, Tables of, 45, ii. 257, ii. 
‘259-60. 

Chvysippusl79: definitionofunit69. 

Cicero 144, 859, li. 17, 19. 

Circle: division into degrees ii.214-- 
15 : squaring of, 173, 220- 85, 
Antiphon 221-2, Bryson 223-4, 
by Archimedes’s spiral 225, 280- 
1, Nicomedes, Dinostratus, and 
quadratrix 225-9, Apollonius 
225, Carpus 225 ; approximations 
to TT 124, 232-5, ii. 194, ii. ‘253, 
ii. 545. 

Cissoid of Diodes 264-6. 

Clausen, Th. 200. 

Cleanthes ii. 2. 

Cleomedes: ‘paradoxical’ eclipse 6: 
De motu circulari ii. 235-8, 244. 

Cleonides 444. 

Cochlias 232, ii. 193. 
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Cochloids 238-40 : ‘ sister of coch- 
loid’225, 231-2. 

Coins and weights, notation for, 31, 

Columella ii. 303. 

Cominandinus, F., translator of 
Euclid, 365, 425, Apollonius ii. 
127, Analemma of Ptolemy ii. 
287, Flanispherium ii. 292, Heron’s 
rneumatica ii. 308, Pappus ii. 36Q, 
Serenus ii. 519, 

Conchoid of Nicomedes 238-40. 

Cofi elusion 370, ii. 533. 

Cone: Democritus on, 179-80, ii. 
110: volume of, 176, 180, 217, 
327, 413, ii. 21, ii. 332 : volume 
of frustum ii. 334: division of 
frustum in given ratio ii. 340-3. 

Conic sections: discovered by Me- 
naechmus 252-3, ii. 110-16: Eu- 
clid’s Conics and Aristaeus’s Solid 
Aor/438, ii. 116-19: piopositions 
included in Euclid’s Conics ii. 
121-2 (focus-directrix property 
243-4, ii. 119 21), conics in Archi- 
medes ii. 122-6 : names due to 
Apollonius 150, ii. 138 : Apollo- 
nius’s Conics ii. 126-75 : conics 
in Fraymentum Bohiense ii. 200- 
203: in AnthemiuvS ii. 541-3. 

Conon of Samos ii. 16, ii. 359. 

Constniction 370, ii. 533. 

Convet’sion of ratio (couvertendo) 386. 

Cook-Wilson, J. 300 ?/., ii. 370. 

Counter-earth 164. 

Croesus 4, 129. 

Ctesibius 213 : relation to Philon 
and Heron ii. 298-302. 

Cube : called ‘geometrical har- 
mony ’ (Philolaus) 85- 6. 

Cube, duplication of : history of 
problem 244-6: reduction by Hip- 
pocrates to problem of two mean 
proportionals 2, 183, 200, 245 : 
solutions, by Archy tas 246-9, Eu- 
doxus 249-51, Menaechmns 251- 
5, ‘ Plato ’ 255-8, Eratosthenes 
258-60, Nicomedes 260-2, Apol- 
lonius, Philon, Heron 262-4, Dio- 
des 264-6, Sporus and Pappus 
266-8 : approximation by plane 
method 268-70. 

Cube root, extraction of, 63-4 : 
Heron’s case ii. 341-2. 

Cubic equations, solved by conics, 
237-8, ii. 45-6, ii. 46 ; particular 
case in Diophantus ii. 465, ii. 512. 


Curtze, M. 75 //., ii. 309. 

Cyrus 129. 

Dactylus, l/24th of ell, ii. 216. 

Damastes of Sigeuni 177. 

Damianus ii. 294. 

Darius-vase 48-9. 

D’Armagnac, G. ii. 26. 

Dasypodiiis ii. 554 w. 

De la Hire ii. 550. 

De levi et ponderoso 445-6. 

Decagon inscribed in circle, side of, 
416 : area of, ii. 328. 

Dee, John, 369, 425. 

Definitions: Pythagorean 166: in 
Plato 289, 292-4 : Aristotle on, 
337: in Euclid 373: Definitions 
of Heron, ii. 314 16. 

Demetrius of Alexandria ii. 260, ii. 
359. 

Democritus of Abdera 12, 119, 121, 
182 : date 176, travels 177 : Aris- 
totle’s encomium 176 : list of 

• works (1) astronomical 177, (2) 
mathematical 178 : on irrational 
lines and solids 156-7, 181 : on 
angle of contact 178-9: on cir- 
cular sections of cone 179 80, ii. 
110 : first discovered volume of 
cone and pyramid 176, 180, 217, 
ii. 21 : atoms mathematically di- 
visible ad inf. 181 : ’K#c 7 r€r(J(r/xor(i 
178,181 : on perspective 174: on 
Great Year 177. 

Dercyllides ii. 244. 

Descartes 75 n., 279. 

Dicaearchus ii. 242. 

Dichotonuj of Zeno 275, 278 80. 

Diels, H.; 142 176, 178, 184, 188. 

Digainina : from Phoenician Vau 
32 : signs for, ib. 

Digit 27. 

Di nostratus 225, 229, 320-1, ii. 359. 

Diodes : inventor of cissoid 264-6: 
solution of Archimedes On Spit, 
and Cyl. 11. 4, ii. 47-8: on burn- 
ing-mu vors ii. 200-3. 

Diodorus (math.) : on parallel-pos- 
tulate 358 : Analemma of, ii. 287, 
ii. 359. 

Diodorus Siculus 121, 141, 142, 176. 

Diogenes Laertius 144, 145,177,291. 

Dionysius, Plato’s master, 22. 

Dionysius, a friend of Heron, ii. 306. 

Dionysodoriis ii. 46, ii. 218-19, ii. 
334-5. 

Diophantus of Alexandria : date ii. 
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448 : works and editions ii, 448- 
55; Ariihmeticalh-l^: fractions ! 
in, 42-4 ; notation and definitions 
ii. 455-61 : si^ns for unknown (x) 
and powers ii. 456-9, for minus 
ii. 459: methods ii. 462-79 ; de- 
terminate equations ii. 462-5, 
484- 90 : indeterminate analysis 
ii. 466- 76, 491-514 ; ‘Poi isms’ ii. 
449, 450, 451, ii. 479- 80 : propo- 
sitions in theory of numbers ii. 
481-4 : conspectus of Arithmetica 
ii. 484-514 : On Polygonal ^um- 
5cr«16, 84,ii.514 17: * MoriasticcP 
ii. 449. 

DioptralS, ii.256 : Heron’s Dioptra 
ii. 845-6. * 

Division : Egyptian method 53, 
Greek 58 60 : example with sexa- 
gesimal fractions (Theon of Alex- 
andria) 59- 60. 

Divisions {of Figures) y On, by Euclid 
4*25-30 : similar problems in 
Heron ii. 336 40. 

Dodecagon, area of, ii. 328. 

Dodecahedron : discovery attributed 
to Pythagoras or Pythagoreans 
65, 141. 158-60, 162 : early occur- 
rence 160: inscribed in sphere 
(Euclid) 418 19, i Pappus) ii. 369 : 
Apollonius on, 419-20: volume 
of, ii. 335. 

Domninus ii. 538. 

Dosithcus ii. 34. 

Duhem, P. 446. 

Dupuis, J. ii. 239. 

Earth : nieabureiuents of, li. 82, 
(Eratosthenes) ii. 106-7, (Posido- 
nius) ii. 220. 

Ecliptic : obli(|uity discovered by 
Oenopidcs 174, ii. 244: estimate 
of inclination (Eratosthenes, Pto- 
lemy) ii. 107-8. 

Ec] hantus 317, ii. 2. 

Edl'u, Temple of Horus 124. 

* pnest s 4- 5, 8- 9 : i elations 
with Greece 8 ; origin of geometry 
in, 120-2 : orientation of temples 
, 122. 

Kf?yptian mathematics : numeral 
system 27-8, fractions 28, multi- 
plication, &c. 14-15, 52-3: geo- 
metry (mensuration) 122-8: tri- 
angle (3, 4, 5) right-angled 122, 
147 : value of n 124, 1 25 : measure- 


ment ot pyramids 126-8: maps 
(regional j 139 : algebra in Papyrus 
Rhind, &c. ii. 440-1. 

Eisenlohr, A., 123, 126, 127. 

Eisenmann, H. J. ii. 360. 

Elements : as known to Pytha- 
goreans 166-8: progress in, down 
to Plato 170-1, 175-6,201-2, 209- 
13, 216-17 : writers of Elements, 
Hippocrates of Chios 170-1,201- 
2, Leon, Theudius 320-1 : other 
contributors to, Leodamas, Ar- 
chytas 170, 212-13, Theaetetus 
209-12, 354, Hevmotimus of Colo- 
phon 320, Eudoxus 320, 323-9, 
354 : Elements of Euclid 357 419: 
the so-called ‘ Books XIV, XV ’ 
419-21. 

Kll, as measuie of angles ii. 215-16. 

Empedocles : on Pythagoras 65. 

Enestioin, G. ii. 341-2. 

Eiineagon : Heron's measurement 
of side ii. 259, of area ii. 328-9. 

Epanthema of Thymaridas (system 
of simple equations) 94 : other 
types reduced to, 94-6. 

Equations : simple, in Papyrus 
Rhind, &c, ii. 441 : in epanthema 
of Thymaridas and in lambliehus 
94 6 : in Greek anthology ii. 
441' 3: indeterminate, see Inde- 
terminate Analysis : see also 
Quadratic, Cubic. 

Eratosthenes ii. 1, 16: date, &c. 
ii. 104: sieve (KoiTKivov) for finding 
primes 16, 100, ii. 105 : on dupli- 
cation of cube 244- 6, 251, 258- 60 : 
ih^Flatonivus ii. 104- 5 : On Means 
ii. 105 6, ii. 359 : Measurement of 
earth ii. 106-7, ii. 242, ii. 346 : 
astronomy ii. 107-9 : chronology 
and Geographicaii, 109: on Ovtaf- 
feris ih, 

Erycinus ii. 359, 365-8. 

Euclid 2-3,93, 131 : date,&e. 354- 
6 : stories of, 25, 354, 357 : rela- 
tion to predecessors 354, 357 : 
Pappus on, 356 

Arithmetic: classification and 
definitions of numbers 72-3, 397, 
‘ perfect ’ numbers 74, 402 : for- 
mula for right-angled triangles 
in rational numbers 81-2, 405. 

Conics 438-9, ii. 121-2, focus- 
directrix property ii. 119-21 : on 
ellipse 439, ii. Ill, ii. 125. 
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Data 421-5, Divisions (of 
figures) 42e5-30, ii. 336, 339. 

Eleme^its: text 360-1, Theon’s 
edition 358, 360, ii. 527-8, trans- 
lation by Boetius 359, Arabic 
translations 362, ancient com- 
mentaries 358-9, editio pHnce^ys 
of Greek text 360, Greek texts of 
Gregory, Peyrard, August, Hei- 
berg 360-1 : Latin translations, 
Athelhard 362-3, Gherard 363, 
Campanus 363-4, Commandinus 
365: first printed editions, Rat- 
dolt 364-5, Zamberti 365 : first 
introduction into England 363 : 
first English editions, Billingsley, 
Sco. 369-70: Euclid in Middle 
Ages 365-9, at Universities 368 - 
9: anal^^sis of, 373-419 : arrange- 
ment of postulates and axioms 
361 : 1. 47, how originally proved 
147-9 : parallel-postulate 358, 
375, ii. 227-30, ii. 295-7, ii. 534: 
so called ‘Books XIV, XV’ 419- 
21 . 

Mechanics 445-6 : Music 444- 
5, Sectio canon is 17, 90, 215, 
444-5: 02)^05 17-18,441-4: Fhae^ 
nomena 349, 351-2, 440-1, ii. 
249: Pot isms 431-8, lemmas to, 
ii. 419-24: PsondaWa 430-1 : Sur- 
face-Loci 243-4, 439-40, lemmas 
to, ii. 119-21, ii. 425-6. 

Eudemus 201, 209, 222 : Historg of 
Geometry 118, 119, 120, 130, 131, 
135, 150, 171 : on Hippocrates’s 
lunes 173, 182, 183-98: Histonj 
of Astronomy 174, 329, ii. 244. 

Eudoxus 24, 118, 119, 121, 320, 
322-4 : new theory of proportion 
(that of Eucl. V. ii) 2, 153, 216, 
325-7 : discovered method of ex- 
haustion 2, 176, 202, 206, 217, 
222, 326, 327-9 : problem of two 
mean proportionals 245, 246, 219 
51 : discovered three new means 
86: ‘general theorems’ 323-4: 
On speeds, theory of concentric 
spheres 329-34, ii. 244 : Phaeno- 
mena and Mirror 322. 

Eugenius Siculus, Admiral, ii. 293. 

Euler, L. 75 n., ii. 482, ii. 483. 

Euphorbus (= Pythagoras) 142. 

Eurytus 69. 

Kutocius 52, 57-8, ii. 25, ii. 45, ii. 
r26, ii. 518, ii. 540-1. 


Exhaustion, method of, 2, 176, 202, 
217, 2‘22, 326, 327 9 : develop- 
ment of, by Archimedes 224, ii. 
35-6. 

False hypothesis: Egyptian use ii. 
441 : in Diophantus ii. 488, 489. 

Fermat, P. 75 w., ii. 20, ii. 185, ii. 
454, ii. 480, ii. 481-4 : on Porisms 
435. 

Fontenelle ii. 556. 

Fractions : PIgyptian (submultiples 
except 27 8, 41: Greek sys- 
tems 42-4 : Greek notation ib . : 
sexagesimal fractions, Babylo- 
nian 29, in Greek 44-5. 

* Friendly ’ numbers 75. 

Galilei 344, 446. 

GeeponicuSf Liber, 124, ii. 309, ii. 
318, ii. 344. 

Geminus 119, ii. 222-34 : on arith- 
metic and logistic 14 : on divi- 
sions of optics, &c. 17-18 : on 
original steps in proof of Eucl. I 
32, 135-6: on parallels 358: 
attempt to prove parallel-postu- 
late ii. 227-30 : on original way 
of producing the three conics 
ii. Ill : encyclopaedic work on 
mathematics ii. 223-31 : on Posi- 
donius’s Meteorologica ii. 231-2 : 
Introduction to Phaenomena ii. 
232-4. 

Geodesy (yfcobauTia) == mensuration 
(as distinct from geometry) 16-17. 

Geometric mean, defined (Archytas) 
85 : one mean between two 
squares (or similar numbers), two 
between cubes (or similar solid 
numbers) 89-90, 112, 201, 297, 
400 : no rational mean between 
consecutive numbers 90, 215. 

‘ Geometrical harmony ’ (Philolaus’s 
name for cube) 85-6. 

Geometry : origin in Egypt 120-2 : 
geometry in secondary education 
20 - 1 . 

Georgius Pachymeres ii. 453, ii. 
546. 

Gerbert (Pope Sylvester II) 365-7 : 
geometry of, 366 : ii. 547. 

Gerhardt, C. J. ii. 360, ii. 547. 

Gherard of Cremona, translator of 
Euclid and an-Nairxzi 363, 367, 
ii. 309 : of Menelaus ii. 252, ii. 262. 
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Ghetaldi, Marino, ii. 190. 

Girard, Albert, 435, ii. 455, 

Gnomon : history of term 78-9 : 

f nomons of square numbers 77- 
, of oblong numbers 82-3, of 
polygonal numbers 79 : in appli- 
cation of areas 151-2 : use by 
al-Karkhi 109-10 : in Pluclid 379 : 
sun-dial with vertical needle 139. 
Gomperz, Th. 176. 

Govi, G. ii. 293 n, 

Gow, J. 38. 

Great Year, of Oenopides 174-5, 
of Callippus and Democritus 177. 
Gregory, D. 360-1,440, 441, ii. 127. 
Griffith, F. LI. 125. 

Gunther, S. ii. 325 «., ii. 550. 
Guldin’s theorem, anticipated by 
Pappus ii. 403. 

Halicarnassus inscriptions 32 - 3, 
34. 

Halley, K., editions of Apollonius's 
Conics ii. 127-8, and Scctio ratio- 
nis ii. 175, 179, of Meiielaus ii. 
252, ii. 262, of extracts from 
Pappus ii. 360, of Serenus ii. 519. 
Halina, editor of Ptolemy ii. 274, 
275. 

Hamnier-Jenscn, I. ii. 300 n.^ ii. 
304 n. 

Hankel, H. 145, 149, 288, .369, ii. 
483. 

Hardy, G. II. 280. 

Harmonic mean (originally Sub- 
contrary’) 85. 

Harpedonaptac^ ‘ rope-stretchers ’ 
121-2, 178. 
llarun ar-Rashhl 362. 

//«//. -calculations (Egyptian) ii. 
440-1. 

Hecataeus of Miletus 65, 177. 
Heiben, J. L. 233 n. 

Heiberg, J. L. 184, 187 n., 188, 
192 n., 196-7 a., 315, 361, ii. 203, 
ii. 309, 310, 316, 318, 319, ii. 519, 
ii. 535, 543, 553, 555 n. 
llelceph 111. 

Hendecagon in a circle (Heron) ii. 

259, ii. 329. 

Henry, C. ii. 453. 

Heptagon in a circle, ii. 103 : 

Heron’s measurement of, ii. 328. 
Heraclides of Pontus 24, ii. 231-2 : 
discovered rotation of earth about 
axi8316-17,ii.2 3, and that Venus 


and Mercury revolve about sun 
312, 317, ii. 2, ii. 244. 

Heraclitus of Ephesus 65. 

Heraclitus, mathematician ii. 192, 
ii. 359, ii. 412. 

Hermannus Secundus ii. 292. 

Hermesianax 142 n., 163. 

Hermodorus ii. 359. 

Hermotimus of Colophon 320-1 : 
Elements and Loci ih,, 354. 

‘ Herodianic * (or ‘ Attic ’) numerals 
30-1. 

Herodotus 4, 5,48, 65, 121, 139. 

Heron of Alexandria 121, ii. 198, 
ii. 259 : controversies on date ii. 
298-307 : relation to Ctesibius 
and Philon ii. 298-302, to Pappus 
ii. 299-300, to Posidonius and 
Vitruvius ii. 302-3, to agrimen- 
sores ii. 303, to Ptolemy ii. 303-6. 

Arithmetic : factions 42-4, mul- 
tiplications 58, approximation to 
surds ii. 51, ii. 323-6, approxima- 
tion to cube root 64, ii. 341-2, 
quadratic equations ii. 344, in- 
determinate problems ii. 344, 
444-7. 

Character of works ii. 307-8 : 
list of treatises ii. 308-10. 

Geometry ii. 31 0-1 4, Definitions 
ii. 314-16: comm, on Euclid’s 
Elements 358, ii. 310-14 : proof of 
formula for area of triangle^ in 
terms of sides ii. 321-3 : duplica- 
tion of cube 262-3. 

Mefnca ii. 320-43: (1) mensu- 
ration ii. 316-35: triangles ii. 
320-3, quadrilaterals ii. 326, 
regular polygons ii. 326-9, circle 
and segments ii. 329-31 : volumes 
ii. 331-«), litonifTKos ii. 332-3, frus- 
tum of cone, sphere and segment 
ii. 334, tore ii. 334-5, five regular 
solids ii. 335. (2) divisions of 

figures ii. 336-43, of frustum of 
cone ii. 342-3. 

Mechanics ii. 346-52 : on Ar- 
chimedes’s mechanical works ii. 
23-4, on centleof gravityii. 350-1, 
352 

BelopoeYca 18, ii. 308-9, Catop- 
trica 18, ii. 294, ii. 310, ii. 352-4. 

Dioptra ii. 345-6, Pimimatica 
and Automata 18, ii. 308, 310. 

On Water-clocks ii. 429, ii. 536. 
Heron, teacher of Proclus ii. 529. 
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Heron the Younger’ ii. 545. 

Seronas 99. 

Sicetas 817. 

Qierius 268, ii. 359. 

ffieronymus 129. 

Qilal b. Abl Hilal al-HimsI ii. 127. 

Hiller, E. ii. 239. 

Hilprecht, H. V. 29. 

Hipparchus ii. 3, 18, 198, 216, 218 : 
date, &c. ii. 253 : work ii. 254-6 : 
on epicycles and eccentrics ii. 
243, ii. 255 : discovery of preces- 
sion ii.254; on mean lunar month 
ii. 254-5 : catalogue of stars ii. 
255 : geogi-aphy ii. 256 : trigono- 
metry ii. 257-60, ii. 270. 

Hippasus 65, 85, 86, 214: construc- 
tion of ‘twelve pentagons in 
sphere ’ 160. 

Hippias of Elis: taught mathe- 
matics 23: varied accomplish- 
ments ib,, lectures in Sparta 24 : 
inventor of quadratrix 2, 171,182, 
219 225-6. 

Hippocrates of Chios 2, 182, 211: 
taught for money 22 : first writer 
of Elements 119, 170, 171 : ele- 
ments as known to, 201-2: 
assumes i/cOo-iv equivalent to solu- 
tion of quadratic equation 88, 
195-6 : on quadratures of lunes 
170, 171, 173, 182, 183-99, 220, 
221; proved theorem of Eucl. XI I 
2, 187, 328 : reduced duplication 
of cube to problem of finding 
two mean proportionals 2, 183, 
200, 245. 

Hippolytus: on (bases) and 

‘rule of nine’ and ‘seven’ 115-16. 

Hippopede of Eudoxus 333-4, 

Hornet 5. 

‘ Horizon ’ : use in technical sense by 
Euclid 352. 

Horsley, Samuel, ii. 190, ii. 360. 

Hultsch, F. 204, 230, 349, 350, ii. 51, 
ii. 308, ii. 318, 319, ii. 361. 

Hunrath, K. ii. 51. 

Hunt, A. S. 142. 

Hypatia ii. 449, ii. 519, ii. 528-9. 

Hypotenuse, theorem of square on, 
142, 144-9 : Proclus on discovery 
of, 145 : supposed Indian origin 
145-6. 

Hypsicles : author of so-called Book 
XIV of Eucl. 419-20, ii. 192 : de- 
finition of ‘polygonal number’ 84, 


ii. 213, ii. 515 : *Am(liopiK69 ii. 
213-18, first Greek division of 
zodiac circle into 360 parts ii.214. 

lamblichus 4, 69, 72, 73, 74, 75, 86, 
107, ii. 515, 529 : on i of 

Thymaridas, &c. 94-6: works 
113-14 : comm, on Nicomachus 
113-15 : squares and oblong num- 
bers as ‘race-courses’ 114: pro- 
perty of sum of numbers 3w-2, 
3n-l, 3n 114-15. 

Ibn al-Haitham,on burning-mirrors 
ii. 201 : ii. 453. 

Icosahedron 159 : discovery attri- 
buted to Theaetetus 162 : volume 
of, ii. 335. 

Incommensurable, discovery of, 65, 
90-1, 154: proof of incommensu- 
rability of diagonal of square 91. 

Indeterminate analysis : first cases, 
right-angled triangles in rational 
numbers 80, 81, ‘side-’ and ‘dia- 
meter-’ numbers 91-3, ii. 536: 
rectangles with area and peri- 
meter numerically equal 96-7 ; 
indeterminate equations, first 
degree ii. 443, second degree ii. 
443 4 {see also Diophantus), in 
Heronian collections ii. 344, ii. 
444-7. 

India : rational riglit angled tri- 
angles in, 145-6: approximation 
to >v/2, 146. 

Indian Table of Sines ii. 253. 

Irrational : discovered by Pythago- 
reans 65, 90-1, 154, and with 
reference to \/2, 155, 168 : Demo- 
crituson, 156-7,181: Theodotuson, 
203-9: extensions by Theaetetus 
‘209-12, Euclid 402-11, Apollonius 
ii. 193. 

Isaac Argyrus 224 n., ii. 555. 

Ishaq b. Hunain, translator of 
Euclid 362, of Menelaus ii. 261, 
and Ptolemy ii. 274. 

Isidorus Hispalensis 365. 

Isidorus of Miletus 421, ii. 25, ii. 
518, ii. 540. 

Isocrates : on mathematics in edu- 
cation 21. 

Isoperimetric figures ii. 206-13, ii. 
390-4. 

Jacob b. Machir ii. 252, ii. 262. 

Jacobus Cremonensis ii. 26-7. 
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Jan, C. 444. 

Joachim Camerarius ii. 274. 

Joachim, H. H. 348 n. 

Johannes de Sacrobosco 368. 
Jordanus Nemorarius ii. 328. 
Jouidain, P. E. B. 283 n. 

Kahun Papyri 125, 126. 

Kant 173. 

Keil, B. 34-5. 

Kepler ii. 20, ii. 99. 

KOchly, H. A. T. ii. 309. 

Koppa (9 for 90)= Phoenician Qoph 
32. 

Kubitschek, W. 50. 

Lagrange ii. 483. 

Laird, A. G. 306 n. 

Laplace 173. 

Larfeld,W. 31 n., 33-4. 

Lawson 436. 

Leibniz 279, ii. 20. 

Lemma 373, ii. 533. 

Leodamas of Thasos 120*, 170, 212, 
291, 319. 

Leon ^9. 

Leon (of Constantinople) ii. 25. 
Leonardo of Pisa 367, 426, ii. 547. 
Lepsius, C. R. 124. 

Leucippus 181. 

Libri, G. ii. 556. 

* Linear ’ (of numbers) 73. 

‘ Linear’ loci and problems 218-19. 
Lines, classification of, ii. 226. 

Livy ii. 18. 

Loci ; classification of, 218-19, plane, 
solid, linear 218: loci on surfaces 
219 : ‘ solid loci’ ii. 116-19. 

Loftusj W. K. 28. 

Logistic (opp. to ‘ arithmetic ’), 
science of calculation 13-16, 23, 
53. 

Logistica speciosa and mimerosa 
(Vieta) ii. 456. 

Loria, G. iv-v, 350 n., ii. 293 n. 

Luca Paciuolo 367, ii. 324 n. 

Lucas, E. 75 n. 

Lucian 75 m., 77, 99, 161, ii. 18. 
Lucretius 177. 

Magic squares ii. 550. 

Magnus, Logistica 234-5. 

Mamercus or Mamertius 140, 141, 
171. 

al-Ma’mun, Caliph 362. 
al-Mansur, Caliph 362. 

pp 


Manus ^ for number 27. 

Marinus 444, ii. 192, ii. 537-8. 

Martianus Capella 359, 365. 

Martin, T. H. ii. 238, ii. 546.* 

Maslama b. Ahmad al-Majrltl ii. 
292. 

Massalia 8. 

Mastaba tombs 128. 

Mathematics: meaning 10-11, clas- 
sification of subjects 11-18 : 
branches of applied mathematics 
17-18 : mathematics in Greek 
education 18-25. 

Maurolycus ii. 262. 

Means : arithmetic, geometric, and 
subcontrary (harmonic) known 
in Pythagoms’s time 85 : defined 
by Archytas ih. : fourth, fifth, and 
sixth discovered, perhaps by Eu- 
doxus 86, four more by Myonides 
and Euphranor 86: ten means 
in Nicomachus and Pappus 87-9, 
Pappus’s propositions 88-9 : no 
rational geom. mean between suc- 
cessive numbers (Archytas) 90, 
215. 

Mechanics, divisions of, 18 : writers 
on, Archytas 213, Aristotle 344-6, 
445-6, Archimedes ii. 18, ii.23-4, 
ii. 75-81, Ptolemy ii. 295, Heron ii. 
346-52, Pappus ii. 427-34. 

Megethion ii. 360. 

Memus, Johannes Baptista, ii. 127. 

Menaechmus 2, 25, 251-2, 320-1 : 
discoverer of conic sections 251- 
3, ii. 110-16 : solved problem of 
two mean proportionals 245, 246, 

251- 5 : on ‘ problems’ 318. 

Menelaus of Alexandria ii. 198, ii. 

252- 3 : date, &c. ii. 260-1: Table of 
Chords ii. 257: Sphaerica ii. 261- 
73 : Menelaus’s theorem ii. 266- 
8, 270: anharmonic property ii. 
269 : irapaSo^os curve ii. 260-1. 

Mensa Pyihagorea 47. 

Mensuration : in primary education 
19 : in Egypt 122-8 : in Heron ii. 
316-35. 

Meton 220. 

Metrodorus ii. 442. 

Minus^ sign for, in Diophantus ii. 
459-60. 

Mochus 4. 

Moschopoulos, Manuel, ii. 549-50. 

Muhammad Bagdadinus 425. 

Multiplication: Egyptian method 

2 
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52-3, Greek 53-4, ‘Russian’ 53 n.: 
examples from Eutocius, Heron, 
Theon 57-8: Apollonius’s con- 
tinued multiplications 54-7. 

Multiplication Table 53. 

Jifttman, an angular measure ii. 215. 

Musical intervals and numerical 
ratios 69, 75-6, 85, 165. 

Myriads, ‘ first ’, ‘ second ’, &c., nota- 
tion for, 39-40, 

Nad, A. 50. 

an-NairlzI : comm, on Euclid 363, 
ii. 224, ii. 228-30, ii. 309-10. 

NasTraddin at-Tnsi : version of Eu- 
clid 362, of Apollonius’s Conics 
ii. 127 : of Ptolemy ii. 275. 

Naucratis inscriptions 33. 

Nemesius 441. 

Neoclides 319. 

Ner (Babylonian) (= 600) 28, ii. 
215. 

Nesselmann, 6. H. P. ii. 450-1, ii. 
455-6. 

Newton 370, ii. 20, ii. 182. 

Nicolas Rhabdas 40, ii. 324 n , ii. 
550-3. 

Nicomachus of Gerasa 12, 69, 70, 
72, 73, 74, 76, 83, 85, 86, ii. 238, 
ii. 515: works of, 97: Inhvductio 
arithmetical character of treatise 
98-9, contents 99-112, classifica- 
tion of numbers 99-100; on ‘per- 
fect’ numbers 74, 100-1 : on ten 
means 87 : on a ‘Platonic’ theo- 
rem 297 : sum of series of 
natural cubes 109-10, 

Nicomedes 225-6, ii. 199: cochloids 
or conchoids 238-40: duplica- 
tion of cube 260-2. 

Niloxenus 129. 

Nine, rule of, 115-16; casting out 
nines ii. 549. 

Nipsus, M. Junius, 132. 

Nix, L. ii. 128, 131, ii. 309. 

No6l, G. 282. 

Number: defined, by Thales 69, by 
Modemtus, Eudoxus, Nicoma- 
chus, Aristotle 70 : classification 
of numbers 70-4 ; ‘ perfect ’, 

‘ over-perfect* and ‘ defective ’ 
numbers 74-5, ‘friendly’ 75, 
figured 76-9 : ‘oblong’, ‘prolate’ 
82-3, 108, 114, similar plane and 
solid numbers 81-2, 90, solid 
numbers classified 106-8 : ‘ the 


INDEX 

number in the heaven ’ (Pytha- 
gorean) 68, ‘number’ of an object 
69. 

Numerals: systems of, decimal, qui- 
nary, vigesimal 26 : origin of 
decimal system 26-7 : Egyptian 
27-8 ; Babylonian systems (1) 
decimal 28, (2) sexagesimal 28-9: 
Greek (1) ‘Attic’ or ‘Herodianic’ 
30-1: (2) alphabetic system, 
original in Greece 31-7, how 
evolved 31-2, date of introduc- 
tion 33-5, mode of writing 36-7, 
comparison of two systems 87-9 : 
notation for large numbers, Apol- 
lonius’s tetrads 40, Archimedes’s 
octads 40-1. 

Nymphodorus 213. 

‘ Oblong’ numbers 82-3, 108, 114: 
gnomons of, 82-8, 

Ocreatus, 111. 

Octads, of Archimedes 40-1. 

Octagon, regular, area of, ii. 328. 

Octahedron 159, 160, 162 : volume 
of, ii. 335. 

‘Odd’ number defined 70-1: 1 
called ‘ odd-even ’ 71 : ‘odd-even ’, 

‘ odd-times-odd ’, &c., numbers 
71-4. 

Oenopides of Chios 22, 121 : dis- 
covered obliquity of ecliptic 188, 
174, ii. 244: Great Year of, 174-5 : 
called perpendicular gnomon-wise 
78, 175 : two propositions in ele- 
mentary geometry 175. 

Olympiodorus 444. 

One, the principle of number 69. 

Oppermann ii. 324 m. 

Optics : divisions of,17-18 : of Euclid 
441-4 : of Ptolemy ii. 298-4. 

Oval of Cassini ii. 206. 

Oxyrhynchus Papyri 142. 

Pamphile, 131, 133, 134. 

Pandrosion ii. 860. 

Pappus {see also Table of Contents, 
underChap.XIX)ii.l7-18,ii. 175, 
180, 181, 182, 183, 185, 186, 187, 
188, 189, 190, ii. 207, 211, 21‘2, 
213, ii. 262, ii. 837, ii. 355-439 : 
on Apollonius’s tetrads 40, on 
Apollonius’s continued multi- 
lications 54-7: on ten means 
7-9 : on mechanical works of 
Archimedes ii. 23-4: on conics 
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of Euclid and Apollonius 438, 
proof of focus-directrix property 
ii. 120-1 : commentary on Euclid 
358, ii. 356-7, on Book X 154-5, 
209, 211, ii. 193 : commentary on 
Euclid’s Data 421-2, ii. 357, on 
Diodorus’s Analemmor ii. 287, 
scholia on Syntaxes ii. 274 : on 
classification of problems and 
loci fplane, solid, linear) 218-19, 
ii. 1 1 7-1 8, criticism on Archimedes 
and Apollonius 288, ii.68, ii.l67: 
on surface-loci 439-40, ii. 425-6 : 
on Euclid’s PoW,9w?5 431-3, 436-7, 
ii. 270, ii. 419-24 : on ‘ Treasury 
of Analysis’ 421, 422, 439, ii. 399- 
427: onroc/i7(n*rfs238-9 : on quad- 
ratrix 229-30, ii. 379-80, con- 
structions for,ii. 380-2: on dupli- 
cation of cube 266-8, 268-70: on 
trisection of any angle 241-3, 
ii. 385-6, v€V(Ti^ with regard to 
parallelogram 236-7 : on isoperi- 
metry (cf. Zenodorus) ii. 207, ii. 
211-12, ii. 390-4. 

* Paradoxes’ of Erycinus ii. 365-8. 

Parallelogram of velocities 346, ii. 
348-9. 

Parapegma of Democritus 177. 

Parmenides 138. 

Paterius ii. hZQ 7, 

Patricias ii. 318, 319. 

Pebbles, for calculation 46, 48. 

Pentagon, regular : construction 
Pythagorean 160-2 ; area of, ii. 327. 

Pentagram, Pythagorean 161-2 {see 
Errata), 

‘ Perfect ’ numbers 74 -5 ; list of 
first ton ib. : contrasted with 
‘ over-perfect ’ and ‘ defective ’ 
ib,: 10 with Pythagoreans 75. • 

‘ Perfect ’ proportion 86. 

Pericles 172. 

Pericles, a mathematician ii. 360. 

Perseus 226 : spiric sections ii. 
203-6. 

‘Phaenomenn’ = observational as- 
tronomy 17 : 322, 349. 

Philippus of Opus 354 : works by, 
321 : on polygonal numbers 84, 
ii. 515 : astronomy 321. 

Philolaus 67, 72, 76, 78, 86, 158, 
ii. 1 : on odd, even, and even-odd 
numbers 70-1: Pythagorean non- 
geocentric astronomy attributed 
to, 163-4. 


Philon of Byzantium 213 : duplica- 
tion of cube 262-3: Philon, Gtesi^ 
bius and Heron ii. 298-302. 

Philon of Gadara 234. 

Philon of Tyana ii. 260. 

Philoponus, Joannes, 99, 223, 224 n. 

Phocaeans 7. 

Phocus of Samos 138. 

Phoenician alphabet, how treated 
by Greeks 31-2 : arithmetic ori- 
ginated with Phoenicians 120-1. 

‘Piremus’ or ‘peremus’ in pyramid 
126, 127. 

‘Plane ’loci 218. 

‘Plane’ problems 218-19. 

PlanisphaeHum of Ptolemy ii. 292-3. 

Planudes, Maximus, 117, ii. 453, ii. 
546-9. 

Plato 19, 22, 24, 121, 142n., 170, 176 : 

Q€6sd€iyfiOfjL€Tpul0 : tirjbeisdyftafjii* 

Tptjros eicriTO) iii, 24, 355 : on educa- 
tion in mathematics 19-20, 284: 
on mathematical ‘arts’, measure- 
ment and weighing 308, instru- 
ments for, 308-9, principle of 
lever 309 : on optics 309, 441 : 
on music 310 : Plato’s astronomy 
310-15: on arithmetic and logistic 
13-14: classification of numbers, 
odd, even, &c. 71-2, 292 : on 
number 5040, 294: the Geometri- 
cal Number, 305-8 : on arithme- 
tical problems 15, ii. 442 : on 
geometiy 286-8, constructions 
alien to true geometry ib,: on- 
tology of mathematics 288-9 : 
hypotheses of mathematics 289- 
90 : two intellectual methods 
290 2 : supposed discovery of 
mathematical analysis, 120, 212- 
13, 291-2 : definitions of various 
species of numbers 292, figure 
292-3, line and stiuight line 293, 
cii^cle and sphere 293-4 : on 
points and indivisible lines 293 : 
formula for rational right-angled 
triangles 81, 304 : ‘rational’ and 
‘irrational diameter of 5’ 93, 
306-7 : Plato and the irrational 
156, 203-5, 304: on soli<k geo- 
metry 12-13,303 : on regular and 
semi-regular solids 294-7 : Plato 
and duplication of cube 245-6, 
255, 287-8, 303 : on geometric 
means between two squares and 
two cubes respectively 89> 112, 



682 


ENGLISH INDEX 


201, 297, 400: on * perfect ’ pro- 
portion 86 : a proposition in 
proportion 294: two geometrical 
passages in Mem 297-303 : pro- 
positions ‘on the section^ 304, 
324-5. 

‘ Platonic * figures (the regular 
solids) 158, 162, 294-5, 296-7. 

Playfair, John, 436. 

Pliny 129, ii. 207. 

Plutarch 84, 96, 128, 129, 130, 133, 
144, 145, 167, 179, ii. 2, 3, ii. 516: 
on Archimedes ii. 17-18. 

Point: defined as a ‘unit having 
position ’ 69, 166 : Plato onpointe 
293. 

Polybius 48, ii. 17 n., ii. 207. 

Polygon: propositions about sum 
of exterior or interior angles* 144: 
measurement of regular polygons 
ii. 326-9. 

Polygonal numbers 15, 76, 79, ii. 
213, ii. 514-17. 

Polyhedra, se’e-Solids. ^ 

Porism (1) = corollary 372: (2) a 
certain type of proposition 373, 
431-8 : Ponsms of Euclid, see 
Euclid : of Diophantus, see Dio- 
phantus. 

Porphyry 145: commentary on Eu- 
clid’s Elements 358, ii. 529. 

Poselger, F. T. ii. 455. 

Posidonius ii. 219-22 : definitions 
ii. 221, 226 ; on parallels 358, ii. 
228 : versus Zeno of Sidon ii. 
221-2 : Meteorologica ii. 219 : 
measurement of earth ii. 220: on 
size of sun ii. 108, ii. 220-1. 

Postulates : Aristotle on, 336 : in 
Euclid 336, 374-5 : in Archimedes 
336, ii. 75. 

Powers, R. E. 75 n. 

Prestet, Jean, 75 n. 

Prime numbers and numbers prime 
to one another 72-3: defined 73: 
2 prime with Euclid and Aristotle, 
not Theon of Smyrna and Neo- 
Pythagoreans ih. 

Problems : classification 218-19 : 
plaice and solid ii. 117-18 : pro- 
blems and theorems 318, 431, ii. 
533 

Proclus 12, 99, 175, 183, 213, 224 n., 
ii. 529-37 : Comm, on EucL /. ii. 
530-5 : sources ii. 530-2 : ‘ sum- 
mary’ 118-21, 170, object of, 170- 


1 : on discoveries of Pythagoras 
84-5, 90, 119, 141, 154 : on Euclid 
I. 47, 145, 147: attempt to prove 
parallel-postulate 358, ii. 534 : on 
loci 219 : on porisms 433-4 : on 
Euclid’s music 444: comm, on 
Bepuhlic 92-3, ii. 536-7 : Hypoty- 
posis of astronomical hypotheses 
li. 535-6. 

Prodicus, on secondary education 

20 - 1 . 

Prolate, of numbers 108, 204. 

P/*oo/370, ii. 533. 

Proportion : theory discovered by 
Pythagoras 84-5, but his theory 
numerical and applicable to com- 
mensui-ables only 153, 155, 167: 
def. of numerical proportion 190: 
the ‘ perfect ’ proportion 86 : 
Euclid’s universally applicable 
theory due to Eudoxus 153, 155, 
216, 325-7. 

^Proposition, geometrical : formal 
divisions of, 370-1. 

Protagoras 202 : on mathematics 
23, 179. 

Prou, V. ii. 309. 

Psammites or Sand-reckoner of Archi- 
medes 40, ii. 3, ii. 81-5. 

Psellus, Michael, 223-4 w., ii. 453, 
ii. 545-6. 

Pseudaria of Euclid 430-1. 

Pseudo-Boetius 47. 

Pseudo-Eratosthenes: letter on du- 

' plication of cube 244-5. 

Ptolemies : coins^f, with alphabetic 
numerals 34-5: Ptolemy I, story 
of, 354. 

Ptolemy, Claudius, 181, ii. 198, ii. 
216, ii. 218, ii. 273-97 : sexrv 
gesimal fractions 44-5, approxi- 
mation to TT 233 : attempt to prove 
parallel-postulate 358, ii. 295-7 : 
Syntaxisii, 273-86, commentaries 
and editions ii. 274-5, contents 
of, ii. 275-6, trigonometry in, ii. 
276-86, 290-1, Table of Chords 
ii. 259, ii. 283-4, on obliquity of 
ecliptic ii. 107-8 : Analemma 
ii. 286-92: PlanispheriumiL2d2- 
3, Optics ii. 293-4, other works ii. 
293 : TTcpt poTTo>v ii. 295 : rrepi 6ia- 

(rrdcTfwff ib. 

Pyramids : origin of name 126 : 
measurements of, in Rhind Papy- 
rus 126-8: pyramids of Dakshiir, 
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Gizeh, and Medum 128: measure- 
ment of height by Thales 129-30 ; 
volume of pyramid 176, 180, 217, 
ii. 21, &c., volume of frustum ii. 
334. 

Pythagoras 65-6, 121, 131, 133, 138: 
travels 4-5, story of bribed pupil 
24-5: motto 25, 141 : Heraclitus, 
Empedocles and Herodotus on, 
65 : Proclus on discoveries of, 84- 
5,90,119,141,154: made mathe- 
matics a part of liberal education 
141, called geometry ‘inquiry* 
166, used definitions 166 : arith- 
metic (theory of numbers) 66-80, 
figured numbers 76-9: gnomons 
77, 79: ‘friendly’ numbers 75: 
formula for right-angled tri- 
angles in rational numbers 79- 
80 : founded theory of proportion 
84-5, introduced ‘ perfect * pro- 
portion 86 : discovered depen- 
dence of musical intervals on 
numerical ratios 69, 75-6, 85, 
165 : astronomy 162-3, earth 
spherical ih,, independent move- 
ment of planets 67, 163: Theorem 
of Pythagoras 142, 144-9, how 
discovered? 147-9, general proof, 
how developed f5., Pappus’s ex- 
tension ii. 369-71. 

Pythagoreans 2, 11, 220: quadri- 
vium 11 : a Pythagorean first 
taught for money 22 : first to 
advance mathematics 66 : ‘ all 
things are numbers * 67-9 : ‘ num- 
ber ’ of an object 69, ‘ number in 
the heaven’ 68: figured numbers 
69 : definition of unit 69 : 1 is 
odd-even 71 : classification of 
numbers 72-4 : ‘ friendly ’ num- 
bers 75: 10 the ‘perfect’ number 
75: oblong numbers 82-3, 108, 
114 : side- and diameter- numbers 
giving approximations to ^2, 91— 
3: first cases of indeterminate 
analysis 80, 91, 96-7 : sum of 
angles of triangle = 2 7?, 135, 
143 : geometrical theorems attri- 
buted to, 143-54 : invented appli- 
cation of areas and geometrical 
algebra 150-4: discovered the in- 
commensurable 65, 90-1, 154, 
with reference to \/2 155, 168: 
theory of proportion only ap- 
plicable to comniensurablcs 153, 


155, 167, 216 : construction of 
regular pentagon 160-2 ; astro- 
nomical system (non geocentric) 
163-5 : definitions 166 : on order 
of planets ii. 242. 

Qay en herUy height (of pyramid) 
127. 

Quadratic equation : solved by Py- 
thagorean application of areas 
150-2, 167, 394-6, 422-3: nu- 
merical solutions ii. 844, ii. 448, 
ii. 463-5. 

QuadraMx 2, 23, 171, 182, 218, 219, 
225-30, ii. 379-82. 

Quadrivium of Pythagoreans 11. 

Quinary system of numerals 26. 

Quintilian ii. 207. 

Qusta b. Luqa, translator of Euclid 
362, ii. 453. 

Rangabe, A. R. 49-50. 

Ratdolt, Erhard, first edition of 
Euclid 364-5. 

Reductio ad ahsurdiim 372 : already 
used by Pythagoreans 168. 

Reduction (of a problem) 372. 

Reflection: equality of angles of 
incidence and reflection 442, ii. 
294, ii. 35e3-4. 

Refi-action 6-7, 444 : first attempt 
at a law (Ptolemy) ii. 294. 

Regiomontanus 369, ii. 27, ii. 453-4. 

Regtila Nicomachi 111 * 

Rhabdas, Nicolas, 40, ii. 324 n., ii. 
550-3. 

Rhind Papyrus: mensuration in, 
122-8; algebra in, ii. 440-1. 

Right-angled triangle : inscribed 
by Thales in circle 131 : theorem 
of Eucl. I. 47, attributed to 
Pythagoras 142, 144-5, supposed 
Indian origin of, 145-6. 

Right-angled triangles in rational 
numbers : Pythagoras’s formula 
80, Plato’s 81, Euclid’s 81-2, 
405: triangle (3, 4, 5) known to 
Egyptians 122 : Indian examples 
146 : Diophantus’s problems on, 
ii. 507-14. 

Robertson, Abram, ii. 27. 

Rodet, L. 234. 

Rodolphus Pius ii. 26. 

Roomen, A. van, ii. 182. 

Rudio, F. 173, 184, 187-91, ii. 
539. 
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Rudolpli of Bruges ii. 292. 

Ruelle, Cli. £m. ii. 538. 

Rttstow, F. W. ii. 309. 

Ruler - and - compasses restriction 
175-6. 

Sachs, Eva, 209 n. 

Sfilaminian table 48, 50-1. 

Salmon ii. 23, ii. 103. 

Sampi = 900) derived from 
Ssade q.v. 

Sar (Babylonian for 60®) 28, ii. 215. 

Satapatha Brdhmana^ 146. 

Savile, Sir H., on Euclid 360, 369. 

Scalene: of triangles 142: of certain 
solid numbers 107 : of an odd 
number (Plato) 292; of an oblique 
cone ii. 134. 

Schiaparelli, G. 317, 330, ii. 539. 

Schmidt, W. ii. 308, 309, 310. 

SchCne, H. ii. 308. 

Schdne, R. ii. 308, 317. 

Scholiast to Charmides 14, 53. 

Schooten, P. van, 75 n., ii. 185. 

Schulz, 0. ii. 455. 

Scopinas ii. 1. 

Secondary numbers 72. 

Sectio canonis 17, 215, 444. 

SeelhoflF, P. 75 w. 

Seleucus ii. 3. 

Semicircle ; angle in, is right 
(Thales) 131, 133-7. 

Senkereh, Tables 28, 29. 

Senti^ base* (of pyramid) 127. • 

Se-qet, ‘ that which makes tb e nature' 
(of pyramid ) = cotangent of angle 
of slope 127-8, 130, 131. 

Serenus ii. 519-26: On section of 
cylinder ii. 519-22, On section of 
cone ii. 522-6. 

Sesostris (Ramses II) 121. 

Sexagesimal system of numerals 
and fractions 28-9: sexagesimal 
fractions in Greek 44-5, 59, 61-3, 
233, ii. 277-83. 

Sextius 220. 

Sicily 8. 

‘ Side-’ and ‘diameter-numbers’ 91- 
3, 112, 153, 308, 380, ii. 536. 

Simon, M. 200. 

Simplicius : extract from Eudemus 
on Hippocrates’s quadrature of 
lunes 171, 182-99 : on Antiphon 
221-2 : on Eudoxus’s theory of 
concentric spheres 329 : commen- 
tary on Euclid 358, ii. 539-40 : on 


mechanical works of Archimedes 
ii. 24: ii. 538-40. 

Simson, R., edition of Euclid’s 
Elements 365, 369, and of Euclid’s 
Data 421 : on Euclid’s Ponsms 
435- 6 : restoration of Plane Loci 
of Apollonius ii. 185, ii. 360, 

Simus of Posidonia 86. 

Sines, Tables of, ii. 253, ii. 259-60. 

Sinus rectus^ sinus versus 367. 

Sluse, R. F. de, 96. 

Smith, D. E. 49, 138w. 

‘Solid’ loci and problems 218, ii. 
117-18: Solid Loci of Aristaeus 
438, ii. 118-19. 

‘ Solid ’ numbers, classified 106-8. 

Solids, Five regular : discovery at- 
tributed to Pythagoras or Pytha- 
goreans 84, 141, 158-60, 168, 
alternatively (as regards octahe- 
dron and icosahedron) to Theae- 
tetus 162: all five investigated 
by Theaetetus 159, 162, 212, 217: 
Plato on, 158-60: Euclid’s con- 
structions for, 415-19 : Pappus’s 
constructions ii. 368-9 ; content 
of, ii. 335, ii. 395-6. 

Solon 4, 48. 

Sophists : taught mathematics 23. 

Sosigenes 316, 329. 

Soss = sussu = 60 (Babylonian) 28, 
ii. 215. 

Speusippus 72, 73, 75, ii. 515: on 
Pythagorean numbers 76, 318 : 
^on the five regular solids 318 : on 
theorems ih, 

Sphaeric 1 1-12 : treatises on, by Au- 
tolycus and Euclid 348-52, 440- 
1 : earlier text-book presupposed 
in Autolycus 349-50 : Sphaerica 
of Theodosius ii. 245, 246-52, of 
Menelaus ii. 252-3, 260, 261-73. 

Sphere-making 18: Archimedes on, 
ii.17-18. 

Spiric sections ii. 203 6. 

Sporus 226 : criticisms on quadm- 
Mx 229-30 : KopLa 234 : duplica- 
tion of cube 266-8. 

Square root, extraction of, 60-3; 
ex. in sexagesimal fractions 
(Theon) 61-2, (scholiast to Eu- 
clid) 63; method of approxima- 
ting to surds ii. 51-2, ii. 323-6, 
ii. 547-9, ii. 553-4. 

Square numbers 69 ; formation by 
adding successive gnomons (odd 
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numbers) 77 : any square is sum 
of two triangular numbers 83-4 : 
8 times a triangular number 
+ 1 ~ square, 84, ii. 516. 

SsadCj Phoenician sibilant (signs 
T A m 'P) became (900) 32. 

‘ Stadium/ l/60th of 30®, ii. 215. 

Stadium of Zeno 276-7, 281-3. 

Star-pentagon, or pentagram^ of 
Pythagoreans 161-2. 

Stcreographic projection (Ptolemy) 
ii. 292. 

Stevin, S. ii. 455. 

‘ Stigma,* name for numeral 
oiiginally C (digamma) 32. 

Strabo 121, ii. 107, ii. 220. 

Strato ii. 1. 

Subcontrary (= harmonic) mean, 
defined 85. 

Subtraction in Greek notation 52. 

Surds: Theodorua on, 22-3, 155-6, 

203- 9, 304: Theaetetus’s general- 
ization 203-4, 205, 209, 304 : see 
also ‘Approximations *. 

Surface-Loci 219, ii. 380-5 : Euclid’s 
439-40, ii. 119, ii. 425-6. 

Silnja-Siddhdnta ii. 253. 

Sussu = soss (Babylonian for 60) 28, 
ii. 215. 

Syncsius of Gyrene ii, 293. 

Synthesis 371-2: defined by Pappus 
ii. 400. 

Syracuse 8. 

Table of Chords 45, ii. 259-60, ii. 
283, 

Tfiittinya Samhitd 146. 

Tannery, P. 15, 44, 87, 89, 119, 132, 
180, 182, 184, 188, 196 n., 232, 
279, 326, 440, ii. 51, ii. 105, ii. 

204- 5, ii. 215, ii. 218, ii. 253, 
ii. 317, ii. 453, ii. 483, ii. 519, 
ii. 538, ii. 545, 546, ii. 550, ii. 556, 
ii. 561. 

Teles on secondary education 21. 

Teos inscription 32, 34. 

Tetrads of Apollonius 40. 

Tetmhedron : construction 416, ii. 
868 : volume of, ii. 335. 

Thabit b. Qurra : translator of Eu- 
clid 362, 363 : of Archimedes’s 
Liber assumptorum ii. 22 : of 
Apollonius’s Conics V-VII ii.l27; 
of Menelaus’s Elements of Geo- 
metry ii, 260 : of Ptolemy ii. 
274-5. 


Thales 2, 4, 67 ; one of Seven Wise 
Men 128, 142 ; introduced geo- 
metry into Greece 128: geometri- 
cal theorems attributed to, 130- 
7 : measurement of height of 
pyramid 129-30, and of distance 
of ship from shore 131-3 : defini- 
tion of number 69 : astronomy 
137-9, ii. 244: predicted solar 
eclipse 187-8. 

Theaetetus 2, 119, 170: on surds 
22-3,155, 203-4, 205, 209, 304: 
investigated regular solids 159, 
162, 212, 217 : on irrationals 209- 
12, 216-17. 

Themistius 221, 223, 224. 

Theodorus of Gyrene : taught mathe- 
matics 22-8 : on surds 22-3, 155- 
6, 203-9, 304. 

Theodosius ii. 245-6: SphaericaZAi^- 
50, ii. 246-52: other works ii. 
246 : no trigonometry in, ii. 250. 

Theologumena arithmetices 96, 97, 
318. 

Theon of Alexandria : examples of 
multiplication and division 58, 
59-60 : extraction of square root 
61-3: edition of Euclid’sJS'/^mew^5 
360-1, ii. 527-8 : of Optics 441, 
ii. 628 : Catoptrica ib. ; commen- 
tary on Syntaxis 58, 60, ii. 274, 
ii. 526-7. 

Theon of Smyrna 12, 72, 73, 74, 75, 
76, 79, 83, 87, ii. 515 : treatise 
of, ii. 238-44 : on ‘ side- ’ and 
‘diameter-numbers’ 91-3, 112: 
forms of numbers which cannot 
be squares 112-13. 

Theophrastus 158, 163: on Plato’s 
view of the earth 315. 

Theudius 320-1. 

Theuth, Egyptian god, reputed in* 
ventor of mathematics 121. 

Thevenot, M. ii. 308. 

Thrasyllus 97, 176, 177, ii. 241, ii. 
243. 

Thucydides ii. 207. 

Thymaridas : definition of unit 69: 

‘ rectilinear ’ = prime numbei-s 
72 : €7rdvBrjpn, a system of simple 
equations solved 94. 

Timaeus of Locri 86, 

Tittel ii. 300, 301, 304. 

Tore (or anchor-ring) : use by Ar- 
chytas 219, 247-9: sections of 
(Perseus), ii. 203-6: volume of 
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(Dionysodorus and Heron), ii. 
218-19, ii. 384-5. 

Torelli, J. ii. 27. 

Transversal : Menelaus’s tbeorem 
for spherical and plane triangles 
ii. 266-70: lemmas relating to 
quadrilateml and transversal 
(Pappus) ii. 419-20. 

‘Treasury of Analysis’ 421, 422, 
439, ii. 399-427. 

Triangle : theorem about sum of 
angles Pythagorean 135, 143, 
Geminus and Aristotle on, 135-6. 

Triangle, spherical : called rptTrXct- 
pop (Menelaus) ii. 262 : |)roposi- 
tions analogous to Euclid’s on 
plane triangles ii. 262-5 : sum of 
angles greater than two right 
angles ii. 264. 

Triangular numbers 15, 69 : forma- 
tion 76-7 : 8 times triangular 
number + 1 = a square 84, ii. 
516. 

Trigonometry ii. 5, ii. 198, ii. 257-9, 
ii. 265-73, ii. 276-86, ii. 290-1. 

Trisection of any angle : solutions 
235-44 : Pappus on, ii. 385-6. 

Tschirnhausen, E. W. v., 200. 

Tycho Brahe 317, ii. 2, ii. 196. 

Tzifra (= 0) ii. 547. 

Ukha4heht (side of base in pyramid) 
126, 127. 

Unit : definitions (Pythagoreans, 
Euclid, Thymaridas, Chrysippus) 
69. 

Usener, H. 184, 188. 

Valla, G. : translator of extracts 
from Euclid 365, and from Archi- 
'uedes ii, 26. 


Venatorius, Thomas Gechauff: ed. 
princepa of Archimedes ii. 27. 

Venturi, G. ii. 308. 

Vieta 200, 223, ii. 182, ii.456, ii.480, 
ii. 557. 

Vigesimal system (of numerals) 26. 

Vincent, A. J. H. 50, 436, ii. 308, 
ii. 545, ii. 546. 

Vitruvius 18, 147, 174, 213, ii. 1, 
ii, 245 : Vitruvius and Heron, 
ii. 302-3. 

Viviani, V. ii. 261. 

Vogt, H., 156 m., 203 n. 

Wescher, C. ii. 309. 

Wilamowitz - Moellendorff, U. v., 
158 m., 245, ii. 128. 

Xenocrates 24, 319 : works on 
Numbers 319 : upheld ‘indivisible 
lines’ 181. 

Xenophon, on arithmetic in educa- 
tion 19. 

Xy lander (W. Holzmann) ii. 454-5, 
ii. 545. 

Yahya b. Khalid b. Barmak ii. 274. 

Zamberti, B., translator of Euclid 
365, 441. 

Zeno of Elea 271-3: arguments on 
motion 273-83. 

Zeno of Sidon on Eucl. I. 1, 859, ii. 

221 - 2 . 

Zenodorus ii. 207-13. 

Zero in Babylonian notation 29 : 
0 in Ptolemy 39, 45. 

Zeuthen, H. G. 190, 206-9, 210-11, 
398, 437, ii. 52, ii. 105, ii. 203, 
ii. 290-1, ii. 405, ii. 444. 

Zodiac circle : obliquity discovered 
by Oenopidcs 138, 174, ii. 244. 
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